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The asynchronous and unidirectional communication model supported by mailboxes is a key reason for the
success of actor languages like Erlang and Elixir for implementing reliable and scalable distributed systems.
While many actors may send messages to some actor, only the actor may (selectively) receive from its mailbox.
Although actors eliminate many of the issues stemming from shared memory concurrency, they remain
vulnerable to communication errors such as protocol violations and deadlocks.

Mailbox types are a novel behavioural type system for mailboxes first introduced for a process calculus by
de’Liguoro and Padovani in 2018, which capture the contents of a mailbox as a commutative regular expression.
Due to aliasing and nested evaluation contexts, moving from a process calculus to a programming language is
challenging. This paper presents Pat, the first programming language design incorporating mailbox types,
and describes an algorithmic type system. We make essential use of quasi-linear typing to tame some of
the complexity introduced by aliasing. Our algorithmic type system is necessarily co-contextual, achieved
through a novel use of backwards bidirectional typing, and we prove it sound and complete with respect to our
declarative type system. We implement a prototype type checker, and use it to demonstrate the expressiveness
of Pat on a factory automation case study and a series of examples from the Savina actor benchmark suite.

1 INTRODUCTION

Software is increasingly concurrent and distributed, but coordinating concurrent computations
introduces a host of additional correctness issues like communication mismatches and deadlocks.
Communication-centric languages such as Go, Erlang, and Elixir make it possible to avoid many of
the issues stemming from shared memory concurrency by structuring applications as independent,
lightweight processes that communicate through explicit message passing. There are two main
classes of communication-centric language. In channel-based languages like Go or Rust, processes
communicate over channels, where a send in one process is paired with a receive in the recipient
process. In actor languages like Erlang or Elixir, a message is sent to the mailbox of the recipient
process, which is an incoming message queue. The communication patterns are more flexible as
the recipient process can choose which message from the mailbox to handle next.

Although communication-centric languages eliminate many coordination issues, some remain.
For example, a process may still receive a message that it is not equipped to handle, or wait for
a message that it will never receive. Such communication errors often occur sporadically and
unpredictably after deployment, making them difficult to locate and fix.

Behavioural type systems [33] encode correct communication behaviour to support correct-by-
construction concurrency. Behavioural type systems, in particular session types [27, 28, 54], have
been extensively applied to specify communication protocols in channel-based languages [3]. There
has, however, been far less application of behavioural typing to actor languages. Existing work
either imposes restrictions on the actor model to retrofit session types [25, 40, 52, 53] or relies on
dynamic typing [42]. We discuss these systems further in (§7).

Our approach is based on mailbox types, a behavioural type system for mailboxes first introduced
in the context of a process calculus [12]. We present the first programming language design
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Fig. 1. Channel- and actor-based languages [20]
incorporating mailbox types and we detail an algorithmic type system, an implementation, and
a range of benchmarks and a factory case study. Due to aliasing and nested evaluation contexts,
the move from a process calculus to a programming language is challenging. We make essential
use of quasi-linear typing [15, 37] to tame some of the complexity introduced by aliasing, and
our algorithmic type system is necessarily co-contextual [16, 38], achieved through a novel use of
backwards bidirectional typing [60].

1.1 Channel-based vs Actor Communication

Channel-based languages comprise anonymous processes that communicate over named channels,
whereas actor-based languages comprise named processes each equipped with a mailbox. Figure 1
contrasts the approaches, and is taken from a detailed comparison [20].

Actor languages have proven to be effective for implementing reliable and scalable distributed
systems [56]. A key benefit of actor languages is that communication is asynchronous and unidirec-
tional: many actors may send messages to an actor A, whereas only A may receive from its mailbox.
Mailboxes provide data locality as each message is stored with the process that will handle it. Since
channel-based languages allow channel names to be communicated, they must either sacrifice
locality and reduce performance, or rely on complex distributed algorithms [7, 32].

Although it is straightforward to add a type system to channel-based languages, adding a type
system to actor languages is less straightforward, as process names (process IDs or PIDs) must be
parameterised by a type that supports all messages that can be received. The type is therefore less
precise, requiring subtyping [26] or synchronisation [10, 55] to avoid a total loss of modularity [20].

The situation becomes even more pronounced when considering behavioural type systems:
communication errors might be prevented by giving one end of a channel the session type
!Int.!Int.?Bool.End (send two integers, and receive a Boolean), and the other end the dual type
?Int.?Int.!Bool.End. Behavioural type systems for actor languages are much less straightforward
due to asymmetric communication. In practice, designers of session type systems for actor lan-
guages either emulate session-typed channels [40], or use multiparty session types to govern the
communication actions performed by a process, requiring a fixed communication topology [42].

1.2 Mailbox types

de’Liguoro and Padovani [12] observe that session types require a strict ordering of messages,
whereas most actor systems use selective receive to process messages out-of-order. Concentrating
on unordered interactions enables behavioural typing for mailboxes with many writers.

Mailbox typing by example: a future variable. Rather than reasoning about the behaviour of a
process, mailbox types reason about the contents of a mailbox. Consider a future variable, which
is a placeholder in a concurrent computation. A future can receive many get messages that are
only fulfilled after a put message initialises the future with a value. After the future is initialised, it
fulfils all get messages by sending its value; a second put message is explicitly disallowed. We can
implement a future straightforwardly in Erlang:
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1 empty_future() ->
2 receive

3 { put, X } -> full_future(X) 13 client() ->

4 end. 14 Future = spawn(future, empty_future, [1]),
5 full_future(X) -> 15  Future ! { put, 5},

6 receive 16 Future ! { get, self() },

7 { get, Pid } -> 17 receive

8 Pid ! { reply, X }, 18 { reply, Result } ->

9 full_future(X); 19 io:fwrite("~w~n", [Result])

10 { put, _ } -> 20 end.

11 erlang:error("Multiple writes")

12 end.

The empty_future function awaits a put message to set the value of the future (lines 2-4), and
transitions to the full_future state. A full_future receives get messages (lines 6-12) containing
a process ID used to reply with the future’s value. The client function spawns a future (line 14),
sends a put message followed by a get message (lines 15-16), and awaits the result (lines 17-20).
The program prints the number 5.

Several communication errors can arise in this example:

e Protocol violation. Sending two put messages to the future will result in a runtime error.

e Unexpected message. Sending a message other than get or put to the future will silently
succeed, but the message will never be retrieved from the mailbox, resulting in a memory leak.

o Forgotten reply. If the future fails to send a reply message after receiving a get message the
client will be left waiting forever.

o Self-deadlock. If the client attempts to receive a reply message before sending a get message it
will be left waiting forever.

All of the above issues can be solved by mailbox typing. We can write the following types:
EmptyFuture 2  ?(Put[Int] © xGet[ClientSend]) ClientSend = !Reply[int]
FullFuture % ?xGet[ClientSend] ClientRecv =  ?Reply[int]

A mailbox type combines a capability (either ! for an output capability, analogous to a PID in
Erlang; or ? for an input capability) with a pattern. A pattern is a commutative regular expression:
in the context of a send mailbox type, the pattern will describe the messages that must be sent; in
the context of a receive mailbox type, it describes the messages that the mailbox may contain.

A mailbox name (e.g., Future) may have different types at different points in the program.
EmptyFuture types an input capability of an empty future mailbox, and denotes that the mailbox
may contain a single Put message with an Int payload, and potentially many (x) Get messages each
with a ClientSend payload. FullFuture types an input capability of the future after a Put message
has been received, and requires that the mailbox only contains Get messages. ClientSend is an
output mailbox type which requires that a Reply message must be sent; ClientRecv is an input
capability for receiving the Reply. For each mailbox name, sends and receives must “balance out”™
if a message is sent, it must eventually be received.

de’Liguoro and Padovani [12] introduce a small extension of the asynchronous 7-calculus [2],
which they call the mailbox calculus, and endow it with mailbox types. They express the Future
example in the mailbox calculus as follows, where the mailbox is denoted self.

emptyFuture(self)
fullFuture(self, x)

self?Put (x) . fullFuture(self, x)

free self. done

self?Get (sender) . (sender!Reply[x] || fullFuture(self, x))
self? Put(x) . fail self

(vfuture) (emptyFuture(future) || future!Put[5] ||
(vself) (future! Get [self] || (self? Reply(x) .free self. print(intToString(x)))

+ + I e
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A process calculus is useful for expressing the essence of concurrent computation, but there is a
large gap between a process calculus and a programming language design, the biggest being the
separation of static and dynamic terms. A programming language specifies the program that a user
writes, whereas a process calculus provides a snapshot of the system at a given time. A particular
difference comes with name generation: in a process calculus, we can write name restrictions
directly; in a programming language, we instead have a language construct (like new) which is
evaluated to create a fresh name at runtime. Further complexities come with nested evaluation
contexts, sequential evaluation, and aliasing. We explore these challenges in greater detail in §2.

We propose Pat!, a first-order programming language that supports mailbox types, in which we
express the future example as follows (selfis again the mailbox).

def emptyFuture(self: EmptyFuture): 1 {
guard self: Put © xGet {
receive Put[x] from self— fullFuture(self, x)

def client(): 1 {
let future = new in
spawn emptyFuture(future);

} } let self = new in
Sfuture! Put[5];
def fullFuture(self: FullFuture, value : Int): 1 { future! Get [ self];
guard self: xGet { guard self:Reply {
free — () receive Reply[result] from self —
receive Get[user] from self— free self;
user!Reply [ value]; print(intToString (result))
fullFuture(self, value) }
} }
}

The Pat specification has a similar structure to the Erlang future with client, emptyFuture and
fullFuture functions, and the mailbox types are similar to those in the mailbox calculus specification.
There are, however, some differences compared with the Erlang future. The first is that in Pat
mailboxes are first-class: we create a new mailbox with new, and receive from it using the guard
expression. A guard acts on a mailbox and may contain several guards: free — M frees the mailbox
if there are no other references to it and evaluates M; and receive m[ ¥ ] from y = M retrieves a
message with tag m from the mailbox, binding its payloads to X and re-binding the mailbox variable
(with an updated type) to y in continuation M. There is also fail denoting that a mailbox is in an
invalid state, but the type system ensures that this guard is never evaluated. In the above code,
free selfis syntactic sugar (see §3).

Pat has all of the characteristics of a programming language, unlike the mailbox calculus. Static
and dynamic terms are distinguished, i.e., we do not need to write name restrictions with dynamic
names known a priori. Pat provides let-bindings, which enable full sequential composition along
with nested evaluation contexts; and we have data types and return types. Crucially all of the
concurrency errors described earlier result in a type error, i.e. protocol violations, unexpected messages,
forgotten replies, and self-deadlocks are all detected statically.

Contributions. Despite being a convincing proposal for behavioural typing for actor languages,
mailbox typing has received little attention since its introduction in 2018. The overarching contri-
bution of this paper, therefore, is the first design and implementation of a concurrent programming
language with support for mailbox types. Concretely, we make four main contributions:

(1) We introduce a declarative type system for Pat (§3), a first-order programming language with
support for mailbox types, making essential and novel use of quasi-linear types. We show type
preservation, mailbox conformance, and a progress result.

!https://en.wikipedia.org/wiki/Postman_Pat
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197 def useAfterFree1(x : 7xMessage[1]):1{  def useAfterFree2(x : ?xMessage[1]):1{  def useAfterFree3(x : ?xMessage[1]):1 {
198 guard x : xMessage { leta=xin let _=

receive Message[y] from z — guard a : xMessage { guard x : xMessage {
199 x !Message[]; receive Message[y] from z — receive Message[y] from z —
200 useAfterFree1(z) x !Message[]; x !Message[];

free — x !Message[] useAfterFree2(z) useAfterFree3(z)
201 } free — x !Message|[ ] free — x ! Message[ ]
202 } } } in x ! Message[]

} }

203
204 (a) Using old name (b) Renaming (c) Evaluation contexts

205 Fig. 3. Use-after-free via aliasing

206
207  (2) We introduce a co-contextual algorithmic type system for Pat (§4), making use of backwards

208 bidirectional typing. We prove that the algorithmic type system is sound and complete with
209 respect to the declarative type system.

a0 (3) We extend Pat with sum and product types; interfaces; and higher-order functions (§5).

a1 (4) We detail our implementation (§6), and demonstrate the expressivity of Pat by encoding all

12 of the examples from de’Liguoro and Padovani [12], and 10 of the 11 Savina benchmarks [34]
213 used by Neykova and Yoshida [42] in their evaluation of multiparty session types for actor
214 languages (§6.2).

215

s 2 MAILBOX TYPES IN A PROGRAMMING LANGUAGE: WHAT ARE THE ISSUES?

217 Session typing was originally studied in the context of process calculi (e.g., [28, 57]), but later
213 work [19, 21, 58] introduced session types for languages based on the linear A-calculus. The more
219 relaxed view of linearity in the mailbox calculus makes language integration far more challenging.
220 A mailbox name may be used several times to send messages, but only once to receive a message.
221 The intuition is that while sends simply add messages to a mailbox, it is a receive that determines
220 the future behaviour of the actor. To illustrate, Figure 2 shows a fragment of the future example
223 from §1 with two sends to the future mailbox (shaded red), and a single receive (shaded blue).

224 def client(): 1 { In the mailbox calculus, a name remains constant and can-
225 let future = new in not be aliased; this is at odds with idiomatic programming
226 spawn empty Future ( Jllilie) ; where expressions are aliased with let bindings or function
227 let SelJT = “T“’]i“ applications. Moreover functional languages provide nested
[ | Put[5]; . . .
228 R et [self]: evaluation contexts and sequential evaluation.
229 d self {
guarda se . . . .
230 receive Reply [result] from self — 2.1 Controlllng Mailbox Allasmg
231 free self, Ensuring appropriate use of a mailbox is challenging in the
232 ) print (intToString result)) presence of aliasing, e.g. we can write a function that attempts
233 } to use a mailbox after it has been freed (Fig. 3a). Such a use-
234 Fig. 2. Send and receive uses of future a.fter-free error can be excluded with a fully linear type system,
235 since we cannot use a resource after it has been consumed.
236 We could require that a name cannot be used after it has been guarded upon by insisting that the

237 subject and body of a guard expression are typable under disjoint type environments. Indeed, such
238 an approach correctly rules out the above issue, but the check can easily be circumvented. Figure 3b
230 aliases the output capability for the mailbox, and the new name prevents the typechecker from
240  realising that it has been used in the body of the guard. Similarly, Figure 3c uses nested evaluation
241 contexts, meaning that the next use of a mailbox variable is not necessarily contained within a
242 subexpression of the guard.

243 Much of the intricacy arises from being able to use a mailbox name many times as an output
244 capability. In a single process, we can avoid the problems above using three principles:

245
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(1) No two distinct variables should represent the same underlying mailbox name.
(2) Once let-bound to a different name, a mailbox variable is considered out-of scope.
(3) A mailbox name cannot be used after it has been used in a guard expression.

These principles ensure syntactic hygiene: the first and second handle the disconnect between
static names and their dynamic counterparts, allowing us to reason that two syntactically distinct
output capabilities indeed refer to different mailboxes. The third ensures that a mailbox name is
correctly ‘consumed’ by a guard expression, allowing us to correctly update its type.

Aliasing through communication. Consider the following example, where mailbox a receives the
message m[b], where b is already free in the continuation of the receive clause:

guarda:m{
receive m[x] from y —
ac—m(b] | binlxl; — bin[bl;
free y free a

}

Here, although the code suggests that x and b are distinct, aliasing is introduced through
communication (violating principle 1). The mailbox calculus rules out such programs by constructing
a global dependency graph. Dependency graphs are well-suited to process calculi since all names are
known a priori, but are not practical in a programming language due to renaming, nested evaluation
contexts, and the distinction between static and dynamic names.

2.2 Quasi-linear typing

The many-sender, single-receiver pattern is closely linked to quasi-linear typing [37], although
our formulation is closer to [15]. Quasi-linear types were originally designed to overcome some
limitations of full linear types in the context of memory management and programming convenience
and allow a value to be used once as a first-class (returnable) value, but several times as a second-class
value [43]. A second-class value can be consumed within an expression, for example as the subject
of a send operation, but cannot escape the scope in which it is defined.

This distinction maps directly onto the many-writer, single-reader communication model used
by the mailbox calculus. We augment mailbox types with a usage: either e, a returnable reference
that allows a type to appear in the return type of an expression; or o, a ‘second-class’ reference.
The subject of a guard must be returnable. With usage information we can ensure that:

(1) there is only one returnable reference for each mailbox name in a process
(2) only returnable references can be renamed, avoiding problems with aliasing
(3) the returnable reference is the final lexical use of a mailbox name in a process

Quasi-linear types rule out all three of the previous examples. In useAfterFree, x is consumed
by the guard expression and cannot be used thereafter. In useAfterFree2, since x is the subject of
a let binding, it must be returnable and therefore cannot be used in the body of the binding. In
useAfterFree3, since x is used as the subject of a guard expression, that use must be first-class and
therefore the last lexical occurrence of x, ruling out the use of x in the outer evaluation context.

Ruling out aliasing through communication. Quasi-linear types alone do not safeguard against
introducing aliasing through communication. However, treating all received names as second-class,
coupled with some simple syntactic restrictions (e.g. by ensuring that either all message payloads
or all variables free in the body of the receive clause have base types) eliminates unsafe aliasing.

Summary. Quasi-linear types and the lightweight syntactic checks outlined above ensure that
mailboxes are used safely in a concurrent language that allows aliasing, and obviate the need for
the static global dependency graph used in the mailbox calculus. We show that the checks are
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Mailbox types ~ J,K == E | ?E ?asee;ypes Tg - 1c|| '}‘t | String | ---
Mailbox patterns E,F == O |1l |m|E®F P . ’ -
| EOF | +E Usage annotations n u= ole
Usage-annotated types A,B == C | J7
Variables X, Y,z
Definition names f
—
Definitions D u= def f(x:A):B{M}
Values V,W = x|c¢
Terms LMN == V |letx:T=MinN | f(V)
| spawn M | new | V!m[W/] | guardV:E{a}
Guards G == fail | free —» M | receive m[*X] from y—M
Type environments r == -|LLx:A

Fig. 4. The syntax of Pat, a core language with mailbox types

not excessively restrictive by expressing all of the examples shown by de’Liguoro and Padovani
[12], and 10 of the 11 Savina benchmarks [34] used by Neykova and Yoshida [42] to demonstrate
expressiveness of behavioural type systems for actor languages (§6.2).

3 PAT: A CORE LANGUAGE WITH MAILBOX TYPES

This section introduces Pat, a core first-order programming language with mailbox types, along
with a declarative type system and an operational semantics.

3.1 Syntax
Figure 4 shows the syntax for Pat. We defer discussion of types to §3.2.

Programs and Definitions. A program (S,B, M) consists of a signature S which maps message
tags to payload types; a set of definitions D; and an initial term M. Each definition def f (x : A):B{M}

—_—
is a function with name f, annotated arguments x : A, return type B, and body M. We write P(f)
to retrieve the definition for function f, and #(m) to retrieve the payload types for message m.

Values. It is convenient for typing to introduce a syntactic distinction between values and
computations, in part inspired by fine-grain call-by-value [39]. Values V, W include variables x and
constants c¢; we assume that the set of constants includes at least the unit value () of type 1.

Terms. The functional fragment of the language is largely standard. Every value is a term. The
only evaluation context is let x: T = M in N, which evaluates term M of type T, binding its result
to x in continuation N. The type annotation is a technical convenience and is not necessary in our

— —
implementation (§3). Function application (V') applies function f to arguments V. As usual, we
use M; N as sugar for let x: 1 = M in N, where x does not occur in N.

In the concurrent fragment of the language, spawn M spawns term M as a separate process, and

new creates a fresh mailbox name. Term V' !m[ W] sends message m with payloads W to mailbox V.
The guardV :E {6} expression asserts that mailbox V contains pattern E, and invokes a

guard in G. The fail guard is triggered when an unexpected message has arrived; free — M
is triggered when a mailbox is empty and there are no more references to it in the system; and
receive m[X ] from y — M is triggered when the mailbox contains a message with tag m, binding
its payloads to % and continuation mailbox with updated mailbox type to y in continuation term
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M. We write free V as syntactic sugar for guard V {free — ()}, and fail V as syntactic sugar for
guard V {fail}. We require that each clause within a guard expression is unique.

3.2 Type system

This section describes a declarative type system for Pat. We begin by discussing mailbox types in
more depth, in particular showing how to define subtyping and equivalence.

3.2.1 Types. A mailbox type consists of a capability, either output ! or input ?, and a pattern. A
system can contain multiple references to a mailbox as an output capability, but only one as an
input capability. A pattern is a commutative regular expression, i.e., a regular expression where
composition is unordered. The 1 pattern is the unit of pattern composition ®, denoting the empty
mailbox. The O pattern denotes the unreliable mailbox, which has received an unexpected message.
It is not possible to send to, or receive from, an unreliable mailbox, but we will show that reduction
does not cause a mailbox to become unreliable. The pattern m denotes a mailbox containing a single
message m?. Pattern choice E @ F denotes that the mailbox contains either messages conforming to
pattern E or F. Pattern composition E © F denotes that the mailbox contains messages pertaining
to E and F (in either order). Finally, xE denotes replication of E, so xm denotes that the mailbox can
contain zero or more instances of message m. Mailbox patterns obey the usual laws of commutative
regular expressions: 1 is the unit for ©, while O is the unit for @ and is cancelling for ©. Composition
O is associative, commutative, and distributes over @; and @ is associative and commutative.

Pattern semantics. It follows that different syntactic representations of patterns may have the
same meaning, e.g. patterns 1 @ 0 @ (m© n) and 1 & (n ® m). Following [12], we define a set-of-
multisets semantics for mailbox patterns; the intuition is that each multiset defines a configuration
of messages that could be present in the mailbox. For example the semantic representation of both
of the patterns above is {(), (m, n)}. We let A, B range over multisets.

[o] =0 [1]={0} [E o F] = [E] U [F] [EoF]={AwB|Ae€[E],B € [F]} [m] = {{m)}

[*E]=[1JU[E]JUV[EGE]U---
The pattern O is interpreted as an empty set; 1 as the empty multiset; ® as set union; © as

pointwise multiset union; m as the singleton multiset; and xE as the infinite set containing any
number of concatenations of interpretations of E.

Usage annotations. A type T can be a base type C, or a mailbox type J. As discussed in §2, quasi-
linearity is used to avoid aliasing issues. Usage-annotated types A, B annotate mailbox types with a
usage: either second class (o), or returnable (e). There are no restrictions on the use of a base type.
Only values with a returnable type can be returned from an evaluation frame.

3.22 Operations on types. We say that a type is returnable, written returnable(A), if A is a base
type C or a returnable mailbox type J°. The | —] operator ensures that a type is returnable, while
the [—] operator ensures that a mailbox type is second-class:

Icl=C |T|=T" [cl=C [T]=T°

We also extend the operators to usage-annotated types (e.g. [J*] = J°) and type environments.

Subtyping. With a semantics defined, we can consider subtyping. A pattern E is included in a
pattern F, written E C F, if every multiset in the semantics of E also occurs in the semantics of
pattern F, ie, EC F = [E] C [F].

2Unlike in §1, our formal development does not pair a message tag with its payload; instead, tags are associated with
payload types via the program signature. This design choice allows us to more easily compare the declarative system with
the algorithmic system in §4, and unlike [12] means we do not need to define types and subtyping coinductively.

1>
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Definition 3.1 (Subtyping). The subtyping relation is defined by the following rules:
ECF nm<n FCE n <
c<C ?ET < ?F"2 VEM < |F"2

Usage subtyping is defined as the smallest reflexive operator defined by axioms 7 < nand e < o.
We write A ~ B if both A < Band B < A, i.e. either A, B are the same base type, or are mailbox
types with the same capability and pattern semantics.

Base types are subtypes of themselves. As with previous accounts of subtyping in actor lan-
guages [26], subtyping is covariant for mailbox types with a receive capability: a mailbox can safely
be replaced with another that can receive more messages. Likewise subtyping is contravariant for
mailboxes with a send capability: a mailbox can safely be replaced with another that can send
a smaller set of messages. Intuitively, as returnable usages are more powerful than second-class
usages, returnable types can be used when only a second-class type is required.

Following [12] we introduce names for particular classes of mailbox types. Intuitively, relevant
mailbox names must be used, whereas irrelevant names need not be. Likewise reliable and usable
names can be used, whereas unreliable and unusable names cannot.

Definition 3.2 (Relevant, Reliable, Usable). A mailbox type J is relevant if ] £ 1, and irrelevant
otherwise; reliable if ] £ 70 and unreliable otherwise; and usable if J £ !0 and unusable otherwise.

Definition 3.3 (Unrestricted and Linear Types). We say that a type A is unrestricted, written un(A),
if A=C, or A= 11° Otherwise, we say that T is linear.

Our type system ensures that variables with a linear type must be used, whereas variables with
an unrestricted type can be discarded. We can then extend subtyping to type environments, making
it possible to combine type environments, as in [9, 12].

Definition 3.4 (Environment subtyping). Environment subtyping I} < I} is defined as follows:
un(A) x ¢ dom(T”") r<r’ A<B r<r’
- < ILx:A<I' ILx:A<I',x:B

We include a notion of weakening into the subtyping relation, so an environment I' can be a
subtype environment of I" if it contains additional entries of unrestricted type.

Type combination. Mailbox types ensure that sends and receives “balance out”, meaning that
every send is matched with a receive. For example, using a mailbox at type !Put and ?(Put © xGet)
results in a mailbox type ?(xGet). The key technical device used to achieve this goal is type
combination: combining a mailbox type ! E and a mailbox type ! F results in an output mailbox type
which must send both E and F; combining an input and an output capability results in an input
capability that no longer needs to receive the output pattern. We can also combine identical base
types. Note that it is not possible to combine to input capabilities as this would permit simultaneous
reads of the same mailbox.

Definition 3.5 (Type combination). Type combination T ®U is the commutative partial binary
operator defined by the following axioms:

ceC=C |Em!F=1(EOQF) \Em?(EQF) =1F 2(EOF)m!E=7F

Following [9], it is convenient to identify types up to commutativity and associativity, e.g. we
do not distinguish between ?(A © B)® and ?(B © A)®. We may however need to use subtyping to
rewrite a type into a form that allows two mailbox types to be combined (e.g. to combine !A and
?(xA), we would need to use subtyping to first rewrite the latter type to ? (A © %A)).
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The usage combination operator combines usages: it is not commutative as a o use of a variable
can only occur before a ® use (ensuring that the returnable use is the last lexical use of a variable).
Furthermore, note that e > e is undefined (ensuring that there is only one returnable instance of a
variable per thread).

Definition 3.6 (Usage combination). The usage combination operator is the partial binary operator
defined by the axioms o> o =ocand o> e = e.

We can now define usage-annotated type and environment combination.

Definition 3.7 (Usage-annotated type combination). The usage-annotated type combination operator
A B is the binary operator defined by the axioms C»>C = C and J7' » K2 = (Jm K)T"",

Definition 3.8 (Environment combination (I')). Usage-annotated environment combination I' > I
is the smallest partial operator on type environments closed under the following rules:
x ¢ dom(I;) s, =T e =T
b= (T,x:A)p=T,x: A (T, x:A)» (I,x:B)=T,x: (A>B)

We use usage-annotated type combination when combining the types of two variables used in
subsequent evaluation frames (i.e. in the subject and body of a let expression). We also require
disjoint combination, where two environments are only able to share unrestricted variables:

Definition 3.9 (Disjoint environment combination). Disjoint environment combination I'y + I is
the smallest partial operator on type environments closed under the following rules:

x¢dom(1"2) L+, =T xédom(l"l) i+, =T un(A) L+, =T
= I,x:A+IL=T,x: A I+, x:A=T,x: A I,x:A+DL,x:A=T,x: A

3.2.3 Typing rules. Fig. 5 shows the declarative typing rules for Pat. As the system is declarative it
helps to read the rules top-down.

Programs and definitions. A program is typable if all of its definitions are typable, and its body
has unit type. A definition def f(x : A): B{M} is typable if M has type B under environment x : A.

Terms. Term typing has the judgement I' Fp M : A, which states that when defined in the context
of program P, under environment I', term M has type A. We omit the $ parameter in the rules
for readability. Rule T-VAR types a variable in a singleton environment; we account for weakening
in T-Suss. Rule T-CoNsT types a constant under an empty environment; we assume an implicit
schema mapping constants to types, and assume at least the unit value () of type 1. Rule T-Aprp
types function application according to the definition in . Each argument must be typable under
a disjoint type environment to avoid aliasing mailbox names in the body of the function.

Rule T-LET types sequential composition. The subject of the let expression must be returnable;
since I > I}, is defined, we know that if the subject (typable using I') contains a returnable variable,
then it cannot appear in I;. This avoids aliasing and use-after-free errors.

Rule T-SPAWN types spawning a term M of unit type as a new process. The type environment
used to type M can contain any number of returnable, but the conclusion of the rule ‘masks’ any
returnable types as second-class. Intuitively, this is because there is no need to impose an ordering
on how a variable is used in a separate process. So while within a single process a guard on
some name x should not precede a send on x, there is no such restriction if the two expressions
are executing in concurrent processes. Rule T-NEw creates a fresh mailbox with type ?1°, since
subsequent sends and receives must “balance out” to an empty mailbox.

10



491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508
509
510
511
512
513
514
515
516
517
518
519
520
521
522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539

Special Delivery s

Typing rules for programs and definitions

— —_—
P =(S,D,M) (Fp Dj)i ke M:1 x:Arp M:B
FP o def f(x: A): B{M}
Typing rules for terms
" T-Arp
T-VAR T-Const - o A). VALY
c has base type C P(f) =def f(x:A): B{M} (T FVitAiietn
x:AFx:A “+c:C i+ -4+ f(V4,...,V,):B
T-SEND .
T-LET T-SPAWN TN Pm=T7T TrV:In®
ILFM:|T|] TLx:|T]+N:B T'+M:1 “NEW (T} v Wi : [TiDie1.n
e+ letx:T=MinN:B [T]+ spawn M:1 -+ new:?1° 1"+1"1’+...+F,'ll—V!m[W]:l
T-GuAarD . T-SuBs
I+ V:?F* ILr G:A:F ECF EF r<r’ A<B I'rM:A
L+ + guard V:E{G}:A I'+M:B
Typing rules for guards Trp G:A:E H IF'tp G:A:E
TG-Recv
— -
TG-GUARDSEQ TG-FREE P(m)y=T base_(z:) V base(T)
T+ Gi:A:=E); TG-Fan THM:A Iy:?E" X :[T]+M:B

FD—E:A::ENB...GBE,, T'rfail:A: 0 I'rfree—» M:A:1 T+ receive m[x] from y — M:B : mOE

Pattern residual

m#n
m/nz0

0/m=0 1/m20 m/m=1 (E®@F)/m2 (E/m)& (F/m)
(EOF)/m=((E/m)oF)® (EO (F/m))

Pattern normal form (PNF) EEF

F=~E/m Erp Fi EkFp P2 Ekj F

Eri O Erp 1 ——
EE;mOF ErFioF EEF

Fig. 5. Pat declarative term typing

— —

Rule T-SEND types a send expression V !m[ W], where a message m with payloads W is sent to a
mailbox V. Value V must be a reference with type !m°, meaning that it can be used to send message
m. The mailbox only needs to be second-class, but subtyping means that we can also send to a

first-class name. All payloads V must be subtypes of the types defined by the signature for message
m, and payloads must be typable under separate environments to avoid aliasing when receiving a
message. Unlike in session-typed functional programming languages, sending is a side-effecting
operation of type 1, and the behavioural typing is accounted for in environment composition.

Rule T-GUARD types the expression guard V : E {?})}, that retrieves from mailbox V with some

pattern E using guards G. The first premise ensures that under a type environment I', mailbox V
has type ?F*: the mailbox should have a receive capability with pattern F, and must be returnable.
Demanding that the mailbox is returnable rules out use-after-free errors since we cannot use the
mailbox name in the continuation. The second premise states that under type environment I,

q
guards G all return a value of type A and correspond to pattern F. The third premise requires that
the pattern assertion E is contained within F. The final premise, k F, ensures that F is in pattern

11
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normal form: the pattern should be a disjunction of pattern literals. That is 0, 1, or m © F, where F
is equivalent to E without message m.

Finally, rule T-Suss allows the use of subtyping. Subtyping on type environments is crucial when
constructing derivations, e.g. two patterns may have the same semantics but differ syntactically.
Applying T-Subs makes it possible to rewrite mailbox types so that they can be combined by the
type combination operators. We also allow the usual use of subsumption on return types, e.g.
allowing a value with a subtype of a function argument to be used.

Guards. Rule TG-GUARDSEQ types a sequence of guards, ensuring that each guard is typable
under the same type environment and with the same return type. Rule TG-FAIL types a failure
guard: since the type system will ensure that such a guard is never evaluated, it can have any type
environment and any type, and is typable under pattern literal 0. Rule TG-FREE types a guard
of the form free — M, where M has type A. Finally, rule TG-Recv types a guard of the form
receive m[ X ] from y — M, that retrieves a message with tag m from the mailbox, binding its
payloads (whose types are retrieved from the signature for message m) to x, and re-binding the
mailbox to y with an updated type in continuation M. The payloads are made usable rather than
returnable, as otherwise the payloads could interfere with the names in the enclosing context.

Pattern residual. The pattern residual E / m calculates the pattern E after m is consumed, and
corresponds to the Brzozowski derivative [6] over a commutative regular expression. The residual
of 0,1, or n (where n # m) with respect to a message tag m is the unreliable type 0. The derivative of m
with respect to mis 1. The derivative operator distributes over @, and the derivative of concatenation
is the disjunction of the derivative of each subpattern.

Example. We end this section by showing the derivation for part of the future example from §1,
specifically, the body of the client definition which creates a future and self mailbox, initialises
the future with a number, and then requests and prints the result. In the following, we abbreviate
future to f, selfto s, and result to r. We assume that the program includes a signature S = [Put —
Int,Get — !Reply, Reply  Int], and the emptyFuture and fullFuture definitions from §1.

We split the derivation into three subderivations. Since it is easier to read derivations top-down,
we start by typing the guard expression. In the following, we refer to the receive guard as G, and
name the first derivation Dy:

T — r: Int + print(intToString(r)) : 1

s:?1°% r:Int+ free s;print(intToString(r)) : 1 Reply C Reply © 1
s:?(Reply®1)® + s:?(Reply ® 1)° receive Reply[r] from s> EReply©®1
’ free s; print(intToString(r)) i1:Replyol
s: ?(Reply ©1)® + guard s:Reply {G}:1

The type of the s mailbox in the subject of the guard expression is ?(Reply ©® 1)° denoting that
the mailbox can contain a Reply message and will then be empty. The receive guard binds s at
type ?1° and r at Int, freeing s and using r in the print expression. The Reply annotation on the
guard is a subpattern of the pattern of s. The above derivation is used within derivation D;:

Fi1Get° r f: 1Get®
f:1Get® + f: 1Get® s: 'Reply® + s: !Reply®
f:1Get®, s: IReply® + f1Get[s]:1

flGet[s];
guard s:Reply {G}

D,

f: 'Put® v f: !Put’® -k 5:Int filGet®,s: 71% + ‘1

f: IPut® v flPut[5]:1

FIPut(S]; flGetlsl;

f:1(Put ©Get)®,s: ?71° + guard s:Reply {-- -}

12
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Runtime syntax

Runtime names a Guard contexts G = C_}l) 1] 52)
Names wo,w = x|a Configurations C,D === (MI)|ae m[v]
Frames o = (x,M) | ClID| (va)C
Frame stacks 3 = €lo-X Runtime type environments A = | Au:T
Reduction rules C —p D
E-LET (letx:T=MinN,Z) — (M, (x,N)-Z)
E-RETURN (V.(e,M)-Z) —  (M{V/x},Z)
E-App (FV)LE) — (M{V/R}.Z)

(if P(f) = def f(x : A): B {M})

E-New (new,2) — (va)((aZ)) (ais fresh)
E-SEND (]a!m[T/')],Z[) — (O, Z) |l a<—m[T/)]
E-SpawN (spawn M,Z) — (O.Z) Il (M, €e)

E-FREE (va)((guarda:E {G[free » M]},Z)) — (M.,3)

E-Recv  (guarda:E {G[receive m[ %] from y > M]},3) || a < m[V] — (]M{T/)/?,a/y},Zl)

cC— 9D Cc—C c=cC c'— 0 D'=D
ENU ——MM E-PAR ——————— E-STrUCT
(va)C — (va)D CllD—C|D cC— 9D

Fig. 6. Pat operational semantics

Here fis used to send a Put and then a Get with s of type !Reply® as payload. As the two
sends to the fmessage are sequentially composed, the type of fat the root of the subderivation is
I (Put © Get)®. Since s is used at type ?(Reply ® 1)° in Dy, the send and receive patterns balance
out to the empty mailbox type ?1°. Finally, we can construct the derivation for the entire term:

f: ?7(Put © xGet)® + emptyFuture(f) : 1
: ?2(Put © xGet)° + spawn emptyFuture(f) : 1
P pty
f:?2((Put ©Get) © 1)° + spawn emptyFuture(f) : 1
spawn emptyFuture(f);
f:?71°+ lets=newin 1
-+ new:?1° f'Put[5];---
let f=new in
spawn emptyFuture(f);
let s=new in
fIPUt[5]; f1Get[s];
-+ guards:Reply { 1
receive Reply[r] from s+
free s;
print(intToString(r) )

-+ new:?1° D,

let s = new in
flPut[5];---

f:1(Put ©Get)* + 1

Since we let-bind f to new, fmust have type ?1°. Definition emptyFuture requires an argument
of type ?(Put © xGet)®; since the function application appears in the body of the spawn we
can mask the usage annotation to o, and use environment subtyping to rewrite the type of f to
?((Put © Get) ® 1)°. This then balances out with the use of f in Dy, completing the derivation.

3.3 Operational Semantics

Figure 6 shows the runtime syntax and reduction rules for Pat. We extend values V with runtime
names a. The concurrent semantics of the language is described as a nondeterministic reduction
relation on a language of configurations, which resemble terms in the z-calculus. Configuration
(M, =) is a thread evaluating term M, with frame stack 3; we will discuss frame stacks in the next

— —

section. Configuration a «— m[ V'] denotes a message m[ V'] in mailbox a; name restriction (va)C
binds name a in C; and C || D denotes the parallel composition of C and D.

13
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Configuration Typing ArC
TC-Nu TC-PAR TC-MESSAGE .
Aa:?1rC AMFC MDD (TAiTFViiAdiern A <[P()]
A+ (va)C AreaAp+-C | D A+...+Apa:'mrac—n[V]
TC-THREAD TC-Suss
[Al=Ty»T, DL rM:A TDrA»> A<N  ANrC
A+ (MZ) A+ C

Frame Stack Typing

I, x:A+r M:B returnable(B) IbFB» X
FAr € heL+rA»(x,M) X

Fig. 7. Pat runtime typing

Frame stacks. We use explicit frame stacks [15, 49] rather than evaluation contexts for technical
convenience. A frame (x, M) is a pair of a variable x and a continuation M, where x is free in M. A
frame stack is an ordered sequence of frames, where € denotes the empty stack.

Reduction rules. Frame stacks are best demonstrated by the E-LET and E-RETURN rules: intuitively,
letx: T = M in N evaluates M, binding the result to x in N. The rule adds a fresh frame (x, N) to
the top of a frame stack, and evaluates M. Conversely, E-RETURN returns V into the parent frame;
if the top frame is (x, M), then we can evaluate the continuation M with V substituted for x. Rule

N
E-App evaluates the body of function f with arguments V substituted for the parameters X.
Rule E-NEw creates a fresh mailbox name restriction and returns it into the calling context. Rule

E-SEND sends a message with tag m and payloads V to a mailbox a, returning () to the calling

context and creating a sent message configuration a <— m [T/) 1. Rule E-SPAWN spawns a computation
as a fresh process, with an empty frame stack. Rule E-FREE allows a name a to be garbage collected
if it is not contained in any other thread, evaluating the continuation M of the free guard. Finally,
rule E-Recv handles receiving a message from a mailbox, binding the payload values to X and
updated mailbox name to y in continuation M. The remaining rules are administrative.

3.4 Metatheory

3.4.1 Runtime typing. To prove metatheoretical properties about Pat we introduce a type system
on configurations; this type system is used only for reasoning and is not required for typechecking.

Runtime type environments. The runtime typing rules make use of a type environment A that
maps variables to types that do not contain usage information. Usage information is inherently only
useful in constraining sequential uses of a mailbox variable, where guards are blocking, whereas
it makes little sense to constrain concurrent usages of a variable. Runtime type environment
combination on A; < A, is similar to usage-annotated type environment combination but with
two differences: it is commutative to account for the unordered nature of parallel threads, and type
combination does not include usage information.

Definition 3.10 (Environment combination (A)). Environment combination A; > A; is the smallest
partial commutative binary operator on type environments closed under the following rules:
x ¢ dom(Ay) A paAy =A x ¢ dom(Aq) Ay =A Ay pa Ay =A

(A, x:T)»a Ay =Ax:T Ao (Ag,x:T)=Ax:T (A, x:T)pa (A, x:U)=Ax:(TwU)

Disjoint combination on runtime type environments A; + A, (omitted) is defined analogously to
disjoint combination on I'.

14
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687 Runtime typing rules. Figure 7 shows the runtime typing rules. Rule TC-Nu types a name restric-
688 tion if the name is of type ?1; in turn this ensures that sends and receives on the mailbox “balance
689 out” across threads. Rule TC-PARr allows configurations C and D to be composed in parallel if
690 they are typable under combinable runtime type environments. Rule TC-MESSAGE types a message

1 configuration a «— m [T/')] . Name a of type !m cannot appear in any of the values sent as a payload.

Each payload value V must be a subtype of the type defined by the message signature, under the
second-class lifting of a disjoint runtime type environment. Rule TC-SuBs allows subtyping on
runtime type environments; the subtyping relation A < A’ is analogous to subtyping on I'.

692
693
694

695
696 Thread and frame stack typing. Rule TC-THREAD types a thread, which is a pair of a currently-

evaluating term, typable under an environment I, and a stack frame, typable under an environment
¢s  I2. The combination I'y » I'; should result in the returnable lifting of A: intuitively, we should be able
«o  touse every mailbox variable in A as returnable in the thread. TC-THREAD makes use of the frame
200  stack typing judgement I' - A » X (inspired by [15]), which can be read “under type environment
.01 T, given a value of type A, frame stack X is well-typed”. The empty frame stack is typable under
50,  the empty environment given any type. A non-empty frame stack (x, M) - 3 is well-typed if M
has some returnable type B, given a variable x of type A. The remainder of the stack must then be
well-typed given B. We combine the environments used for typing the head term and the remainder
.05 of the stack using » as we wish to account for sequential uses of a mailbox; for example, in the term
206 x!'m[VI;x!n[W], x would have type ! (m© n)°.

697

703
704

707 3.4.2 Properties. We can now state some metatheoretical results. We relegate proofs to Appendix E.

708 Typability is preserved by reduction; the proof is nontrivial since we must do extensive reasoning

709 about environment combination.

710

- THEOREM 3.11 (PRESERVATION). If+ P, andT +p C withT reliable, and C —p D, thenT +p D.

712 Preservation implies mailbox conformance: the property that a configuration will never evaluate
713 to a singleton failure guard. To state mailbox conformance, it is useful to define the notion of a
714 configuration context H == (va)H | H || C | ([ ],X), that allows us to focus on a single thread.

715 COROLLARY 3.12 (MAILBOX CONFORMANCE). If+ P andT +p C withT reliable, then C /—* H [fail V].

716

17 Progress. To prove a progress result for Pat, we begin with some auxiliary definitions.

%
718 Definition 3.13 (Message set). A message set M is a configuration of the form: a; «—my [V11 ]| -+ ||

719 — . 2
e Gn M [V ]. We say that a message set M contains a messagem for aift M =a «—m[V] || M.

721 Next, we classify canonical forms, which give us a global view of a configuration. Every well
720 typed process is structurally congruent to a canonical form.

723 Definition 3.14 (Canonical form). A configuration C is in canonical form if it is of the form:

2 (vay) - (va) ((Mu 2 ) |- (Mo, 2 ) Il M)
725
Definition 3.15 (Waiting). We say that a term M is waiting on mailbox a for a message with tag m,

written waiting(M, a, m), if M can be written guard a: E {G[receive m[x] from y — N]}.

726
727
728 Let fv(—) denote the set of free variables in a term M or frame stack >. We can then use canonical
729 forms to characterise a progress result: either each thread can reduce, has reduced to a value, or is
730  waiting for a message which has not yet been sent by a different thread.

1 THEOREM 3.16 (PARTIAL PROGRESS). Supposet P and - p C where C is in canonical form:

733 C= (Val)"'(val)((]Mlsle ” "'(]Mm’ZmD ” M)

734 Then for each M;, either:
735

732
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Pattern variables a,f

. _ Augmented Type Envs. © = - | O,x:7T
Mailbox Patterns y, |_ 0(; ;‘ || i‘ ! |yf g Nullable Type Envs. ¥y = O|T
. Y Y Augmented Definitions D ==  def f(x_%) o {M}
Mailbox Types ¢ == ly|?y .
Constraints ¢ == y<id
Types mp = Cle Constraint sets @
Usage-Ann. Types 7,0 = C | "

Fig. 8. Pat syntax extended for algorithmic typing
o there exist M!, %! such that (M;, %) — (M, 3}); or
o M; is avalue andX; = €; or
o waiting(M;, aj,m;) where M does not contain a messagem; fora; and a; ¢fv(5§) U fv(X;), where

a are the guard clauses of M;.

The key consequence of Theorem 3.16 is the absence of self-deadlocks: since we can only guard
on a returnable mailbox, and a returnable name must be the last occurrence in the thread, it cannot
be that the guard expression is blocking a send to the same mailbox in the same thread.

REMARK. The original formulation of mailbox typing in a process calculus [12] provides a global
progress result by exploiting a dependency graph to eliminate cyclic dependencies and hence deadlocks.
A language implementation cannot use this approach as it relies on knowing runtime names directly.
However quasi-linear typing still allows us to rule out self-deadlocking interactions.

4 ALGORITHMIC TYPING

Writing a typechecker based on Pat’s declarative typing rules is challenging due to nondeterministic
context splits, environment subtyping, and pattern inclusion. MC? [45] is a typechecker for the
mailbox calculus, based on a typechecker for concurrent object usage protocols [46]. The type
system used in MC? has, however, not been formalised. We use several ideas from MC?, including
algorithmic type combination operations, and adapt the approach for a programming language.

This section describes a co-contextual [16] algorithmic type system based on backwards bidirec-
tional typing [60]. The key idea is to construct a type environment based on how mailbox variables
are used, along with a set of pattern inclusion constraints.

4.1 Algorithmic Type System

Extended syntax and annotation. A key difference to the declarative type system is the addition
of pattern variables a, that act as a placeholder for part of a pattern and are generated during
typechecking. We can then generate and solve inclusion constraints ¢ on patterns. Figure 8 shows
the extended syntax used in algorithm.

Constraints. A key challenge for the algorithmic type system is determining whether one pattern
is included within another: e.g. m E %m. Given that patterns may contain pattern variables, we may
need to defer inclusion checking until more pattern variables are known, so we introduce inclusion
constraints y <: § which require that pattern y is included in pattern §. We write the equivalence
constraint y ~ § as syntactic sugar for the constraint set {y <:J, d <:y} and abuse notation to treat
Y ~ 6 as a single constraint.

4.1.1 Algorithmic type operations. Fig. 9 shows the algorithmic type combination operators.

Unrestrictedness and subtyping. The algorithmic unrestrictedness operation unr(z) » ® states
that 7 is unrestricted subject to constraints @, and the definition reflects the fact that a type is
unrestricted in the declarative system if it is a base type or a subtype of ! 1°. Algorithmic subtyping
is similar: a base type is a subtype of itself, and we check that two mailbox types with the same
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Unrestrictedness

Subtyping and equivalence nm < ‘TSO'><I’HT~O‘><I)‘
T<o» d
nm < n < oc<T» D
n<ny e<o C<C»0 Iy < 18" » §<iy M <R e y<iS T~0» O UD,
Type join ’g13g2>g;®Hn$rz>a;<b
o fresh a fresh
lys!d» l(yod);0 lys?25» a5 {(y @ @) <: 6} vs1o» o {(6 0 ) <:y}
61562 » ;@
Type merge G1Mgy » g@ H 1Mz » 0';<I>‘
a fresh g1MNg »g®
lyn!s» 1(y®d);0 yn 28 » 2 {a<iy,a<:8} glml_lg;iz >gmax<”1”72);<1> CrncCw» C;0

Fig. 9. Pat algorithmic type operations

capability are subtypes of each other by generating a contravariant constraint for a send type, and
a covariant constraint for a receive type.

Algorithmic type join. Declarative mailbox typing relies on the subtyping rule to manipulate types
into a form where they can be combined with the type combination operators, e.g., 'Em?(EQ F) =
?F. The algorithmic type system cannot apply the same technique as it does not know, a priori,
the form of each pattern. Instead, the algorithmic type join operation allows the combination of
two mailbox types irrespective of their syntactic form. Combining two send types is the same
as in the declarative system, but combining a send type with a receive type (and vice versa) is
more interesting: say we wish to combine !y and ?6. In this case, we generate a fresh pattern
variable ; the result is ?a along with the constraint that (y ® a) <: §: namely, that the send pattern
concatenated with the fresh pattern variable is included in the pattern é.

For example, joining !m and ?(n © m) produces a receive mailbox type ?a and a constraint
(m© a) <:(n ® m), for which a valid solution is @ +— n, and hence the expected combined type ?n.

Algorithmic type merge. In the declarative type system branching control flow requires that
each branch is typable under the same type environment (using the T-Suss rule). The algorithmic
type system instead generates constraints that ensure that each type is used consistently across
branches using the algorithmic type merge operation 71 I 75 » o;®. Two base types are merged if
they are identical. In the case of mailbox types, the function takes the maximum usage annotation,
so max(e, o) = e. It ensures that when merging two output capabilities the patterns are combined
using pattern disjunction. Conversely merging two input capabilities generates a new pattern
variable that must be included in both merged patterns.

Algorithmic environment combination. We can extend the algorithmic type operations to type
environments; the (omitted, see Appendix A) rules are adaptations of the corresponding declarative
combinations. Notably, when combining two environments where an output mailbox !y is used in
one environment but not another, the resulting type is ! (y @ 1) to signify the choice of not sending
on the mailbox name.
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Constraint generation for programs and definitions ‘ rp def f(Xx:2):0 {M}>® ‘
P=(SD.M) (rpDir®); Me=1r 0 Meo»©d  check(R,72,0)=0, ©O-F=-
FPrOUD U---Ud, rp def f(X=2):0 {M}>® U,

Constraint generation (synthesis)

TS-ConsT TS-N TS-SpawnN
¢ has base type C ~NEW M&1»0;9
c=pCr 0 new = ?1°» -; 0 spawn M = 1 » [O]; ©
TS-SEND TS-App
Pm=7 Ve!in®»r0;0 P(f)=7 >0
(VVl = |—7Tl'-| > @:—; (p;)iglun ®/+®,1+...+®;1 > @;(D” (Vl =T > @i; lbi)iglun ®1+...+®n > O; D
Vin[Wl=1» ©; 0UP, U...UD, UD” fVi i Va) = 0> ©; QU U...UD,
Constraint generation (checking)
TC.V, TC-LET
TVAR Me |T]»0;d Nerr0yd, check(®y,x, [T|) =®3 ©1—x30, » ;04
xertrx:1;0 letx:T=MinN&<7»0;dU---Udy
TC-G_I)JARD TC-Sus
{E}Ge=1» ¥V, 0 F V&?F » 0; 0y ¥Y+0 » O;d5 M= 7» 0; d; r<o» O
guard V:E{G} & r» ©; &; Ud, Ud; U {E<:F} Meo»© & Ud,
Environment lookup check(©,x,7) =@ H check(@,?,?) =®
x ¢ dom(0©) unr(z) » @ c<tr»d (check(©, x;,7;) = @;);
check(®,x,7) =@ check((©,x:7),x,0) =@ check(©, %, 7)) =d;U---Ud,

Fig. 10. Pat algorithmic typing (programs, definitions, and terms)
Nullable type environments. Checking a fail guard produces a null environment T which can be
composed with any other type environment, as shown by the following definition:

Definition 4.1 (Nullable environment combination). For each combination operator x € {5, M, +}
we extend environment combination to nullable type environments, ¥; x ¥, » ¥; ® by extending
each environment combination operation with the following rules:

TxT» T;0 T*x0» 6;0 O*xT» 0;0
Nullable type environments are a supertype of every defined type environment: ©® < T.

Type system overview. Our algorithmic type system takes a co-contextual [16] approach: rather
than taking a type environment as an input to the type-checking algorithm, we produce a type
environment as an output. The intuition is that (read bottom-up), splitting an environment into two
sub-environments is more difficult than merging two environments inferred from subexpressions.
We also generate inclusion constraints on patterns to be solved later.

Bidirectional type systems [14, 48] split typing rules into two classes: those that synthesise a
type A for a term M (I' + M = A), and those that check that a term M has type A (I' - M < A).
Bidirectional type systems are syntax-directed and amenable to implementation.

We use a co-contextual variant of bidirectional typing first introduced by Zeilberger [60]. The
key twist is the variable rule, which becomes a checking rule and records the given variable-type
mapping in the inferred environment. Our synthesis judgement has the form M = 7 » 0; @,
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which can be read “synthesise type 7 for term M under program P, inferring type environment ©
and producing constraints ®”. The checking judgement M <p 7 » O; ® is defined analogously.
As in the declarative system we omit the # annotation for readability.

Figure 10 shows the Pat algorithmic typing of programs, definitions and terms. The key idea is
to remain in checking mode for as long as possible, in order to propagate type information to the
variable rule and construct a type environment.

Synthesis. Rule TS-CoNsT assigns a known base type to a constant, and rule TS-NEw synthesises
a type ?71° (analogous to T-NEw); both rules produce an empty environment and constraint set.

Rule TS-Spawn checks that the given computation M has the unit type, synthesises type 1, and
infers a type environment © and constraint set ®. Like T-SPAWN in the declarative system, the
usability annotations are masked as usable since usability restrictions are process-local.

Message sending V' !'m [I/—>V] is a side-effecting operation, and so we synthesise type 1. Rule TS-
SEND first looks up the payload types 7 in the signature, and checks that message target V has
mailbox type !'m°. In performing this check, the type system will produce environment ©’ that
contains an entry mapping the variable in V' to the desired mailbox type !m°. Next, the algorithm
checks each payload value against the payload type described by the signature. The resulting
environment is the algorithmic disjoint combination of the environments produced by checking
each payload, and the resulting constraint set is the union of all generated constraints.

Function application is similar: rule TS-App looks up the type signature for function f and
checks that all arguments have the expected types. The resulting environment is again the disjoint
combination of the environments, and the constraint set is the union of all generated constraints.

Checking. Rule TC-VAR checks that a variable x has type 7, producing a type environment x : 7.
The TC-LET rule checks that a let-binding let x: T = M in N has type 7: first, we check that M has
type | T] noting that only values of returnable type may be returned, producing environment 0
and constraints @;. Next we check that the body N has type 7, producing environment @, and ;.
The next step is to check whether the types of the variable inferred in ©; corresponds with the
annotation. The check meta-function ensures that if x is not contained within ©,, then the type of
x is unrestricted; and conversely if x is contained within ®;, then the annotation is a subtype of
the inferred type as the annotation is a lower bound on what the body can expect of x.

REMARK. Although our core calculus assumes an annotation on let expressions, this is unnecessary
if the let-bound variable is used in the continuation N, or M has a synthesisable type. Specifically, TC-
LETNOANNT allows us to check the type of the continuation and inspect the produced environment for
the type of x, which can be used to check M. Similarly, TC-LETNOANNZ allows us to type a let-binding
where x is not used in the continuation, as long as the type of M is synthesisable and unrestricted.

TC-LETNOANN]1 TC-LETNOANN2
Neo» O,x:1; 9 returnable(t) Neo» 01; 9 x ¢ dom(©1)

M <1 » Oy Oy 0;50; » O; D3 M= 7» Oy O returnable(t) 0,50; » O;d3
letx=MinN & o » ©; &; U, U D3 letx=MinN & o» ©; d; Udy; U3

We use the explicitly-typed representation in the core calculus for simplicity and uniformity, however
the implementation follows the above approach to avoid needless annotations.

Rule TC-GuARD checks that a guard expression guard V : E {8} has return type 7. First, the
—
rule checks that the guard sequence G has type 7, producing nullable environment ¥, constraint
set @y, and pattern F in pattern normal form. Next, the rule checks that the mailbox name V has
type ?F°, producing environment ®” and constraint set ®,. Finally, the rule calculates the disjoint
combination of ¥ and ©’, producing final environment © and constraints ®s.
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Constraint generation for guards {E} el =pTr ¥, O; F H {E}G&Epr» ¥, ®; F
TCG-GUARDs
({E} Gi=1» ¥i; @;; Fi)ic1.n TCG-F TCG-FREE
F=Fi®& --®F, W¥N..Nn¥%»¥o “TAIL M&1r©; 0
{E}8<=T>‘I’;<I>U<I>1U-~-U<I>n;F {E} fail<z» T;0; 0 {E} free» M<=7» 0; ;1
TCG-Recv
—

Mesrtr»@,y:?2y% @ Pm) =7 0=0"-% base(77) V base(®) check(®’, %, [7]) = @,
{E} receivem[X] from y > M<=71» 0; & Udy U{E/m<:y}; moO (E/m)

0-X2{y:7€0| y¢x)}
Fig. 11. Pat algorithmic typing (guards)
Finally, rule TC-SuB states that if a term M is synthesisable with type 7, where 7 is a subtype of
o, then M is checkable with type o. The resulting environment is that produced by synthesising the
type for M, and the resulting constraint set is the union of the synthesis and subtyping constraints.

Guards. Figure 11 shows the typing rules for guards; the judgement {E} G < 7 » ¥; ®; F can
be read “Check that guard G has type 7, producing environment ¥, constraints @, and closed
pattern literal F in pattern normal form with respect to E”. Rule TCG-GUARDs types a guard
sequence, producing the algorithmic merge of all environments and the sum of all produced
patterns. Rule TCG-FAIL types the fail guard with any type and produces a null type environment,
empty constraint set, and pattern 0. Rule TCG-FrEE checks that guard free — M has type 7 by
checking that M has type 7; the guard produces pattern 1.

Finally, rule TCG-REcv checks that a receive guard receive m[ X ] from y — M has type 7.
First, the rule checks that M has type 7, producing environment ©’,y : ?y*® and constraint set ®y;
since a mailbox type with input capability is linear, it must be present in the inferred environment.
Next, the rule checks that the inferred types for X in © are compatible with the payloads for m
declared in the signature, producing constraint set ®,. As with the declarative rule, to rule out
unsafe aliasing either the payloads or inferred environment must consist only of base types. The
resulting environment is @ (i.e., the inferred environment without the mailbox variable or any
payloads). The resulting constraint set is the union of ®; and ®; along with an additional constraint
which ensures that E / m is included in y, allowing us to produce the closed PNF literal m © (E / m).

4.2 Metatheory

We can now establish that the algorithmic type system is sound and complete with respect to the
declarative type system. We begin by introducing the notion of pattern substitutions and solutions.

A pattern substitution E is a mapping from type variables « to (fully-defined) patterns E; applying
= to a pattern y substitutes all occurrences of a type variable a for Z(«). We extend application of
pattern substitutions to types and environments. We write pv(E) for the set of pattern variables in
a pattern and extend it to types and environments.

Definition 4.2 (Pattern solution). A pattern substitution = is a pattern solution for a constraint set
® (or solves @) if pv(P) C dom(E) and for each y <: § € =, we have that Z(y) T Z(6). A solution =
is a usable solution if its range does not contain any pattern equivalent to O.

4.2.1 Algorithmic soundness.

Definition 4.3 (Covering solution). We say that a pattern substitution E is a covering solution for a
derivation M =p 7 » ©; D or M <p 7 » O; O if given + P » &', it is the case that = is a usable
solution for ® U @ such that pv(z) U pv(P) € dom(E).
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If a term is well typed in the algorithmic system then, given a covering solution, the term is also
well typed in the declarative system.

THEOREM 4.4 (ALGORITHMIC SOUNDNESS).
o IfZ is a covering solution for M = ¢ 7 » ©; @, then E(0) Fz(p) M:E(1).
e IfE is a covering solution for M < 7 » ©; O, then Z(0) rz(py M:E(7).

4.2.2  Algorithmic completeness. We also obtain a completeness result, but only for the checking
direction. This is because the type system requires type information to construct a type environment.
In practice the lack of a completeness result for synthesis is unproblematic since all functions
have return type annotations, and therefore the only terms typable in the declarative system but
unsynthesisable are top-level terms containing free variables. In the following we assume that
program P is closed, i.e. no definitions or message payloads contain type variables.

THEOREM 4.5 (ALGORITHMIC COMPLETENESS). If+ P where P is closed, andT +p M: A, then there
exist some ©, ® and usable solution E of ® such that M <p A » ©; ® where' < =(0O).

An unannotated let binding let x = M in N is also typable by the algorithmic type system if
either x occurs free in N, or the type of M is synthesisable; in practice this encompasses both base
types and linear usages of mailbox types, i.e. the vast majority of use cases.

Constraint solving. Padovani [46] shows how to solve a constraint set, relying on a closed-form
solution [30]. Since the procedure is not novel, we simply provide an overview in Appendix B.

5 EXTENSIONS

It is straightforward to extend Pat with product and sum types, and by using contextual typing
information prior to constraint generation, we can add higher-order functions and interfaces that
allow finer-grained alias analysis. The formalisation can be found in Appendix C.

5.1 Product and Sum Types

Product and sum constructors are checking cases, and must contain only returnable components
since we must be able to safely substitute their contents in any context. As with let expressions we
can omit annotations on elimination forms, i.e. let (x,y) = M inN or case V of {x — M;y > N},
provided that x and y are used in their continuations, or the sum or product consists of base types.

An advantage of adding product types is that we can avoid nested guard clauses, as we can
return both a received value and an updated mailbox name. Consider the following examples of a
process that receives two integers and returns their sum. The example on the left requires nested
guard expressions, whereas the example on the right does not.
let (x,md’) =

guard mb:Arg © Arg {

receive Arg[x] from mb’ — (x, mb’)

guard mb:Arg © Arg {
receive Arg[x] from mb’ —
guard mb’ : Arg {

receive Arg[y] from mb"” — }in ,
free mb”; x+y guard mb’ : Arg {
} receive Arg[y] from mb” —
} free mb”; x+y

Since product types can only contain returnable components, they cannot be used to replace
n-ary argument sequences in function definitions and receive clauses.

5.2 Using Contextual Type Information

A co-contextual approach is required to generate the pattern inclusion constraints. Sometimes,
however, it is useful to have contextual type information before the constraint generation pass.
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Consider applying a first-class function: (A(x : Int): Int . x)(5). Although the annotated A expression
allows us to synthesise a type and use a rule similar to TS-App, the lack of contextual type
information means that the approach founders as soon as we stray from applying function literals
asinletf = (A(x : Int):Int.x)in f(5)). A typical backwards bidirectional typing approach requires
synthesising the argument to a function, but this is too inflexible in our setting as each mailbox
argument would need a type annotation at the application site.

guard self: Ready1 © Ready2 { In the base system a global signature maps message
receive Ready1[reply1] from mb s tags to payload types. While technically convenient, this
guard mb’ :Ready2 { is inflexible. First, distinct entities may wish to use the

receive :‘eadyz[’ ePlJ’Z'] from mb” = same mailbox tags with different payload types. For ex-
replyl! Gol1; replyz!Gol1; ample, a client may send a Login message containing

free mb” .
} credentials to a server, which may then send a Login
} message containing the credentials and a timestamp to a
Fig. 12. Term requiring interfaces session management server. Second, we need a syntactic

check on a receive guard to avoid aliasing, as outlined in §2: either the received payloads or free
variables in the guard body must be base types. This conservative check rules out innocuous cases
such as in Figure 12, which waits for two actors to both be ready before signalling them to continue.

With contextual information we can associate each mailbox name with an interface I, which
maps tags to payload types, and allows us to syntactically distinguish different kinds of mailboxes
(e.g. a future and its client). Since a name cannot have two interfaces at once, we can loosen our
syntactic check on receive guards to require only that the interfaces of mailbox names in the
payloads and free variables differ, as typing guarantees that they will refer to different mailboxes.

We implement the above extensions via a contextual type-directed translation: we annotate

function applications with the type of the function (i.e. yToo (V_)\/)) which allows us to synthesise
the function type. Users specify an interface when creating a mailbox (new[I]); our pass then

— —
annotates sends and guards with interface information (i.e. V!'m[W] and guard! V:E {G}) for
use in constraint generation.

6 IMPLEMENTATION AND EXPRESSIVENESS

We outline the implementation of a prototype type checker written in OCaml [59], and evidence
the expressiveness of Pat via a selection of example programs taken from the literature. We first
show that using quasi-linear typing in place of dependency graphs (cf. §2.2) does not prevent Pat
from expressing all of the examples in [12]. The Savina benchmarks [34] capture typical concurrent
communication patterns and are used both to compare actor languages and to demonstrate the
expressiveness of programming models, e.g. Neykova and Yoshida [42]. We show that Pat can
express 10 of the 11 Savina expressiveness benchmarks used in [42]. Finally, we encode a case study
provided by an industrial partner that develops highly concurrent control software for factories.

6.1 Implementation Overview
Pat programs are type checked in a six-phase pipeline:

(1) Parsing. Standard lexing and parsing using the OCaml Menhir library, producing the AST;

(2) Desugaring. Traverses the AST to expand the sugared form of guards (i.e. rewrites free V as
guard V:1 {free — ()} and fail V as guard V : 0 {fail}) and adds omitted pattern variables;

(3) IR conversion. Transforms the surface language (supporting nested expressions) to our
explicitly-sequenced intermediate representation;

(4) Contextual type-checking. Performs a (standard) typing pass to propagate contextual type
information (refer to §5.2 for details);
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# Name Description Strict Time (ms)

Original mailbox calculus models taken from de’Liguoro and Padovani [12]

1 Lock Concurrent lock modelling mutual exclusion . 28.5
2 Future Future variable that is written to once and read multiple times . 22,5
3 Account Concurrent accounts exchanging debit and credit instructions . 19.5
4 AccountF Concurrent accounts where debit instructions are effected via futures . 33.5
5 Master-Worker Master-worker parallel network . 29.0
6  Session Types Session-typed communicating actors using one arbiter o 75.5
Selected micro-benchmarks adapted from Imam and Sarkar [34], based on Neykova and Yoshida [42]

7 Ping Pong Process pair exchanging k ping and pong messages . 24.6
8  Thread Ring Ring network where actors cyclically relay one token with counter k o 37.2
9 Counter One actor sending messages to a second that sums the count, k o 29.8
10 K-Fork Fork-join pattern where a central actor delegates k requests to workers . 7.1
11 Fibonacci Fibonacci server delegating terms (k — 1) and (k — 2) to parallel actors . 27.1
12 Big Peer-to-peer network where actors exchange k messages randomly o 62.8
13 Philosopher  Dining philosophers problem o 57.1
14 Smokers Centralised network where one arbiter allocates k messages to actors o 31.3
15 Log Map Computes the term xx41 = r-xx (1 — xx ) by delegating to parallel actors o 57.9
16  Transaction  Request-reply actor communication initiated by a central teller actor o 46.7

Tbl. 1. Typechecking concurrent actor examples in Pat

(5) Constraint generation. Implements the algorithmic type system from §4 and generates a set
of pattern inclusion constraints;

(6) Constraint solving. Applies the constraint-solving approach given in Appendix B, and invokes
the Z3 SMT solver [11] to determine whether the constraints generated in (5) are satisfiable.

The Pat typechecker operates in two modes that determine how receive guards are type checked.
Strict mode uses the lightweight syntactic checks outlined in §3 and §4, whereas interface mode
uses interface type information (§5.2) to relax these checks. This means that every Pat program
accepted in strict mode is also accepted in interface mode. More details are given in Appendix D.

6.2 Expressiveness and Typechecking Time

Tbl. 1 lists the examples implemented in Pat. Examples 1-6 are the mailbox calculus examples from
[12, Ex. 1-3, and Sec. 4.1-4.3]. Examples 7-16 are the selection of Savina benchmarks [34, Table 1,
No. 1-4, 6, 7, 12, 14-16] used in [42]. The table indicates whether a Pat program can be checked in
strict (denoted by e), in addition to interface mode (denoted by o). We report the mean typechecking
time, excluding phases 1-3 of the pipeline. Measurements are made on a MacBook M1 Pro with
16GB of memory, running macOS 13.2 and OCaml 5.0, and averaging over 1000 repetitions.

6.2.1 Benchmarks. Tbl. 1 shows that all but one of the mailbox calculus examples from [12] can be
checked in strict mode. The Savina examples capture typical concurrent programming patterns,
namely, master-worker (K-Fork, Fibonacci, Log Map), client-server (Ping Pong, Counter), and peer-
to-peer (Big), and common network topologies such as star (Philosopher, Smokers, Transaction) and
ring (Thread Ring). Most of these programs require contextual type information (8, 9, and 12-16)
to type check. As Pat does not yet support recursive types, we instead emulate fixed collections
using definition parameters in examples 8, 10, 12-16. We could not encode the Sleeping Barber [42,
Ex. 8] example since the number of collection elements varies throughout execution.

The examples reveal the benefits of mailbox typing. Boilerplate runtime checks, such as manual
error handling (§1.2) are unnecessary since errors (e.g. unexpected messages) are statically ruled
out by the type system. Mailbox types also have an edge over session typing tools for actor systems,
e.g. [42, 53]. In the latter approach, one typically specifies protocols in external tools and writes
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code to accommodate the session typing framework. By contrast, mailbox typing naturally fits
idiomatic actor programming. This flexibility does not incur high typechecking runtime (see Tbl. 1).

6.2.2 Case Study. Finally we describe a real-world use case
written by Actyx AG [1], who develop control software for fove por

I Warehouse

T
factories. The use case captures a scenario where multiple | Want(partvumy | i
robots on a factory floor acquire parts from a warehouse that [ Tooor = swresdy T doed ,
provides access through a single door. Robots negotiate with e o | i
the door to gain entry into the warehouse and obtain the part T e i nat vk i
they require. The behaviour of our three entities, Robot, Door, i i
and Warehouse is shown in Fig. 13. Our concrete syntax closely e |
follows the core calculus of §3, without requiring that pattern i”&‘:
variables in mailbox types are specified explicitly. Type check- T e |

I
|
I
ing our completed case study given in Appendix D.2 relies on o i
contextual type information (see §5), and takes ~89.6 ms. T preparec |

re—treeeredd g

|
|
|
We give an excerpt of our Warehouse process (below) that : L oeiver) I
|
L

maps the interactions of its lifeline in Fig. 13. In its initial state,
empty, the Warehouse expects a Prepare message (if there are “ Deveredd)
Robots in the system), or none (if no Robot requests access), i
expressed as the guard Prepared + 1 on line 2. When a part rereend
is requested, the Warehouse transitions to the state engaged,
where it awaits a Deliver message from the Door and notifies Go0ut()
the Robot collecting the part via a Delivered message (lines

WantLeave() _|

l

9-15). Subsequent interactions that the Warehouse undertakes | outsiden |

with the Door and Robot are detailed in Appendix D.2. Note i
that our type system enables us to be precise with respect I o Toe0
t.o the messages mailboxes receive. Specifically, the. guard on Fig. 13. Factory use case

line 2 expects at most one Prepare message, capturing the mutual exclusion requirément between
Robots, whereas the guard on line 10 expects exactly Deliver.

def empty(self: wh?): Unit { 9 def engaged(self: wh?): Unit {

guard self: Prepare + 1 { 10 guard self: Deliver {
free.a 0 11 receive Deliver(robot, door) from self —
receive Prepare(partNum, door) from self — 12 robot ! Delivered(self, door);
door ! Prepared(self); 13 given(self, door)
) engaged(self) 4}
} 15 }

7 RELATED WORK

TAkka [26] introduced typed actor communication for Akka [50], where PIDs are parameterised
by the type an actor may receive. The authors uncover the type pollution problem, where an actor
reference must expose all types it can receive, and show how it can be mitigated via subtyping. Akka
Typed (now standard in Akka) is inspired by TAkka. Fowler et al. [20] characterise core calculi for
typed channels and actors and give translations between the two models. They show that modelling
channels with actors is more complex than the modelling actors with channels, underlining the
expressiveness mismatch, and show that synchronisation alleviates the type pollution problem; we
can achieve a similar effect using multiple mailboxes (e.g. as done in example 3 of Tbl. 1).
Developing behavioural type systems for actor languages is challenging due to the unidirectional
and asymmetric nature of mailboxes. Mostrous and Vasconcelos [40] investigate session typing for
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Core Erlang, using selective message reception and unique references to encode binary session-
typed channels. Tabone and Francalanza [52, 53] develop a tool that statically checks Elixir [35]
actors against binary session types to prove session fidelity. In contrast, our system is more general
and supports many-to-one mailbox communication.

Neykova and Yoshida [42] propose a programming model for dynamically checking actor com-
munication against multiparty session types [29], which was later implemented in Erlang [18]. Later
work [41] shows how causality information in global types can support efficient recovery strategies.
Harvey et al. [25] use multiparty session types with explicit connection actions [31] to give strong
guarantees about actors that support dynamic discovery and code replacement, although an actor
can only participate in one session at a time. Using session types to structure communication
requires specifying point-to-point interactions, typically using different libraries and formalisms.
In contrast, our mailbox typing approach naturally fits idiomatic actor programming paradigms.

Active objects [10] are actor-like entities, which return the result of a remote method invocation
via a future. Bagherzadeh and Rajan [4] define a type system for active objects which can rule out
data races; unlike our approach, this work targets an imperative calculus and is not validated via
an implementation. Kamburjan et al. [36] apply session-based reasoning to a core active object
calculus where types encode remote calls and future resolutions. In their calculus, communication
correctness is ensured by static checks against session automata [5] derived from session types.

Mailbox types are inspired by behavioural type systems [9] for the objective join calculus [17].
The technique can be implemented in Java using code generation via matching automata [22], and
dependency graphs can rule out deadlocks [44], but the authors do not consider a programming
language design. Scalas et al. [51] define a behavioural type system for Scala actors. Types are
written in a domain-specific language, and type-level model checking determines safety and liveness
properties. Their system focuses on the behaviour of a process, rather than the state of the mailbox.

Christakis and Sagonas [8] implement a static analysis pass for Erlang that detects communica-
tion errors such as receiving when a mailbox is empty, payload mismatches, redundant patterns,
and orphan messages. All of these issues can be detected with mailbox types, and mailbox types
additionally allow us to specify the mailbox state. Harrison [24] implements an approach incorpo-
rating aspects of both typechecking and static analysis to detect message passing errors such as
orphan messages and redundant patterns.

8 CONCLUSION AND FUTURE WORK

Concurrent and distributed applications can harbour subtle and insidious bugs, including protocol
violations and deadlocks. Behavioural types ensure correct-by-construction communication-centric
software, but are difficult to apply to actor languages. We have proposed the first language design
incorporating mailbox types which characterise mailbox communication. The multiple-writer,
single-reader nature of mailbox-oriented messaging makes the integration of mailbox types in
programming languages highly challenging. We have addressed these challenges through a novel
use of quasi-linear types and have formalised and implemented an algorithmic type system based
on backwards bidirectional typing (§4), proving it to be sound and complete with respect to the
declarative type system (§3). Our approach can flexibly express common communication patterns
(e.g. master-worker) and a real-world case study based on factory automation.

Future work. We are investigating implementing mailbox types in a tool for mainstream actor
languages, e.g. Erlang; in parallel, we are investigating how languages with first-class mailboxes can
be compiled to standard actor languages in order to leverage mature runtimes. We plan to consider
finer-grained inter-process alias control, and co-contextual typing with type constraints (as well as
pattern constraints), enabling us to study more advanced language features, e.g. polymorphism.
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A OMITTED DEFINITIONS
Here we add in the omitted definitions from the main body of the paper.

A.1 Algorithmic environment combination operators

Environment join 0,50, » O;0

x ¢ dom(©,) x ¢ dom(©,)
@13®2>®;® @13®2>®;q)
23 50 O, x:750, » O, x:7;D 0350, x:7 » O, x:7;D

T1$T2>O';q)1 ®1$@2>®;q>2

O, x:71 § O, x:75 » O, x:0;P; U Dy

Environment merge O, MO, » 6;0

x ¢ dom(@z) @1 M @2 | 4 @,q) X ¢ dom(@z) @1 [ @2 > @,CI)

-M-» 0 O, x:CMNB; » 6, x:C;® O, x:1lyTMNO; » O,x:! (y 1), @
x ¢ dom(©y) 0,M6,; » O;d, x ¢ dom(©,) 0,MB,; » O;d,
O, MOy x:Cr» O,x:7; D O, MOy x:!yT» O,x:! (y1)"; @

1M e o9 0N, » 6;0,

O x:1 MOy, x:19 » O, x:0;,P; U Dy

Disjoint combination 0;+0;, » O;P

x ¢ dom(©,) x ¢ dom(©®y)
0O;+0, » 0;0 0;+0,; » ;0
-+ 50 OLx:T+0, » O, x:7;D O +0,,x:7 » O, x:7;D

O +0, » O;d,; T~0» d
unr(z) » @, unr(o) » @4
O, x:T+0y,x:0» O, x:T;O;U---UDy

The environment join operator §0;0,0® concatenates ©; and 0,, computing the algorithmic
type join of any types for overlapping variables, and produces constraints .

The environment merge computes the algorithmic type merge of any overlapping types. If a
variable is in one environment but not another, then if it is a base type, it is simply added to the
output environment. If it is a send mailbox type !y, then its type is changed to ! (y @ 1)” to denote
the fact that it may not be used.

Disjoint environment combination combines two environments; if there are two overlapping
types then they must be equivalent and unrestricted.
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B CONSTRAINT SOLVING OVERVIEW

This appendix outlines how to solve and check the satisfiability of the pattern inclusion constraints
generated by the algorithmic type system. As this process isn’t novel, and is covered in depth
elsewhere [46], we provide only an informal overview.

Identify and group bounds A pattern bound is of the form y <: @ i.e. a constraint whose right-
hand-side is a pattern variable. The first step is to identify and group all pattern bounds
using pattern disjunction: for example, given a constraint set {y <:a,§ T f,1<:1} we
would produce a grouped constraint y & § <: a.

Calculate closed-form solutions Hopkins and Kozen [30] define a closed-form solution for
pattern bounds: given a set of pattern bound constraints (y; <: ;); there exists a pattern
d; = y; for each y; such that a; ¢ pv(J;). We can then substitute each closed pattern
throughout the set of pattern bound constraints to obtain a set of closed pattern bounds,
providing a mapping from pattern variables to closed patterns. This allows us to substitute
out all pattern variables in the remaining constraints to obtain a system of closed inclusion
constraints.

Translate to Presburger formulae and check satisfiability Finally, we translate the system
of inclusions into Presburger formulae. Commutative regular expressions, and therefore
patterns, can be expressed as semilinear sets [47] that describe Presburger formulae [23].
Since checking the satisfiability of a Presburger formula is decidable, an external solver like
73 [11] can be used to determine whether each constraint holds.
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C DETAILS OF EXTENSIONS

Here we discuss the details of the extensions overviewed in §5.

C.1 Product and sum types

Product and sum types can be added relatively straightforwardly. In both cases, their compo-
nents must be returnable as otherwise it would not be possible to substitute their contents upon
deconstruction.

Product types. We can write the declarative typing rules for products as follows; the rules are
unremarkable apart from the requirement that each component of the pair must be returnable in
the elimination form.

T-PAIR
ITrV:A IL-rW:B

i +L+(V,W):AXB

T-LETPAIR
I FV:A XA, returnable(A) returnable(B) L,x:AL,y: A+ V:B

I+Lrlet(x,y)=VinM:B

We can write the corresponding algorithmic rules as follows:

TC-PAIrR
Ve1r01; 9 W< o» Oy &) ®1+®2>@;¢’3

(V,W) &< 1X0» 0; P Udy Uds

TC-LeTPAIR
Ve Xn» 00 returnable(ry) returnable(ry) M & 7 » Oy; Oy
check(©,x, A1) = @3 check(©2,y, Az) = Oy
O1+0, » ();¢E

let (x,y): (m X)) =VinMe=1r 0;0;U---UDs

TC-LETPAIRNOANN
M&B» O,x:11,y : 72; 0191
returnable(ry) returnable(r) VerXmnr 0y & 01+ 0, » ;D3

let (x,y) =VinM & o » 0; D1 Udy; U D3

Pair construction (TC-PAIR) checks that both components have the given types. Environment
combination and constraints are handled as usual. Deconstructing the pair in general requires an
annotation (TC-LETPAIR); as with the let rule, we check that the pair has the given annotation and
that the types inferred in the environment of the continuation are consistent with the annotation.
If both components of the pair are used within the continuation then we can omit the annotation
(TC-LETPAIRNOANN): the rule first checks that the continuation has the given type, and inspects
the resulting environment to construct the product type used for checking V.

Sum types. Sum types are similar to product types; again, the declarative rules are unremarkable
except for the requirement that sum components must be returnable in the elimination rule.
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1569

1570 T-INL T-INrR
1571 T'rV:A I'rV:B

1572 Trinl V:A+B TrinrV:A+B

1573

1574 T-CASE
1575 INrV:A+A,
1576 returnable(A) returnable(B) I,x: A+ M:B L,y: A, - N:B

77 I+ case V of {inl x: A; — M;inry: A, — N}:B

1578

1579 T-CASENOANN
1580 VA +A,
1581 In,x:Ai - M:B Ih,y: A+ N:B

1982 T+ case V of {inl x —» M;inry+— N}:B

1583
1584 We can also write the corresponding algorithmic rules:

1585

1586 TC-INL TC-INr

1587 Verr 0,0 Veor 0, @
1588 inlVer+o» 0,0 inrVer+o» 0; 0
1589

1590 TC-CAsE
V<A+B» O; O M < 79 Oy; Oy
N < 1» 03, O3 check(©2,x,A) = @4

1592 CheCk(@g, Y, B) = Oy —-xM0O3— y» O4; D¢ 01+ 04 » O;D;

1591

1593
1504 case Vof {inlx:A— M;inry: B> N} =7» 0; D1 U---UDy

1595 TC-CASENOANN

1596 M&1Tr» O,x:11; O N=T>@2,y:‘[2;q32

1597 Ver+m» 03; O3 O1M Oy » O4; Dy O3+ 04 » O; D5

1598 case V of {inl x » M;inry » N} =o» O; P U---Uds

1599

1600 As expected, sum injections are checking cases; similar to the product rules, we also have two
co1  separate rules for case expressions which allow annotations to be elided if both x and y are used
1602 within continuations M and N.

1603 .

o0s C.2 Contextual Type Information

105 The other main extension supplements co-contextual type checking with contextual type informa-
1606 tion in order to enable extensions such as higher-order functions and interfaces.

197 C.2.1 Extended syntax. We begin by showing the modified syntax.

1608

1600 Syntax

Lo Modified types mp u= C | My |28 |7 5o

1611

o2 Interfaces I == -|ILm—ox

Lots Linearity annotations o u= O|m

1614 Additional values VW == - | X(x:1):0.M

1615 Modified computations M,N == --- | V?_)U(W) | new[I] | guardIV:E{?})}
—

1616 | Vv Tm[W]

1617
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Like signatures in the core calculus, interfaces I map message names to lists of types. We modify

types 7, p to include interface-annotated mailbox types, as well as n-ary function types 7 5o
that are annotated as either linear (O, meaning that the function closes over linear variables and
therefore must be used precisely once) or unrestricted (M, meaning that the function only closes
over unrestricted variables and therefore can be used an unlimited number of times).

First-class functions. We extend values with fully-annotated, n-ary anonymous functions. We
require a return annotation since we wish to check the body type, while also synthesising a
return type. We opt for an n-ary function rather than a curried representation because anonymous
functions may only close over returnable values, to ensure they do not violate the conditions on
lexical scoping once applied.

Example C.1. Consider the following expression:

let mb = new in
let f=(AP():1.mb!m[]) in
guard mb:m{
receive m[ ] from mb — free mb

}
fO

Here we bind f to a function which sends message m to mailbox mb; note that it is used lexically
before the guard, which aligns with type combination. However, after reducing the expression
(assuming that a is chosen as a runtime name), we obtain the following term:

guard a:m{
receive m[ ] from mb — free mb

}
(F0:1.mbtm[1)()

After substituting the function body for f we now have a second-class use after the first-class
use, violating the ordering of returnable and second-class usages.

Mailbox terms. We extend computations so that a user specifies an interface I when creating a
mailbox (new[I]). Furthermore, we also augment send and guard expressions with the interface of
the mailbox they operate on. Unlike the annotation on new, this does not need to be specified by
the user, but instead is added by a straightforward type-directed translation.

C.2.2 Type-directed translation. We propagate annotations to function application and mailbox
terms via a contextual type-directed translation.

To do so, we introduce pre-types P, Q: the main difference is that mailbox types do not carry a
pattern, but only an interface.

<

Pre-types P,Q C | Mailbox(I) | 7S Q
Pre-type environments Q == | Qx:P

The type-directed translation pass follows the form of a standard type system for the simply-
typed A calculus so we omit the rules here. However the judgement has the form Q - M: P ~» N
which can be read “under pre-type environment Q, term M has pre-type P and produces annotated
term N”.
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C.2.3 Constraint generation rules. Finally, we can see how to write constraint generation rules for
the extended calculus. The rules in the declarative setting are similar.
Modified constraint generation rules

M=1»0;0|[M<1r6;0]{El}Ge1r ¥ F

TS-LinLam
Meor@®;0 ©0=0-%
check(X,7,0) =@, returnable(©)

PxH:o.M=T0r 0, 0 U,

TS-UnLam
Meo»@;0 ©=0-%
check(%,7,0) = d, unr(©) » ®3 returnable(©)

B io.M=>7T 5ar0;0UD,UD,
TS-FNArp
Ve 5 oc» @0
(VVI =T > @i; (I)i)iEI..n @), +®1 +...+®n > @,CI)

VIT W)= o» ©;OUD U...UD,

TS-SEND
Im=7 Ve!nPnro;d
(W, & [m] » 05 @) © +0;+---+0, » 6,0 TS-New
VImW] = 1» ©; 0U® U--- U, UD” newlI] = ?'1° » 0
TC-Guarp
5
{E;I} G=1» ¥; O F
Ve?2F 00, ¥+0 » 0,0
guard' V:E{G} & r» ©; &, Ud, Ud; U{E<:F}
TCG-Recv

Me1r@,y: 2y &
Im)=7 0=0'-% interfaces(7) N interfaces(©) = 0 check(©',%, |'_7z'|>) =,

{E;I} receivem[X] fromy > M<=7» ©; >, Ud, U{E/m<:y}; mo (E/m)

We require three new rules for first-class functions: TS-LINLAM types a linear anonymous
function by checking that the body has the given result type, and the inferred environment uses
variables consistently with the parameter annotations; the rule synthesises a type consistent with
the annotation. Further, we require that the inferred environment only closes over variables with
returnable types. Rule TS-UNLAM is similar, but additionally requires that the inferred environment
is unrestricted. Rule TS-FNAPP types an annotated function application, checking that the function
has the given annotation and that the arguments have the correct types.

As for the rules that support interfaces, rule TS-SEND is similar but looks up the types according
to the interface rather than the global signature, and checks that the target mailbox has the given
interface. Rule TS-NEw synthesises a mailbox type with the user-supplied interface. Finally, we
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modify the shape of the guard typing judgement to record the interface of the mailbox being
guarded upon, and use this to look up the desired payload types in TCG-Recv.
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Fig. 14. Pat type checking pipeline

D SUPPLEMENTARY IMPLEMENTATION AND EVALUATION MATERIAL

Our typechecking tool processes Pat programs specified in plain text files that are structured in
three segments:

(1) Interface definitions that establish the set of messages that a mailbox can receive;
(2) Function definitions that specify processes that are instantiable using spawn;
(3) Body an invocation of a function defined in (2) that acts as the program entry point.

Pat programs are type checked following the six-stage pipeline of Fig. 14; see §6.1 for an overview.

D.1 Experimental Conditions

We report the mean typechecking time, excluding phases 1-3 of the pipeline. Measurements are
made on a MacBook M1 Pro with 16GB of memory, running macOS 13.2 and OCaml 5.0. To ensure
minimal variability in our measurements show in Tbl. 1, we preformed 1000 repetition of each
experiment. The number of repetitions was determined empirically by calculating the coefficient
of variation (CV) [13], i.e. the ratio of the standard deviation to the mean, CV = ¢/x, for different
repetitions until an adequately-low value (< 10%) was obtained.

D.2 Case Study

We give the full Pat program for our factory case study described in §6.2.2. The interaction sequence
between our different entities, Robots, Door, and Warehouse, is captured in Fig. 13 and naturally
translates to the code that follows.

Interfaces. The messages that Robot, Door, and Warehouse accept are defined by the interfaces:

interface Robot {
GoIn(Door!), GoOut(Door!), Busy(), Delivered(Warehouse!, Door!)

}

interface Door {
Want(Int, Robot!), Inside(Robot!), Outside(), WantLeave(Robot!), Prepared(Warehouse!), TableIdle()
}

interface Warehouse {
Prepare(Int, Door!), Deliver(Robot!, Door!), PartTaken()

}

Robot. Robots are initially idle and issue a Want message to the Door to obtain Warehouse access
(line 13). The Door replies either with the message Busy, in which case the Robot terminates (lines
15-16), or GoIn, to which the Robot replies by an Inside message before transitioning to the working
state (lines 17-19). When in working state, the Robot expects one Delivered message, as the guard
on line 23 asserts. This informs the Robot that the part is delivered by the Warehouse. The recipient
Robot replies by sending PartTaken, and notifies the Door that it wants to exit via WantLeave on lines
25-26. It then awaits GoOut and finalises its negotiation with the Door through an Outside message.
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def idle(self: Robot?, door: Door!): Unit { 22 def working(self: Robot?): Unit {

door ! Want(0, self); 23 let self = guard self: Delivered {
guard.self' (I’3usy + ('ioIn) { 24 receive Delivered(wh, door) from self —
receive Busy() from self — 5 wh ! PartTaken();
free(self) 26 _door ! WantLeave(self); self
receive GoIn(door) from self — f)" } in g_uard self: GoOut {
door | Inside(self); 28 receive GoOut(door) from self —
. ! 29 door ! Outside();
k f
} working(self) 30 free(self)
} 31}
32 }

Door. The Door accepts zero or more Want messages, replying to each with Busy or GoIn. In the
latter case, the Door informs the Warehouse of an inbound Robot by sending it a Prepare message,
and transitioning to the busy state (lines 36—39). Both GoIn and Prepare include an updated self-
reference to ensure precise types. The clause free on line 35 handles the case where no Robots are
present. When busy, the Door mailbox potentially contains an Inside message from the admitted
Robot, a Prepared message from the Warehouse, and want messages sent by other Robots requesting
access (line 44). These want messages are answered with Busy, as lines 45-47 show. Once the
Door receives the Inside message, it awaits a Prepared message issued by the Warehouse, before
notifying the latter that the Robot is collecting its part via Deliver (lines line 48—51). Eventually,
the Robot demands exit by sending WantLeave to the Door, which handles it on lines line 53-54.
The Door transitions to the ready state, whereupon it confirms that the Robot has exited and that
the Warehouse is available; these interactions are captured by the Outside and TableIdle messages
respectively (lines 64-73). Finally, the Door transitions back to clear on line 74, ready to service
other Robots.

def clear(self: Door?, wh: Warehouse!): Unit {
guard self: *Want {
free - ()
receive Want(part, robot) from self —
robot ! GoIn(self);

wh ! Prepare(part, self); 60 def ready(self: Door?, wh: Warehouse!): Unit {
busy(self) 61 guard self: Outside.TableIdle.*Want {
} 62 # Handle messages Outside and TablelIdle in
} 63 # any order (code omitted) and clear door.
64 receive Outside() from self —
def busy(self: Door?): Unit { 65 guard self: TableIdle.xWant {
guard self: Inside.Prepared.xWant { 66 receive TableIdle(wh) from self —
receive Want(partNum, robot) from self — 67 clear(self, wh)
robot ! Busy(); 68
busy(self) 69 receive Tableldle(wh) from self —
receive Inside(robot) from self — 70 guard self: Outside.*Want {
guard self: Prepared.*Want { 71 receive Outside() from self —
receive Prepared(wh) from self — 72 clear(self, wh)
wh ! Deliver(robot, self); 73 }
guard self: WantLeave.TableIdle.*Want { 74 clear(self, wh)
receive WantLeave(robot) from self — 75}
robot ! GoOut(self); 76 }
ready(self, wh)
}
}
}
}

Warehouse. The Warehouse in its empty state expects a Prepare message (if there are Robots in
the system), or none (if no Robot requests access), i.e. the guard Prepared + 1 on line 78. When a
part is requested, the Warehouse transitions to the engaged state and awaits a Deliver message from
the Door, notifying the Robot collecting the part via a Delivered message (lines 86—92). The Robot
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1863 acknowledges the delivery by sending PartTaken, as the guard on line 94 stipulates. To conclude its
1864 interaction with the Door, the Warehouse sends TableIdle before transitioning back to empty.

1865 o, def empty(self: wh?): Unit { 93 def given(self: wh?, door: Door!): Unit {

guard self: Prepare + 1 { 94 guard self : PartTaken {
1867 9 free — () 95 receive PartTaken() from self —
80 receive Prepare(partNum, door) from self — 96 door ! TableIdle(self);
1868 81 door ! Prepared(self); 97 empty(self)
1869 82 engaged(self) 98 }
83 } 99 }
1870 g4 } 100
1871 85 101 def main(): Unit { # Launcher function.
6 def engaged(self: wh?): Unit { 102 let robot; = new[Robot] in # n Robot mailboxes.
1872 g7 guard self: Deliver { 103 let door = new[Door] in
1873 88 receive Deliver(robot, door) from self — 104  let wh = new[Warehouse] in
89 robot ! Delivered(self, door); 105 spawn { clear(door, wh) }; # Door.
90 given(self, door) 106 spawn { idle(robot;, door) }; # n Robots.
187591} 107 spawn { empty(wh) } # Warehouse.
92} 108 }

1866

PSRN
[

o

1874

1876

1877 The function main() creates n Robot mailboxes, together with a Door and Warehouse mailbox,

1878 spawning the respective processes on lines 105-107.
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E PROOFS
E.1 Preservation

E.1.1  Auxiliary Definitions and Lemmas. We extend returnable(—) to typing environments, writing
returnable(T) if returnable(A) for each x : A € T. Similarly, we write irrelevant(A) if A is irrelevant
(i.e., it is a mailbox type ! E" < 117), and extend this to environments.

We write fv(M) to return the free variables of a term.

Environment subtyping includes a notion of weakening. Read top-down, environment subtyping
rules allow us to add a variable with mailbox type !1, replace a type with its subtype, and add in
base types. It is therefore useful to introduce a definition referring to the class of types which can
be added in through T-Suss which may not be used by a term. We call these types cruft. Cruft is a
refinement of un(—) since it also encompasses types which are subtypes of !1.

Definition E.1 (Cruft). AtypeT is cruft, written cruft(T), if either T is a base type, or irrelevant(T).
A usage-aware type T7 is cruft if n = o and T is cruft.

It helps to define a stricter version of environment subtyping which does not permit weakening:

Definition E.2 (Strict environment subtyping). An environment I' is a strict subtype environment
of an environment I, written T < IV if T' < T” and dom(T') = dom(I").

We extend cruft(—) to type environments and usage-aware type environments in the usual way.

Definition E.3 (Cruftless). We say that an environment is cruftless for a term M if ' - M : A and
dom(T) = fv(M).

Let us also use I to range over type environments. A crucial lemma for taming the complexity of
environment subtyping is the following, which allows us to separate the type environment required
for typing the term from the cruft introduced by environment subtyping.

LEmmA E4. IfT + M: A, then there exist I11, I1,, I15 such that:

I'=1I;,II,

I3 + M: A

I, is cruftless for M, and I1; < Il3

A <A

cruft(Il,)

Proor. Follows from the definition of environment subtyping: read top-down, each application

of environment subtyping will either add a variable with an unrestricted type, or alter the type of
an existing variable. O

The substitution lemma is only defined on disjoint environments: we should not be substituting
a name into a term where it is already free. This is ensured by distinguishing between returnable
and second-class usages of a variable: if a variable is returnable, then we know it cannot be used
within the term into which it is being substituted. If a variable is second-class, then there will be
no applicable reduction rules which result in substitution.

LEmMA E.5 (SUBSTITUTION). If:
I,x:Ar M:B

LrV:A

A <A

Il + T3, is defined

thenT; + I  M{V/x}:B.

40



1961
1962
1963
1964
1965
1966
1967
1968
1969
1970
1971
1972
1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984
1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997
1998
1999
2000
2001
2002
2003
2004
2005
2006
2007
2008
2009

Special Delivery s

Proor. By induction on the derivation of I'j,x : A+ M: B. m]

LEMMA E.6 (SUBTYPING PRESERVES RELIABLILITY / USABILITY [12]). IfA < B, then:

(1) A reliable implies B reliable
(2) B usable implies A usable

Cororrary E.7. IfTy < T, then:

(1) Ty reliable implies T, reliable

(2) T, usable implies T, usable
LeEMMA E.8 (BALANCING [12]). Ifm© F C E where F £ O and E / m is defined, then F C E / m.
LemMma E.9. IfA < B and returnable(B), then returnable(A)
Proor. Follows from the fact that e < o. O
CororrAry E.10. IfT < I, and returnable(T;), then returnable(T}).
LemMma E.11. IfT + V : A where returnable(A) and T is cruftless for V, then returnable(T’).

Proor. By case analysis on the derivation of T' - V : A. O

Lemma E.12. If (11, I1,) » T is defined and returnable(I1;), then 111,11, > T = II; + (IT; > T').

Proor. Follows from the definition of usage combination: the operation is not symmetric for
returnable mailbox types, so the returnable mailbox type must be the last occurrence of that name
in the combination. For base types, the definitions of combination for » and + coincide. O

LemMma E.13. IfT » I is defined, with I and T, sharing only variables of base type, then T} + T} is
defined.

Proor. Immediate from the definitions. ]
LEMMA E.14 (> IS ASSOCIATIVE). Ai> (Ayr A3) & (A1»A)) > As

Proor. Follows from the fact that usage combination is associative, and that we identify patterns
up to commutativity and associativity. m]

Extending to usage-aware type environments, we get the following corollary:

COROLLARY E.15. Iie (L) = (I1»5H)>I3
The same result holds for runtime type environments and »<:

LEMMA E.16 (>< IS ASSOCIATIVE). Ay pa (AgpaA3) & (AppaAy) Ay
Proor. Follows the same reasoning as for ». O
LEmMA E.17. The < operator is commutative: A >a Ay = Ay > Aq.

Proor. Follows from the fact that = is commutative. O
LEMMA E.18. T} + (I » I3) = (I + ) » I,

Proor. Follows directly from the definitions. O
LEmMMa E19. IfT},I2 =T, thenT; » I, =T

Proor. Follows from the definition of > given that I} and I, are disjoint. O
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LemMma E.20. IfTy > T, =T, then |I1] »< |I]| = |T|.
Proor. Follows directly from the definitions, since >« is more liberal than ». O
LEmmA E.21. |T| < A = |[A] > T|.

Proor. For each x suchthat x : T € |T|and x : U € A, since |T'| >« A is defined, we have that
T®mU is defined. The result then follows from the definition of », noting that all types in [A] are
usable and therefore combinable with any other usage. O

LemMma E.22. IfTy » I, =T and irrelevant(Iy), then T, ~T.

Proor. Since irrelevant(I}), we have that for each x : A, it is the case that A = !E° where
EC 1. m]

E.1.2  Preservation proof.
LeEMMA E.23 (PRESERVATION (EQUIVALENCE)). IfT + C andC = D, thenT + D.

Proor. By induction on the derivation of C = D, relying on Lemmas E.16 and E.17 and TC-
Suss. O

THEOREM 3.11 (PRESERVATION). If+ P, andT +p C withT reliable, and C —p D, thenT +p D.

Proor. By induction on the derivation of T' + C.

Case E-LET
Assumption:
Gely =T I3+-M: L]hJ
Iy,x:|T|]+ N:B
eI = LZX,J - LFB» X
Iirletx: T=MinN:B
AN+ (letx:T=MinN,X)
A+ (letx:T=MinN,X)
where
e AN
o [AM]=T>T;
o [ =I3>1}

so, [A"] = (I3 > Ty) » T.
By Lemma E.14, |[A"] = T3> (Iy > I3).
Recomposing:
Tx:|T|rN:B T,rB»>
(> L)k [T] »(x,N) -2
AN+ (M, {(x,N)-3)
A+ (M, {x,N)-3)

Lo (Oe ) = [A] e M:|T]

Case E-RETURN
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Assumption:

L=TrI

I5,x:A+ M:B
> =|A] IFV:A returnable(A)

Iu-Br» X

LA (M) 3

Avr (V,{x,M)-3)
Environments:
o [Al=T1»T;
o h=I3>14
so, [A] =Ty » (I3 > T}y).
By Lemma E.4, we have that there exist [Ty, IT,, IT5 such that:

I& ZZIII,IIZ

II5 + VA

I1; is cruftless for V, and IT; < II3

A <A

cruft(Il,)

By Lemma E.9, returnable(A’), and by Lemma E.11, returnable(I15).
By Corollary E.10, returnable(IT;).

By Lemma E.5, II; + I3 + M{V/x}:B.

Equational reasoning on environments:

LA]

= (expanding)
IH > I}

= (expanding)
Ii» (G- 1y)

= (expanding)
Iy, Iz > (I3 > )

= (Lemma E.14)
(I}, Mz > T3) » T

= (Lemma E.12)
(IT; + (x> I3)) » Ty

Let A’ = [(II; + (TIz » T3)) » Ty

By the definitions of environment subtyping, follows that IT; + (II; » I3) < IT; + I5.

Therefore:

I, +I5 + ]V{{‘,/JC} :B
(I + (TTy » T3)) » Ty = | A] I + (> T3) - M{V/x}:B

Iu-B» X

N+ (M{V/x}Z)

Ar (M{V/x},Z)
as required.

Case E-AprpP
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2108 Assumption:

2109 SN

2110 P(f)=A—B (Fi' FViiAy);
2 F{+~~+F,:I—f(7):B

2112

2113 IA] =Ty » T, L+ f(V):B LFB» >3
2114 —>

A (FT).E)

2116 Since we also assume + P, we know by definition typing that:
2117

2118 ,

2119 x:Arp M:B

120 Fp def f(x: A): B {M}

2121

2122 By Lemma E.5 we have that I} +--- + T}, + M{V/?} :B.

2123 Thus we can recompose:
2124

2125
2126 1"1’+---+1",'1I—M{7/7}:B

;Z IA] =T, > T, - M{V/R)}:B L,-B» 3
2129 A+ (]M{T}/_x)},i‘,[)

2130

)131 as required.
2132

Case E-NEw
2133

2134 .
Assumption:
2135

2136

w7 , -+ new:?1° .

2138 oI =A] — LE?21%» X
2139 I F new:?1

2140 A+ (new, )

i A+ (new,3)

2142
2143 where A < A/.
2144
2145

2146 a:?1°+a:71°

5 I,a:?71°>T,=|A,a:71 L-?21°» X
a7 ! 2=l ! Ii,a:?1+a:?71° 2

2148

2149 Aya:?1+ (a,X)

2150 AN+ (va)((a,2))

2151 A+ (va)((]a,ZD)

2152
2153 as required.
2154
2155  Case E-SEND
2156
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Leh=[A] TramV]:l TDLriss
A+ (a!m[V1,Z)

Ar (a'm[V],2)

By Lemma E.4 we have that:
o I1 =1I,II;
ﬁ
e Il;ra!m[V]:1
—>
e II; is cruftless for a!m[ V] and IT; < II;3
e cruft(Ily)

Therefore we have that II3 = II}, a : !m such that:

- - -
a:'m°Fa:!m rV:A A < P(m)
_)

Hg,a: Im°Fa!'m[V]:1

A/
= (expanding)
Ty > I
= (expanding)
(T, ITz) » T
= (expanding)
|(, a: 'm° I1y) » Ty
= (Lemma E.19)
|(IT,a : 'm°>11,) » Iy
= (Lemma E.15)
I, a: 'm°> (I, > Iy)|
= (Lemma E.20)
I}, @ = 'm®| o< [(I12 > )]
= (>« is commutative)
|H2 l>r2| > |H'l,a : !m°|

Recomposing:

R —
M»Ty = ||y » Ty I+ ():1 Lr1»3 a:'mra:!m [MT-V:A A< [P(m)]

MLl + (0.2) I, a:'ml+ae—n[V]

=
Mg > Tyl e< [T, a: 'mlF ((O),2) |a—m[V]

Ar(O,E) lae=n[V]

as required.
Case E-SpawN
Assumption:

45



2206
2207
2208
2209
2210
2211
2212
2213
2214
2215
2216
2217
2218
2219
2220
2221
2222
2223
2224
2225
2226
2227
2228
2229
2230
2231
2232
2233
2234
2235
2236
2237
2238
2239
2240
2241
2242
2243
2244
2245
2246
2247
2248
2249
2250
2251
2252
2253
2254

- Simon Fowler, Duncan Paul Attard, Franciszek Sowul, Simon J. Gay, and Phil Trinder

I FM:1
LFM:1
1>l = ! Lir1» X
ISNLEY N
[Ty] F spawn M:1
A+ (spawn M, %)

A+ (spawn M, 3)

where I} < T7.

By Lemma E.4, there exist ITy, IT5, IT5 such that:
I =101, 1T,

I3 - M:1

I1; is cruftless for M and I1; < II3

cruft(Il,)

We now prove that A" < |II; » T3] »< |IT4].

A/

= (expanding)
[[Ti]> I

= (expanding)

[T, TI3] > I3
= (II, cruft, so usable)
[([T11], II2) » Iy
= (Lemma E.19)
[([T;] > II,) » Iy
= (Lemma E.15)
[[TI; 1> (I > )]
= (Lemma E.20)
[[TL; 1] >< [(ITz > I2)]
= (>« is commutative)
[(ITz > T2)| »< |[TL; ]|
= (|—| cancels [-])
[(IT > ) | > |TT4
It follows that since ® < o and IT; < I3, that | II;] < IT5.
From that, we can construct the following derivation:

+():1 I3+ M:1
— LIy f ] e = [Ty ]
H2>F22L|H2>FZ|J Hzl—():l Lir1» X LH]JI-MZI “F1» e
2> Tl F (0,2) [Ty | - (M, €]

[Tz > o] < [T | F (), Z) || (M, €]
A r(0.2) Il (M.e)
Ar(O.Z) I (M, e)

as required.
Case E-FREE

Assumption (assuming WLOG that the free guard is the first guard in the sequence):
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Ty,a:?Fg,, > T =|A,a:?F; | Iy,a: ?F,,, + guarda:E {free » M -8}:A L+A»3

’ B . =
N,a:?Fepy+ (guarda:E {free —» M- G}, )

Aya:?1+ (guarda:E {free r—)M~6},ZD
A+ (va)((guard a:E {free — M~6},ZD)

where A < A’, and ?1 < ?F, and (by Lemma E.12) a ¢ dom(T3).

Furthermore:
M+ M:A
II; + free — M:A: 1 Iy - M:A = F
My,a:?F %, +a:7(1eF) M+ free > M- G:A=10F

My,a:?F';,, + 1, + guard a: E {free — M E)} A

Ty,a: ?Fg,, + guard a: E {free > M E)} 1A
where cruft(I1;). Thus, IT; + II, < II, and II; + II; + M: A. Furthermore, I} < I1; + II,.

Thus, recomposing:

I+l - M: A
eI =[A] I+ free — M:A LFA» X

AN+ (M)
A+ (M,3)

as required.

Case E-REecv
Assumption:
- = -
Loy = (A D TDrA»3 [A2]+V:B U < [P(m)]
A1+ (guard a:Egp, {G[receive m[*] from y— ML) Ag,a:'mk a «— m[T}]

A1 va(Ag,a:'m) F (guard a:Egny {Glreceive m[X ] from y — M]},Z) || a < m[T}]

A+ (guarda:Egnpy {G[receive m[X] from y — M]},3) || a «— m[Tf)]

where D is the following derivation:

I =+I,
a:?E*vra:7E°
Gira: ?E;y I, + G[receive m[*] from Yy M]:A:Ey Eiy C Eann E Epy

Iy + guard a {Eg.,}G[receive m[X ] from y +— M]: A

By Lemma E.4, I35 =IL,a : ?E},, where:

env?
e ?E.,, < ?E
e 7FE < ?Ety
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and thus ?E,, < ?E < ?Ey,.

Without loss of generality, let us consider the case where the receive is the first guard. We can
—
therefore write G[receive m[X ] from y > M] as receive m[X ] from y — M - G for some

sequence 8

By T-GuarpSEQ and TG-REcv, and since k E;,, we have that Ey, = F1 @ - - ® F,, where F; =mOF’
and F’ = Ey, /m.

Furthermore:

_% w4 —l> ’e
P(m)y=U un(Ty) I x :[UN,y:?F*+r M:A

I, F receivem[X] fromy— M:A: (MmO F)

Now, by the definition of >, we know that E,, = m © E,u; for some pattern Ep,;.
By the definition of », we also know that a ¢ dom(T}).

By Lemma E.8, we have that E,;; E E /m, and thus [ ?2(E/m)°.

Further, it follows that ?E /m < ?F’.

By Lemma E.5, [A;] + Ty, a: ?F° + M{T/)/?, aly}:A.

Equational reasoning:

le >< (ZXz,a : !m)
= (expanding)
[Ty > Ty| >« (Ag,a: 'm)
= (expanding)
[(T3 + Ty) » Tz < (Az,a: 'm)
= (expanding)
|(IL,a: ?E;,, + I4) > Iz| b2 (Ag,a : 'm)
= (expanding)
[(IL,a: ?(mO Epgr)® +1Ty) » Ty pa (Ag,a: Im)
= (Lemma E.12)
[(T+Ty) > Tpa: ?2(mO Epgr)®| e (Ag,a: 'm)
= (Definition of »<)
(|(QL+Ty) » Tz »a Az),a : ?Epar
= (Lemma E.21, since un(I}))
(ITA2T> ((IT+Ty) > I)[),a : ?Epar
= (Lemma E.14)
(1(TAz]> (IT+I4)) » I2]), a : ?Epq
= (Lemma E.13)
(1(TA2]1 + (IT+Ly) > I3, a : PEpg
= (a disjoint from environments)
[([A2] + (IT+Ty),a: ?E,,) » Iy

pat
Let A = |([As] + (IT+Ty),a : ?E, ) » I

pat
Recomposing;:

LAl =21+ (14 Ly),a: ?2Ep > Ty [Ap]+Tsa: 2F "+ M{V/Z,aly}:A TrAw»3

A F (]M{V)/?,a/y},z[)
Av (M{V R, a/y}, %)

as required.
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Case E-Nu

Follows immediately from the induction hypothesis.
Case E-Par

Follows immediately from the induction hypothesis.
Case E-STRUCT

Follows immediately from Lemma E.23 and the induction hypothesis.
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E.2 Progress

LEMMA E.24 (CANONICAL FORMS). If- + C then there exists some D such that C = D and D is in
canonical form.

Proor. Follows from the structural congruence rules. O

LemMa E.25 (PROGRESS (THREAD REDUCTION)). IfT ko (M, X)), then either:

o M isavalue andX = €; or
o there exists some M’, 3’ such that (M,2) — (M’,3"); or
o M is a communication and concurrency construct, i.e. new, or spawn M, or

— —
Vim[W], orguardV :E{G}.

Proor. By case analysis on the derivation of I' + (M,X) and inspection of the reduction
rules. O

THEOREM 3.16 (PARTIAL PROGRESS). Supposet+ P and - +p C where C is in canonical form:
C=(var) - (va) (M, Z1) [ - (M Z ) [| M)
Then for each M;, either:
o there exist M!, ! such that (M;, %) — (M, 2); or
o M; is a value and X; = €; or
o waiting(M;, aj,m;) where M does not contain a messagem; for a; and a; ¢fv(a) U fvW(3;), where

a are the guard clauses of M;.

Proor. Functional reduction enjoys progress (E.25), and the constructs new, spawn M, and

a! m[T/)] can all always reduce. Therefore, the body of an irreducible thread (Mg, 3k ) must be
waiting for a message m on some name a. To be waiting, name a must be returnable, and therefore
cannot occur free in My or 3. It cannot be the case that message m for a is contained in M (in
which case the configuration could reduce), so typing ensures that a is free in one of the other
threads. Extending this reasoning we see that if a configuration contains irreducible non-value
threads, then C must contain a cyclic inter-thread dependency. O
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E.3 Algorithmic Soundness

A solution for a set of constraints is also a solution for a subset of those constraints.
LemMmA E.26. If= is a solution for a constraint set &1 U &y, then = is a solution for ®;.

ProoF. Since E is a solution for ®; U ®,, it follows that dom(®; U ®;) € dom(Z). The result
follows from the fact that dom(®;) € dom(®; U ®3) C dom(E). O

The pattern variables in an inferred environment must either occur in the type, program, or
constraint set.

LEMMA E27. fM =p 7 » ©; ® or M <p 7 » O; O, then pv(0) C pv(r) U pv(P) U pv(D).

Proor. By mutual induction on the two derivations, noting that whenever a pattern variable is
introduced fresh, it is always added to the constraint set. O

Application of a usable substitution preserves algorithmic subtyping in the declarative setting.
LEmMA E.28. Ift < 0 » ® and E is a usable solution of ® with pv(c) C dom(E), then Z(7) < E(0).
ProoF. By case analysis on the derivation of 7 < o » ®. O

As a direct corollary, we can show that constraints generated by equivalence preserve subtyping
in both directions.

CoROLLARY E.29. Ift ~ 0 » ® and E is a usable solution of ® with pv(c) C dom(E), then both
E(r) < E(0) and Z(0) < E(7).
Similarly, application of a usable substitution preserves unrestrictedness.

LEmMa E.30. Ifunr(z) » ® and E is a usable solution of ® with pv(c) € dom(E), then there exists
some A such that un(A) and A < =(r).

Proor. By case analysis on the derivation of unr(z) » ®, noting that cases are undefined for
linear types, and the result follows straightforwardly for base types.

The only interesting case is unr(!y°) » 1 <:y; since Z is a usable solution, we have that 1 C =(y)
and Z(y) Z 0.

Thus, it follows that Z(y) =~ 1 and therefore !1 < Z(y), noting that un(!1) as required. O

Again, this is straightforward to extend to environments.

Cororrary E.31. IfE is a usable solution of unr(©) » ® where pv(©) C dom(E), then there exists
someT such thatT < Z(0) and un(T).

If two environments are combinable, and we have a solution for the constraints generated by
their algorithmic combination, then their combination is defined.

LEmMA E32. IfO; + Oy » O;® and E is a usable solution of ® where pv(0;) U pv(0,) € dom(E),
then there exists some T such thatT < Z(©;) and 2(0,) + T = Z(0).

Proor. By induction on the derivation of ©; + ©; » ©; .
Case O, x:7+0, » O;P

Assumption:
x ¢ dom(©®,) O, +0; » O;P
OLx:T+0,» O,x:1;P
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We also assume that Z is a usable solution for ®.
By the IH, we have that there exists some I' < Z(0;) such that Z(0;) + T’ = E(0O).
Since x ¢ dom(0;), by the definition of + in the declarative setting, we have that

E(01),x: E(1) + E(03) < E(0),x : E(7)
as required.
Case ©;+ 0y, x:7» O;P
Symmetric to the first case.
Case O, x:7+0y,x:0» 0;P

Assumption:

()1 + ()2 > ();(Dl T~0» b
unr(z) » @5 unr(o) » @4

OLx:T+0O,x:0» O,x:7;P;U---Udy

We also assume that = is a usable solution for ®; U - - - U ®y.
By the IH, there exists some I' such that T' < £(0,) and

£(0;) +T = £(0)

By the definitions of ~ and unr(—), and knowing that = is a usable solution for @, U ®;3 U &4, we
have that either 7 = ¢ = C for some base type C (in which case we can conclude with logic similar
to the previous case), or 7 = !y° and o = ! 6° where Z(y), 2(6) C 1.

Since E is usable, we know that Z(y), 2(5) & O. Therefore, we have that 7, < 11°.

We can then show that T, x : I, x : 2(17°) < E(0;),x : E(!0°)

and further that Z(01),x : Z(!7°) + T, x : E(!7°) = E(0), x : Z(!7°) as required.

We can generalise the previous result to an n-ary combination:

CoroLLARY E.33. IfO; + ...+ 0, » O;® where E is a usable solution for ® such that pv(©,) U
-+ U pv(®,) € dom(Z), then there exist (I} < ©;); such thatT; + ...+, = E(O).

We now turn our attention to the relation between the algorithmic join and type combination
operators.

LemMA E.34. If 1y § 15 » 0;® and E is a usable solution of ® such that pv(t;) U pv(t,) € dom(E),
then there exist 1] < E(1y), 75 < E(12) where r] » 7, = E(0).

Proor. By case analysis on the derivation of 7; § 7, » 03 .
Case !yM g 167 » 1(y © )12,

We can immediately conclude with ! (Z(y))" » 1 (Z2())" = 1 (E(y) © Z(5))"""2 as required.
Case ly" §25" » ?2(a)""2y Q@ <: 0

Since E is a solution for y © « <: §, we have that E(y © a) C E(J).

By expansion of Z(—), we have that Z(y) ® Z(5) C Z(5).

Since receive mailbox types are covariant in their patterns, we can show that ?(Z(y) © Z(a)) <
?72(6)

and we can conclude that

LEM)™ » 2E () O 2(@)™ = 72(@)"
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as required.

Case ?yslo» ;00 a<:y
Symmetric to the previous case.

Case 750 » ;0

Assumption: 7, ¢ are not mailbox types and 7 ~ ¢ » .
By Lemma E.28, Z(7) ~ E(0). Since neither type is a mailbox type we have that E(r) = r =0 =
E(0) = C for some base type C, as required. O

We can extend this result to environments.

LemMA E.35. If©150, » ©;® and E is a usable solution of ® such that pv(©,) U pv(0,) € dom(Z),
then there exist I} < 2(0©,) and I, < Z(0,) such that T} » I; = Z(0).

Proor. A direct consequence of Lemma E.34. O

LEMMA E.36. IfriMy » o3 @ and E is a usable substitution of ® such that pv(t;) Upv(1z) € dom(E),
then E(0) < E(11) and Z(0) < E(12).

Proor. By case analysis on the derivation of 7y M 7, » o; ®.
For two mailbox types J7' and ], since ® < o it is always the case that max(n1,72) < 7 and
max (71, n2) < 12, so therefore it suffices to consider the non-usage-annotated merge m; My » p; 0

Case !lyn!é» (y®4);0

By appeal to the definition of [—] we have that [E(y) ® E(8)] = [E(y)] ¥ [E(6)] and therefore:
e [EW] < [E(y) ® E(9)]; and
* [E(@®)] c [E(r) @ E(9)]
By the reflexivity of subtyping and the definition of pattern inclusion, it follows that:
® Z(y) CE (E(y) ® 2(5)); and
* E(9) C (E(y) ®E(9))
Therefore, since output mailbox types are contravariant in their patterns, it follows that both:
. 1(2() ®E(9)) < !(E(p);and
* [(E(y) ®E(9)) < 1(E(9))
as required.

Case ?yM 7?5 » 2a;{a<:y,a <:6}

(where « fresh).
Since = is a usable solution, it follows that:
e Z(a) C E(y); and
e Z(a) C E(9)
Since receive mailbox types are covariant in their pattern arguments, it follows that:
o ?(E(a)) < ?2(E(y)); and
o 7(E(a)) < ?7(E(9))

as required.

Case tMo» ;P
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where 7, o are not mailbox types and 7 ~ o » .
By Lemma E.29:
(1) E(r) < E(0); and
(2) E(o) < E(7).
By the reflexivity of subtyping we have that =(r) < Z(r), and for the second obligation we can
conclude with (2) as required. O

LEMMA E.37. If©1M10; » ©;® and E is a usable solution of © such that pv(©1) Upv(0,) C dom(E),
then 2(0) < E(0y) and 2(0) < E(0,).

Proor. By induction on the derivation of ©; M ©, » ©;® with appeal to Lemma E.36. O

LEmMA E.38 (SUBPATTERN PNF). IfEE F and EC F, thenk F.

Proor. For it to be the case that E k F it must be the case that F = F; & - - - @ F,, where E k;; F;
foriel.n.

It suffices to consider the case where we have some F; =m; © F]’. where F; [ E. In this case, the
following must hold:

}:j ~E / mj
E Flit mj @Fj

and by the definition of pattern residual and the fact thatm; Z E it must be the case that E /m; = 0.
Consequently we know that F; = 0.

To ensure that £ F we need to show F £ F and therefore that O = F / m;, which follows by the
definition of pattern derivative as required. O

Algorithmic soundness relies on the following generalised result:

LEMMA E.39 (ALGORITHMIC SOUNDNESS (GENERALISED)).

o Ift P>dyand M =p 7 » ©; &, where E is a usable solution of &; U &, and pv(r) U pv(P) C
dom(E), then 2(0) rg(p)y M:E(7).

o Ift Po® and M <p 7 » O; O, where E is a usable solution of &1 U @, and pv(r) U pv(P) C
dom(E), then 2(0) rg(p) M: (7).

o Ift Pod®; and{E} G =p 1t » ©; ®; F where E is a usable solution of ®; U®, and pv(7) U pv(P) C
dom(E), then 2(©) +g(py G:E(7) =: F and E g F.

o Ifr P>®; and {E} G &p 1 » O; O; F where = is a usable solution of &1 U®; and pv(r) Upv(P) C
dom(E), then 2(©) +g(py G:E(7) = F and E £ F.

Proor. By mutual induction on all statements. We inline our proof of statement 4 with TC-
GUARD.

We know in all cases that the solution covers the pattern variables in the program, return type,
and constraints. Therefore by Lemma E.27 we know that any produced environment will contain
pattern variables contained in the solution. We make use of this fact implicitly throughout the
proof.

Statement 1: Synthesis.

Case TS-BASE
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Assumption:

¢ has base type D
c=D» 0

By T-ConsrT:

“kc:D
noting that:
. un()

e Z(c)=¢c
e 2(D)=D
as required.

Case TS-Un1T
Similar to TS-BASE.
Case TS-New
Similar to TS-BASE.
Case TS-SpawnN

Assumption:

M<=1»0;d
spawn M = 1 » [O];

Furthermore, we assume that = is a usable solution for ®.
By the IH (2),

E(0) - M:1
Recomposing by T-SPAwN:

E(O)FM:1
[2(0)] + spawn M:1

as required.
Case TS-SEND

Assumption:

Pmy=7 Ve!ln»O;d
(W; & [mi] » O} D))iern @ +0)+ - +0, » ;0"

ﬁ
Vimn[W]l=1» 0, dUd;U---UD, UD"

Also, we assume + P > @00

Furthermore, we assume that = is a solution for ®,,,, U® U @] U --- U ®; U ®”. By Lemma E.26,
we have that E is also a solution for each constraint set individually.

Thus, by the IH:
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2606 o E(O)F V:lm®
2097 o E(O]) + W;:[E(m)] forie l.n
2698 By Corollary E.33, there exist [’ < Z2(0’) and I < Z(0) fori € 1.nsuchthat "+ +...+T, =

269 =(@). Therefore:
2700

2701 , o _ , _
2702 :'(SD)(m) _ 'TT[)) E(® ) FVeilm (:'(91) F I/Vl ::-(Ai))iEI..n
2703 3 - r/ FV: !mo (ri/ - M/i:E(Ai))iel.‘n

2704

—
'+ +...+T, FrVIm[W]:1
2705

2706 as required.
2707

205 Case TS-App
2709 B
Assumption:
2710

9711 TS-Arp

P(fl=T—o0

2712
(Vi =1 » 055 Oy)iern O;+---+0, » ;0

2713

2714 f(T/z):>0>®;CI)U<I>1U...UCDn
2715

Also, we assume + P > @00

We can also assume that there exists some Z which is a usable solution of ®,0e U®; U ... U .
By Lemma E.26, we have that E is a solution for all ®; individually.

By the IH, Z(0;) + V;: Z(r;) for all i.

By Corollary E.33, there exist (I} < ©;);e1., such thatI} +...+ T}, = E(0).

Thus by T-Suss and T-App:

2716
2717
2718
2719
2720
2721

2722
2723 (E(@;) + Vi E(1))ic1.n

e 2(P(f) = Z(r) — E(0) (T F Vi E(0)iern

=
2796 Li+--+T,F f(V):E(0)

2727

as required.
2728
2729 Statement 2: Checking.
2730
Case TC-Var
2731

2752 Assumption:

2733

TC-Var
2734

2735 xe=Ttrx:71;0

2736
s By T-VaR:
2738

2739
2740 x:2(r) F x:E(7)

2741 a5 required.
2742

2743 Case TC-LET
2744
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Assumption:

TC-LET
M¢I_TJ>®1;(I)1 N < o» O, &,
check(©,,x, | T]) = @, 0;—-x350; » O;d,

letx:T=MinN<=o» ©®;d;U---Udy

We also assume that we have some usable solution = for ®; U - - - U &4, and by Lemma E.26, we
know that = is a usable solution for all ®; individually.
By the IH, we have that:
e Z(0)FM:|E(T)]
e 5(0,) F N:E(0)
Since T does not contain any type variables we have that Z(|T]) = | T].
By Lemma E.35, there exist some I, T; such that T} < Z(0; —x), [, < E(0,) and I} » I; = Z(0)
By the definition of check, we have two subcases based on whether x € dom(©;):

Subcase x ¢ dom(©,)

In this case we have that unr(|T]) » ®.
By Lemma E.30, we have that un(|T]).
Thus by T-LET and T-SuBs:

Z(0) - N:E(0)
=(0,),x: |T]+ N:E(0)
2(0,) F M:|T] T+ N:E(0)
E@)rletx: T=Min N:=(0)

as required.
Subcase x € dom(0,)

In this case, we have that x : |[T| € ©, and |[T| < o » ®;.
By Lemma E.28, | T] < Z(0).
Thus by T-LET and T-Suss:

E(03),x: [T+ N:E(0)
2(0,) F M:|T] T+ N:E(0)
Z(@)rletx:T=Min N:Z(0)

as required.
Case TC-GuarD

Assumption:
({E} Gi=1» ¥i; @45 Fyic1.n
YN, Ay, » ¥0 @ = U @;

i€l.n

M&F » ©; @, ¥Y+0 » O;0;3

(E}Gerr %0V, F&...0F,

guardV:E{G} <=1 » ©; ®UD Ud, Ud; U {E<:F}
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where F=F, @ - - ®F,.

Since guards must be unique we know that there will be at most one fail branch in G. Without
loss of generality assume that G; = fail (the order of guards does not matter, and the argument is
the same if there is no fail guard).

Let us assume without loss of generality that n > 1 (i.e., fail is not the only guard).

Thus we have that:

L] {13} fail=7» T; QD; 0 (i.e., Fyl = 1_,<D1 = 05,171 = ())
o {E}Gi&=1» O;;d;; Fifor2<i<n
e O,M...MOB, » O;®

By repeated use of the induction hypothesis (statement 3), we have that 2(0;) + G; : Z(7) == F;
where E ks Fifor2 <i<n.

Since F=F; & ---® F, and E k| F; for i € 1..n, it follows by the definition of pattern normal
form that E £ F.

Since E is a usable solution of the constraint set we have that E C F.

Now since E k F and E C F, by Lemma E.38 we have that £ F.

By Lemma E.37, we have that there exists some I' such that ' < ©; for each i. Thus, by T-Suss,
we can show: ' + G;:E(7) =t F;.

Therefore, by T-GUARDSEQ we can show that T + fail - G, - ... G, :E(r) =: F.

By the IH (statement 2), we have that Z2(®") + V : ?F.

By Lemma E.32, there exists some ©” < @’ such that T + 2(0") = Z(0).

Thus, we can show:

E(O)F V:7F

— Tl-fail-azE(T)::F ECF EF
2(@")F V:7F

2(0”) +T + guard V : E {fail - G} :E(r)

as required.
Case TC-Sus

Assumption:

M= 7» 0O; d; T<o» d,

M&o» 0, 0UD,

By the IH (statement 1), 2(©) + M : Z(7).
By Lemma E.28, Z(7) < E(0).
Therefore by T-Sus:

E(0) F M:E(7)
Z(O)F M:E(0)
as required.

Statement 3: Guards. Note that there is no case for TCG-FAIL since (contrary to the theorem
statement) it is not typable under a non-null typing environment.

Case TCG-FrREE
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2843 Assumption:

2844
9845 M&1»0;0

2846 {E} free» M=17» 0; ;1
2847

2848 By the IH (statement 2), we have that Z(©) + M : Z(7).
2849 Trivially, E Flit 1.

2850 Therefore, we can reconstruct by TG-FREE:

2851

- 5(6) - M:E(7)

2853 - —

2854 Z(O)F free—> M:E(7) = 1

2855 .
as required.

2856
7 Case TCG-RECV
2858
2859 .

Assumption:
2860
2861
2862 TCG-Recv
2863 M&o» @',y : ?5.; [oN

-

2864 Pmy=7" ©=0-% base(72) V base(©’) check(©", %, [r]) = @5

2805 {E} receivem[X] fromy > M=o » ©; &, UD, Uds U {E/m<:8}; mo (E/m)

2866

2867 We also assume that we have some usable solution E for ®; U ®, U &3 U {E /m<:5}.

2868 As usual, by Lemma E.26 we can assume that = is a usable solution for all ;.
269 By the IH, 5(@),y : ?2(8)* F M:Z(0).
2870 Suppose © =0, x1 : Ty, ..., X : Ty and X = X1y X

2871 Then by the definition of check we have that:
2872 ,
o (i < [m]» ®)ictm
2874 ° (unr(Ti) > (D;)iemﬂ..n
2875 Thus by Lemma E.28, [E(7;)] < E(r;) for each i € 1..m.

2876 By Lemma E.30, there exist A; < Z(7;) such that un(4;) for j e m+ 1..n.
2877 Thus it follows by the definition of environment subtyping that Z(©) < =Z(0’).

2873

2878 It follows from the fact that pattern substitution preserves type shape that if base(_T>) V base(©’),

%79 e have that base(Z(T)) V base(Z(6’)).
2880 Since E is a usable solution of E / m <: § we know that E /m C Z(5) and therefore that ?(E /m) <
L 2(2().

2882 It remains to be shown that E £j;; m© (E / m):
2883

2884
2885 mo (E/m)~E

2886 EFigmo (E/m)

2887

2888 The pattern residual and concatenation cancel, so the premise holds and therefore we can
2839 conclude that E Fjjy m® (E / m).

2890 Finally, we can reconstruct using TG-Recv:

2891
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2(0),y: 75(8)" + M:E(0)
S(P)(m)=E(x)  base(E(n)) v base(E(®))  E(O),y: 2(E/m)* R : [T] + M:E(0)

Z(0) r receive m[X ] from y —> M:ZE(o) = m o (E /m)

as required.

O
THEOREM 4.4 (ALGORITHMIC SOUNDNESS).
o If= is a covering solution for M = 7 » ©; O, then Z(0) rz(py M:E(7).
o If= is a covering solution for M <p 7 » ©; O, then Z(0) rz(py M:E(7).
Proor. A direct consequence of Lemma E.39. O
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E.4 Algorithmic Completeness

Every I' is also a valid © and every A is a valid 7. We will therefore allow ourselves to use I' and A
in algorithmic type system derivations directly.

Definition E.40 (Closed program). A program (S,B, M) is closed if pv(S) = 0 and pv(B) =0.

E.4.1  Useful auxiliary lemmas. We begin by stating two useful results. The first lemma states that
values are typable in the algorithmic system without constraints.

LEMMA E41. IfT + V: A, then there exists someI” such thatT <T" andV < A» I’; 0.
Proor. The proof is by induction on the derivation of I' - V : A.
Case T-VArR
We assume that x : A + x: A. By TC-VAR we can show x & A » x : A; 0, as required.
Case T-ConNsT

We assume that - + c:C, where c has base type C. By TS-BAsEg, we can show thatc = C » -; 0.
Finally, by TC-SuB (noting that C < C » 0) we have that ¢ < C » -; 0, as required.

Case T-SuBs

Assumption:
r<r A<B I'rV:A
'rV:B

By the IH, there exists some I such that I” < T and I < V » A; 0.
By the transitivity of subtyping, we have that I' < I'" < T, as required. O

LEMMA E42. fM = 7» ©O; O, then M < 7 » O; .

Proor. Follows from the definition of TC-SuBs, noting that the subtyping constraint is instanti-
ated as 7 < 7 » ®. There are two ways we can create a derivation of 7 < 7 » ®: either if 7 = C and
we have 7 < 7 » 0, or if 7 is a mailbox type (take an output mailbox type here, although the reason-
ing is the same for an input mailbox). In this case, we would have a derivation of y”7 < 1y7 » y <:y.
Since y <:y is a tautology, it follows that we need not add an additional constraint and can show
Iy7 < Iy » 0.

Using TC-SuBs we can construct:

M=1»0;d <79
Me=1t» 0;d

as required. O

E.4.2 Completeness of auxiliary definitions. We now need to show completeness for all auxiliary
judgements (e.g., subtyping, environment combination).

LEMMA E.43 (COMPLETENESS OF TYPE JOIN). If:
/41 > 142 = 13,

A1 < El(fl);

Ay £ Ey(12); and

pv(E1) N pv(Ez) = 0
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then there exist ©, ® such that r; § 7, » o;®, and there exists a usable solution Z 2 E; U E, of ® such
that B < Z(0).

Proor. We proceed by case analysis on the derivation of A; > A, = B. Base types follow
straightforwardly, so we concentrate on mailbox types.

Case A; = 'E/", A, = |E)’

Assumption:

!131 > !132 = !131 o 122
LE]' » VEJ* = 1 (E; © Ep)"™"

Since the domains of Z1, E; are disjoint, let Z = E; U =,.
In order for !'E; < E;(1;) (for i € 1,2) to hold, it must be the case that 7; = !y; with Z(y;) C E;.
In this case we can construct a derivation:

sty » Hy10y2):0
s e N 0 )0
Noting that Z(y;) £ E;, it follows by the definition of pattern semantics that Z(y; ©y2) C E; O E,
and therefore that ! (y; © y2)""72 < E(!(y1 © y2)) """
with E 2 =; U =, and a solution of @, as required.

Case A, = 'EM, Ay =2(EOQF)™

Assumption:

'Ev?2(EQF) = 7F
IE" » 2(E® F) = o2

Since the domains of Z1, Z; are disjoint, let 2 = E; U E,.

In order for 'E < =; (1) to hold, it must be the case that r; = !y with Z;(y) C E.

Similarly, for ?(E © F) < E,(12) to hold, it must be the case that 7, = ?d with (E © F) C Z,(9).

In this case we can construct a derivation: Using algorithmic type joining, we can construct the
following derivation:

a fresh
'ys?20 » ?2a; {0 © a <: 8}

Ly s 287 » 2212 {y © a <: 8}

At this point we know that the domains of =; and Z; are disjoint. Let us construct = = Z; UE, U
at> F.

It remains to be shown that = is a solution; it suffices to show that (E(y) ® F) C Z(J).

By the transitivity of pattern inclusion we have that

(E(y) OF) E(EQF)EE(9)

We have that Z(?«a) = ?F
and therefore we have that (trivially) ?F < ?F
with & D E; U E; a solution for the constraint set, as required.
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Case Ay =?EQ® F, Ay = |E™

Similar to the above case.

LEmMA E.44 (COMPLETENESS OF ENVIRONMENT JOIN). If:

Ii»I =T,

I < E1(0y),

I < 25(0,); and

pv(E1) N pv(E;) = 0

then there exist ©, ® such that ©; § ©; » ©;®, and there exists a usable solution E 2 E; U Ey of ®
such thatT < Z(0©).

Proor. By induction on the derivation of I} » I, with appeal to Lemma E.43. ]

LEMMA E.45 (COMPLETENESS OF DISJOINT ENVIRONMENT COMBINATION). If:

I& + Ié = Iﬂ,

Fz < Ez(@z),‘ and

pv(E1) N pv(Ez) = 0

then there exist ©, ® such that ©1 + O, » ©; ®, and there exists a usable solution E 2 =1 U E; of ®
such thatT < Z(0).

Proor. By induction on the derivation of T} + I; =T..

Casel =-and I =-

o=
By the definition of environment subtyping, the only environment that can be a supertype of
the empty environment is -. Therefore, we can immediately conclude with the corresponding base
case in algorithmic type environment combination:

Case x ¢ dom(I})
Assumption:
x ¢ dom(I3) L+, =T
IN,x:A+I,=T,x: A

where:
L Fl,x A 51(91)
o I < E3(0y)
e pv(E1) Npv(Ez) =0

Since we are considering strict subtyping on environments rather than general subtyping, we
can assume that x : A € dom(®,). Therefore, let ©; = ©],x : 7 with A < E;(7).

By the IH, ©] + ©, » ©;® for some O, ® and there exists some usable solution = 2 =y U E; of ®
such that I} + I, < Z(0).

Since A < Ei(r) and E; C &, it follows that A < Z(7).

Therefore it follows that I} + I, x : A < Z(0, x : 1) as required.
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Case x ¢ dom(I})
x ¢ dom(T}) L+, =T
IN+Lh,x:A=I,x:A

Symmetric to the above case.
Case x € dom(I}) N dom(T3)
un(d) T +L=T
I,x: A+, x :A=T,x: A

In this case, we have that:
® 0,,=0,x:0
® 0;=0,x:0,
By the IH, there exist ©, ® such that ®] + ©, » ©; ® and some usable solution Z 2 Z; U & of ®
such that T < E(0©).
By algorithmic environment combination we have:
0] +0; » 0;d, o1~ oy » Dy unr(ay) » O3 unr(ay) » @4

();,JC o1+ ();,JC oy > O,x:B; 0 UD, UDP3 U D,

From un(A), we have two subcases based on whether A is a base type C, or a mailbox type !1°.
Subcase A=C

In this case, by the definition of subtyping we have that B; = B, = C and therefore:

01 +0,» 0;0 C~C»0 unr(C) » 0 unr(C) » 0
@;,x:C+®'Z,x:C » O,x:C;®

with = remaining a usable solution of ®.
It follows that @], x : C+ @), x : C < E(0),x : C, as required.

Subcase A =11°

In this case, we have that B; = 167 and B; = !6;.
and:
Q] +0; » 6;9
'5; ~ |520 >{51 <: 89,02 <:51} unr(51) >{51 <:1} unr(52) >{52 <Il}
@;, I(S(l) +®;, '5; > 0,x: I(S(I),CI) U {51 <:03, 69 <251,51 <:1, 6, <Zl}
Let 2’ = E[8; — 1,5, — 1], which is now a usable solution for the additional constraints.
Finally, we have that I',x : !1° < E'(©,x : !§]) < E'(0),x : !1°, as required. ]

As a corollary we can show the completeness of combining nullable environments:

CoroOLLARY E.46. If:

I+, =T,

I < E(¥),

Fz < Ez(\yz); and

pv(E1) N pv(Ez) = 0

then there exist ©, ® such that V1 + ¥, » O; @, and there exists a usable solution £ 2 E; U =, of
such thatTT < Z(0).
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Next, we need to show completeness of merging.

Lemma E47. If:
o A<E(n),
e A < Ey(rp); and
o pv(E1) Npu(E2) =0
then there exist t, ® such that r; M 7, » 0;® and there exists a usable solution 2 2 =; U E, of ®
such that A < Z(o).

Proor. By case analysis on the structure of A.
Base types follow directly, so we need instead to examine mailbox types.

Case A= E"

In this case, by the definition of subtyping, we have that:
o !ET<E(y™M)
o |ET < Ey(1o™m)
We first show that n < max(n1,72). If n = o then it must be the case that 5,7, = o and
max(#, 1j2) = o. If n = e then we have that < max(ny, 12).
Using algorithmic type merging, we can construct:

lyrts» H(y®d);0
Ly s e !(Y®5)ma><(m,flz);0

Since dom(Z;) N dom(Z;) = 0, we can set = = =; U =, (which is trivially a solution of ).

It remains to be shown that 'E7 < ! (E(y @ §))m2x(112)

First we note that: Z(! (y @ 9)) = | (E(y) ® Z(J))

Now since !E < !=(y) and 'E < 1E(9), it follows by the definition of subtyping that =(y) C E
and =(6) C E. Therefore it follows by the definition of pattern semantics that Z(y) @ £(5) E E and
therefore that ! E" < ! (E(y @ §))™*(112) a5 required.

Case A =?7E"

In this case, by the definition of subtyping, we have that:
o !ET <E(!y™)
o IET <Ey(!6™)
The reasoning for usage subtyping follows from the previous case, so we take for given that

n < max(n1, n2).
Next, we construct the following derivation using algorithmic type merging:

a fresh

N » ?a;{a<:y,a<:6}

n? 2y Mnl 28 » max(ny,n2)"?a; {a <:y,a <: 8}

Since dom(Z;) N dom(Z;) = 0, we can set = = Z; U Z, U {a — E}.
To show that = is a usable solution of the constraint set, it remains to be shown that:

e ECE(y)
e ECE()
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Since ?E < ?E1(y) it follows that E C Z; (y) and likewise for =, (J); since dom(Z;) Ndom(E;) =
0 it follows that ?E C E(y) and likewise for &, as required.
O

Lemma E48. If:
o I'<E(0y),
o ' < E5(0,); and
o pv(E1) Npu(E2) =0
then there exist ©, ® such that ©®, M O, » ;¥ and there exists a usable solution = 2 E; U Ey of ®
such thatT < Z(0).

Proor. By induction on the size of I and inspection of ©; and ©2, noting that due to the definition
of <, all must be of the same length; merging of types relies on Lemma E.47. O

CoROLLARY E.49 (COMPLETENESS OF MERGING (NULLABLE ENVIRONMENTS)). If:
o I'<Ei(T),
o ' < Ey(¥,); and
o pUED) N pU(Ez) = 0
then there exist ©, ® such that ®; M O, » ¥; ® and there exists a usable solution Z 2 E1 U By of ®
such thatT < Z2(¥).

LemMA E.50 (COMPLETENESS OF SUBTYPING). IfZ(7) < E(0) thent < o » ® where E is a usable
solution of ®.

Proor. By case analysis on Z(7) < Z(7).
CaseC<C
Here we can show C < C » 0, where = is trivially a usable solution of 0, as required.
Case Z(!y™) < E(!d™)

Since Z(!1y"?) = 1E(y)" we can assume:

ms<n  E(5LEE()
IE(p)™ < 12(5)™
Using algorithmic subtyping we can derive:

nm<n ly<!1léw» <y
Ly < 18T » <y

And since Z(y) E E it follows that = is a usable solution of § <:y, as required.
Case 7y < E(?6™)
Since Z(?5") = ?E2(5)" we can assume:

n < E(y) EE(y)
PE(y)" < 2™
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Using algorithmic subtyping we can derive:

n<n 7y <Wrey<id
2y < 25T ey <6

And since Z(y) E E(0) it follows that = is a usable solution of y <: §, as required. )

LEmMMA E.51 (COMPLETENESS OF CHECK META-FUNCTION). IfZ2(0,x : 7) < Z(©’) then check(®’,x, 1) =
® where = is a usable solution of .

Proor. A direct consequence of Lemma E.50. O
The n-ary version of Lemma E.51 follows as a corollary:

CoRrOLLARY E.52 (COMPLETENESS OF N-ARY CHECK META-FUNCTION). If 2(0,% :7) <E(O)
then check(@',?,?) = ® where E is a usable solution of ®.

E.4.3  Supertype checkability. In order to show the completeness of T-Suss, we must show that if a
term is checkable at a subtype, then it is also checkable at a supertype.

To do this we require several intermediate results.

We firstly define closed and satisfiable constraint sets.

Definition E.53 (Closed constraint set). A constraint set ® is closed if pv(®) = 0.

Definition E.54 (Satisfiable constraint set). A closed constraint set @ is satisfiable if the empty
solution is a solution for ® (i.e., ® = (E; <: F;); and (E; C F;);).

If we have two types which do not contain pattern variables, algorithmic subtyping does not
introduce any pattern variables into the constraint set.

LEMMA E.55 (SUBTYPING INTRODUCES NO FRESH VARIABLES). IfA < B » @, then pv(®) = 0.
Proor. A straightforward case analysis on the derivation of 7 < o » ®. O

Next, if we have an algorithmic subtyping judgement which produces a satisfiable constraint
set, and a subtyping relation with a supertype, then we can show that the algorithmic subtyping
judgement instantiated with the supertype will produce a satisfiable constraint set.

LeEMMA E.56 (WIDENING OF ALGORITHMIC SUBTYPING). I[fA < A’ » ® where ® is satisfiable, and
A’ < B, then A < B» @ and @’ is satisfiable.

Proor. By case analysis on the derivation of A < A" » ®.
Base types hold trivially, so we need only consider two cases:

Case !E< IF

Assumption:

N <12
'EM < |F" » {F <:E}
also we know that F <: E is satisfiable (therefore that F C E), and ! F < B.
By the definition of subtyping we have that B = ! F’ for some pattern F’, and therefore that
F'CF.
By transitivity we have that
F’ C F C E and therefore
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m<n
IE™ < |F"" » {F <:E}

where F’ <: E is satisfiable, as required.
Case ?E < ?F
Assumption:

m=n
?E™ < ?F" » {E<:F}

also we know that E <: F is satisfiable (therefore that E C F), and ?F < B.

By the definition of subtyping we have that B = ?F’ for some pattern F’ and therefore that
FCF.

Thus by transitivity we have that E E F C F’ and therefore that:

m=<n
2EM < ?F"™ » {E<:F'}

where E <: F’ is satisfiable, as required.
m]

We also need to show that environment joining respects subtyping, which we do by firstly
showing that type joining respects subtyping.

LEMMA E.57 (ALGORITHMIC TYPE JOIN RESPECTS SUBTYPING). If:

e 1157 » O;D
e = is some usable solution of ® such that E(1,) < Z(13) for some 13

then 1y § 3 » 7/ @’ for some t’, @ such that Z(7) < E(1r’) and E is a usable solution of =(®").

ProoF. Base type combination follows straightforwardly, so we have:

61562 » 6@
g;h ;ggz > g'71'>'72q>;

so it suffices to proceed by case analysis on the derivation of ¢; § ¢z » ¢; ®.
Caseg; = !yAanND g =16

Assumption:

lys!ts» I (y©6):;0

We also assume that Z(!§) < Z(r) for some 7, which by the definition of subtyping means that
r = 1§’ for some &', where Z(8’) C Z(6).

It follows by the compositionality of pattern semantics that y © 8’ £ y © § and thus ! (y © §) <
I(y © '), and we have that
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lys!d » 1(yod);0
as required.
Caseg; = !yAND G =70

Assumption:

o fresh

lys?20 » 2a;{(y ©® @) <: 6}

By the assumptions we know that = is a usable solution of ® such that Z(?d) < Z(r) for some 7.
By the definition of subtyping it must be the case that 7 = ?¢’ for some pattern ¢’.

Since Z(79) < E(?¢’) it follows that Z(5) C Z(5").

Since E is a usable solution of ® we have that Z(y © @) T Z(J).

Therefore by transitivity of subtyping we have that Z(y ® @) £ Z(§’) and thus know that = is a
usable solution of {(y © a) <:8’}.

Recomposing;:

a fresh
lys?8 » 20 {(y © a) <: 8"}

Caseg; =?yAND G, = 10

Similar to the previous case.

The desired result falls out as a corollary:

COROLLARY E.58 (ALGORITHMIC ENVIRONMENT JOIN RESPECTS SUBTYPING). If:
e B;:0,» 0;0
o = is some usable solution of ® such that 2(0;) < Z(0s) for some O3
then ©1 § O3 » O"; @ for some ®, & such that E(0) < E(O’) and E is a usable solution of Z(P’).

Finally we want to see that algorithmic environment combination respects subtyping.

LeEMMA E.59 (ALGORITHMIC COMBINATION RESPECTS SUBTYPING). If:
e O;+0; » O;P
o = is some usable solution of ® such that 2(0,) < E(0Os) for some O3

then ©1 + ©3 » O'; &’ for some ©, ¥ such that E(0) < =(0©’) and = is a usable solution of E(P’).
Proor. By induction on the derivation of ®; + ®, » 0; . m]
COROLLARY E.60 (ALGORITHMIC COMBINATION RESPECTS SUBTYPING (NULLABLE ENVIRONMENTS)).

If

o Vi +V¥, » V;
o = is some usable solution of ® such that 2(¥;) < E(¥;) for some V3

then ¥1 + ¥ » ¥'; @ for some V', &’ such that Z(¥) < Z(¥’) and = is a usable solution of 2(D’).

Relying on the previous results, we can now show the supertype checkability lemma.
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LEMMA E.61 (SUPERTYPE CHECKABILITY).
Suppose P is closed.
- M&EpAr O; 0
— E is a usable solution of ®
- A<B
then M <p B » ©'; &', where = is a usable solution of &’ and 2(0) < E(0’).
—
- {E}GepAr @, F
— E is a usable solution of ®
-AZ B_)
then{E} G <9 B » ©’; ®’; F where E is a usable solution of ®’ and Z(0) < Z(0’).
- {E}G&EpAr ©; O F
— E is a usable solution of ®
- A<B
then {E} G <p B » ©’; &’; F where E is a usable solution of ® and Z(0) < Z(0").

Proor. By mutual induction on the three premises. We concentrate on proving premise 1 in
detail, and TCG-REcv for premise 3; premise 2 follows from premise 3, and the remaining guard
cases are straightforward.

By induction on the derivation of M < A » ©; ®.

Case TC-Var

Assumption:

x<=Arx:A0

Now given that we have A < B, we can construct:

x<=Bw»x:B;0

As @ = - it straightforwardly follows that = is a usable solution, and since A < B we have that
x : A < x : Bas required.

Case TC-LET
Assumption:
M < |T| » O; O N&A» 0y, 0y
check(@,, x, | T]) = @5 050, » O;d,
letx:T=MinN<=A» ©;D;U---Udy
By the IH we have that:

e N < B » 03; &5 for some O3, O
* 5(0;) < E(03)
e = is a usable solution of ©5

70



3431
3432
3433
3434
3435
3436
3437
3438
3439
3440
3441
3442
3443
3444
3445
3446
3447
3448
3449
3450
3451
3452
3453
3454
3455
3456
3457
3458
3459
3460
3461
3462
3463
3464
3465
3466
3467
3468
3469
3470
3471
3472
3473
3474
3475
3476
3477
3478
3479

Special Delivery

By Corollary E.58 we have that ©; ; 5 » @’; &4, where =Z(0) < =(0’) and E is a usable solution
of q>6~

By Lemma E.51, we have that check(©s, x, | T]) = ®5 where = is a usable solution of ®s.

Therefore we can show that:

M(ZLTJ>®1;CD1 N<=B>(")3;q)4
check(©3,x, | T]) = @5 0,305 » ;P

letx: T=MinN & B» 0; & Ud, U D5 U Dy

as required.

Case TC-GUuARD

(E}G=Ar ¥ d; F
Ve e 050, ¥+ » 00,

guardV:E{G} = A» ©; d, Ud, Uds
By the IH:

e {E} Ge<=B» ¥’; @1; F with E a usable solution of ®] and Z(E) E E(F) and E(¥) < E(Y’)
o V < ?F* » ©”; @, with E a usable solution of @, and Z(0) < E(0")

By Corollary E.60 ¥/ + ©” » ©"'; ®7.

Recomposing:

(E}G=B» ¥, F
Ve » 00, ¥+0"» 0”0,

guardV:E{G} & B » 0", &, Ud, U D),

with E a usable solution of ®] U @, U @, and £(0) < Z(0"”) as required.

Case TC-Sus
Assumptions:
M= A» B (O] A< A » D,
M e A >®;<I>1Ud>2
and:

e = is a usable solution of ®; U @,
e A <B

Since A, A’, and B contain no pattern variables, by Lemma E.55 we have that pv(®,) = 0 (however,
since E is a usable solution of ®; U ®,, it follows that ®, is satisfiable).

By Lemma E.56, we have that A < B » @3, where ®; is satisfiable.

Since ®; is satisfiable and (again by Lemma E.55) pv(®;) = 0, it follows that = is a usable solution
Of‘q)l U q)3.

Thus by TC-SuB we have that:
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M= A» ©; &, A< B» d
M<=B,>®;(I>1Uq)3

where = is a usable solution of ®; U &3, as required.
Case TCG-Recv

Assumption:
MeA» @,y: 2y &
—
PmM =7 ©=0-X  base(7)Vbase(®)  check(®. %, [r]) =,
{E} receivem[X] fromyi> M&=A» O; d; UD, U{E/m<:y}; mO (E /m)
Also we have that:
e = is a usable solution of &; U®, U{E /m<:y}
e Z(1) < E(0)
By the IH we have that M < B » 0",y : §°; ®]
where 2(0',y : ?y*) < E(0”,y : ?6°) and where E is a usable solution of @].
By the definition of strict environment subtyping we have that ?y < 7§ and therefore y C 6.
Let @ = @ —X. It follows by the definition of environment subtyping that 2(0) < E(0"").

Due to the definition of the subtyping relation it remains the case that base(?) V base(@").

By Lemma E.51 we have that check(©”,%, [?]) = @) where E is a usable solution of @;.
Recomposing:

MeTr»0,y:75% 9]
P (m) =T 0" =0"-% base(?) V base(©) check(©®', %, m}) =,
{E} receivem[X] fromy > M<B» ©; ¥ UD,U{E/m<:6};mO &

where Z2(mOy) C E(mOJ) and E is a usable solution of ®] U @;, U {E / m <: §} and E(0"") < E(0),
as required. O

The following specific result, used within the completeness result, is a corollary.

COROLLARY E.62 (SUPERTYPE CHECKABILITY). If:

Mep Ar ©; @

P is closed

= is a usable solution of @

A<B

then there exist ©',®’ such that M <p B » ©’; @’ where = is a usable solution of &’ and =’ (0) <
=(0).

E.4.4  Freshness of type variables. It is convenient to reason about fresh variables.

Definition E.63 (Created fresh). A pattern variable « is created fresh in a derivation D if there
exists some subderivation D’ of D which is of the form:

o fresh
Dl
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LEMMA E.64 (PATTERN VARIABLE FRESHNESS). [fD=M p A» O; D orD=M =p A» O;
where P is closed, then all pattern variables in pv(©) U pv(®) are created fresh in D.

Proor. By induction on the respective derivation, noting that since the signature and types
are closed, pattern variables are only introduced through the type join and type merge operators,
where they are created fresh. O

E.4.5 Completeness proof. Finally, we can tie the above results together to show algorithmic
completeness.

THEOREM 4.5 (ALGORITHMIC COMPLETENESS). If+ P where P is closed, andT +p M : A, then there
exist some ©, ® and usable solution E of ® such that M <p A » ©; & where' < Z(0).

Proor. A direct consequence of Lemma E.65. O

LEMMA E.65 (ALGORITHMIC COMPLETENESS (GENERALISED)).

o IfT rp M:A where P is closed, then there exist some ©, D and usable solution = of ® such that
M & A » ©; & where dom(E) = pv(0) U pv(®) and T < E(0O).

e IfT rp G:A : F where E it F for some pattern E and P is closed, then there exist some ©, ®

and usable solution = of ® such that {E} CeAr O©; ®; F where dom(E) = pv(©) U pv(®) and
I' < 2(0).

o IfT +p G:A :: F where E ki F for some pattern E and P is closed, then there exist some ©, ®
and usable solution E of ® such that {E} G & A » ©; ®; F where dom(E) = pv(©) U pv(®) and
T < (0).

Proor. By mutual induction on both premises.
Premise 1:
Case T-VAr

Assumption:

Xx:AFx:A

Recomposing via TC-VAR:

x<=Arx:A0
with 2 = -

Case T-CoNsT

Assumption:
¢ has base type C
“Fc:C
By TS-CoNsT:
¢ has base type C
c=C» 0
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By Lemma E.42 we have thatc < C » -; 0
with E = -, as required.

Case T-AprpP

Assumption:

P(f) —A-B (Ti - Vit Adiern
T+ +T, r f(V):B

By (repeated) use of Lemma E.41, we have that there exist some I} such that I; < I} and
VieAj» I/, 0forie1.n.

By repeated use of Lemma E.45, we have that there I} + ... + T, » ©;® for some ©, ® and that
there exists some usable solution Z of I' < Z(0).

Thus by TS-App we can show

P(fl=A—B (VieArT;0ic, [+ . +0»0;0
f(V)=B» ;0

and by Lemma E.42 we have that f (T/)) & B » O; ® as required.

Case T-LET
Assumption:
I FM:|T] L,x:|T|+N:B
eIyt letx: T=MinN:B
By the IH we have that:
e There exist some ©, ®; and usable solution =; of ®; such that M &< A » ©;; ®; where I} <
E1(01)

o There exist some ©,, ®, and usable solution =, of ®, such that N & B » O,,x : |T’|; ®, where
Fz,x: |_TJ < Ez(@z)
By Lemma E.44, we have that ©; § ©, » ©; ®; and a usable solution E 2 =; U =, of @5 such that
IH > I} < EE(()).
By Lemma E.51, we have that check(©,, x, | T]) = ®4 and = is a usable solution of ®j.
Since E 2 E; U E; and pattern variables in these subderivations are only introduced fresh
(Lemma E.64), we have that = is also a usable solution of ®; and ®;.
Therefore, we have that Z is a usable solution of ®; U ®; U &3 U @y
Recomposing using TC-LET:
MCI_TJP@l;CDl N‘f:AP@z;CDz
check(©,, x, | T]) = @4 B;350, » O; D5
letx: T=MinN<=A» O;®;U---Udy

where Z(0) < I} » I} and E is a usable solution of ®; U &, U ®3 U &y, as required.

Case T-SpawnN
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'eM:1
[T]+ spawn M:1

By the [HM < 1 » ©; ® for some ©, ®, and a usable solution = such that T’ < Z(P).
Thus by TS-SpawN:

Me=1»0;d
spawn M = 1 » [O];

where I' < Z(0) and therefore [T'] < [Z(0)].
Finally, by Lemma E.42, we have that spawn M < 1 » [@]; ® with usable solution Z of ® as
required.
Case T-New
Assumption:
-+ new:?1°

By TS-NEw we have thatnew = ?1° » -; () and by Lemma E.42 it follows that new < ?1° » -; 0;
we can set solution = = -, as required.

Case T-SEND

Assumption:

=t o ’
P(m)y=T 1—‘target FVilm (ri F Wi [TiDiern

’ ’ -
Dargee +I{ +. ..+ T, F VIN[W]:1

By the IH we have that:

o V& Im® » Ouger; Prarger for some Oparger, Prarger and some usable solution Zygrger of Prarger Such
that I‘tazrgel‘ < E(Gtarget)-
o (Wi & [T;] » O ®;)icy..n for ©;, @; and usable solutions =; of ®; such that I/ < =;(0;)
By repeated use of Lemma E.45 we have that ©yger + ©1 + ... + Oy » O; ¢y, with some usable
solution Zeyy of @ppy such that T + T + ... + T, < B, (0).
Since pattern variables are always chosen fresh (Lemma E.64) we have that Eyrger U Zeny U
Uie1.n E} is a solution of ®sgrger U Peny U Ujeqpn O}
Thus we can show by TS-SEND and Lemma E.42:

e o
P(m) =T Vein» ®target§ (Dtarget
(VVl = |—Tl-| > ®i; q)i)iel..n Gtarget + 91 t+...+ ®n > 9; <I>env

VImIW] = 15 ©; Qprger Uy U+ Uy Uy

ﬁ
V'm[W] =1» @, thargetU@lU"'U@nU@env

where E is a usable solution of ®;grget U P U -+ - U Dy U &gy and T' < E(O), as required.

Case T-GUARD
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Assumption:

ILFV:?2F* T,-rG:A:F ECF &F

I +I; + guard V:E{E} i\
By Lemma E.41 we have that V < ?F°* » T|; @ where I} <.
By the IH we have that {E} E) < A » ©; ®; F where E is a usable solution of ® and I, < V.
By Corollary E.46 we have that © + ¥ » ©; ®, with [} + I, < Z(0) and where E is a solution of
D,.
Recomposing;:

(E}Ge=A» ¥, 0 F
Ve ?2F» 050 O +¥» 0,0

guardV:E{G} & A» ©; U {E<:F}
where = is a usable solution of ®; U ®; and E C E(y), as required.

Case T-SuBs
r<r’ A<B I'rM:A
I'-M:B

By the IH, we have that there exist ©, ® and some usable solution = of ® such that I" < Z(0)
and M < A » O; O.

By Lemma E.62 we have that M < B » ©’; ® where = is a usable solution of & and Z(0) <
2(0).

Recalling that I' < I, and I” < E(0), and noting that Z(0) < Z(0’) and that Z(0) < =(©’),
by the transitivity of subtyping we have that ' < Z(©’).

Therefore we have that:
e M&=B» ®; 9
e = is a usable solution of @’
e I <E(O)

as required.

Premise 2:
Case TG-GUARDSEQ
(F F Gi A Ei)igj

FF_G):A::Elea...eaEn
By repeated use of the IH (2) we have that {E;} G; & A » ¥;; ®;; y; for some ¥;, Z;, y; such that
I' < E;(¥)and E C =;(y;) for each i € I.
By Corollary E.49 we have that ¥; M ... M¥, » ¥,y; Peny and some solution =, of O,y such
that T < (1 U+ UEp U Een) (Peny).
Recomposing by TCG-GUARDSs:

({El} Gi=A» ¥; O Yi)iel..n Y=v1®--0yn im0, » Yeny; Deny

(E} G &= Yoy » Bony UD; U -+ Udy; 15
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Since pattern variables are generated fresh, we have that the pattern variables for each E; are
disjoint. Therefore, we have that:

® = =Jje1 n Ei U Eepy is a usable solution of ® = J;¢q ,, @5 U Pepy
o I < E(Yenv)
CECE(1® - Dyn)

as required.
Premise 3:
Case TG-Fa1L

Assumption:

T+ fail:A:: 0
By TCG-FaIL:

{0} fail<=A» T;0;0
Where 0 E O and I' < T as required.

Case TG-FrREE

'rM:A
I'tfree— M:A:1

By the IH (1) we have that there exist ©, ® and usable solution E of ® such that M < A » ©; ®
with T < Z(0).
Recomposing by TCG-FREE:

M&=A» ©;9
{1} free—> M<=A» O; d; 1
withT' < E(0) and 1 C 1 as required.

Case TG-REcv
Assumption:

Pm)=T  base(T)Vbase(T) T,y:?F" R :[T]r M:B

I+ receivem[X] fromy > M:B=moF

We also assume that there is some E such that E £j;; mO® F.

LetI” =T,y: ?2F*, %X : [Fal

By the IH we have that there exist ©, ® and usable solution Z of @ s.t. M <= A » O,y : 7y*; ®
where dom(E) = pv(©) U pv(®) and I’ < E(O,y : ?y°).

We next need to show that if base(?) V base(T') implies that base(?) V base(0). It suffices
to show that base(T') implies base(©). Since I' < Z(0), by the definition of strict environment
subtyping it follows that if base(T') and I' < Z(©), thenT = 0.
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Next, since I,y : ?F*, % : [T] < E(O’),y : ?y* it follows that T, ¥ : [T ] < £(0’) and thus by
Corollary E.52 we have that check(©, %, [—T])) = @, where E is a usable solution of ®,.

Next, since I,y : ?F* < 2(0),y : ?y* it follows by the definition of subtyping that F C Z(y).

We have one final proof obligation: showing that = solves (E /m) <:y.

Since E kit m© F we have that F ~ E / m and therefore both F C (E /m) and (E /m) C F.

Since ?F < ?Z(y) we have that F € Z(y). Thus by transitivity we have that E/m E F C E(y)
and therefore that = solves (E /m) <:y as necessary.

Thus, recomposing, we have:

M<B» O@,y: 7" &
Pm) =T ©=0-%  base(T)Vbase(®) check(®, %, [T]) = o,
{E} receive m[X] fromy —»> M &B» ©; &, Ud, U {E/m<:y}; mo (E/m)

as required.
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