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1 Introduction; Transcendence of ¢ and 7w

« is algebraic if there exists p € Z[x], p # 0 with p(a) = 0, otherwise « is called
transcendental .

Cantor: Algebraic numbers are countable, so transcendental numbers exist,
and are a measure 1 set in [0, 1], but it is hard to prove transcendence for any
particular number.

Examples of (proported) transcendental numbers: e, , v, €7, \/5\/5, ¢(3),
¢(5)...

2
Know: e, m, e™, \/if are transcendental. We don’t even know if y and ¢(5),
¢(7),... are irrational or rational, and we know that ((3) is irrational, but not
whether or not it is transcendental! Lioville showed that the number

i 10~
n=1

is transcendental, and this was one of the first numbers proven to be transcen-
dental.

Theorem 1 (Lioville). If 0 # p € Z[z] is of degree n, and « is a root of p,

a € Q, then

, Cle)

qn

a
a— =
q

Proof. Assume without loss of generality that o < a/q, and that p is irreducible.
Then by the mean value theorem,

p(a) —pla/q) = (o —a/q)p'(€)



for some point £ € (a,a/q). But p(a) = 0 of course, and p(a/q) is a rational
number with denominator ¢"™. Thus

1/q" <la—a/ql sup [p'(z)].
z€(a—1,a+1)

O

This simple theorem immediately shows that Lioville’s number is transcen-
dental because it is approximated by a rational number far too well to be al-
gebraic. But Lioville’s theorem is pretty weak, and has been improved several
times:

Theorem 2 (Thue). If 0 # p € Z[x] is of degree n, and « is a Toot of p, « & Q,
then

Cla,e)
= gn/riEe’

q

where the constant involved is ineffective.

‘ a

Theorem 3 (Roth). If « is algebraic, then

C(a,e)
q2+6 ?

a
o — =
q

>

where the constant involved is ineffective.
Roth’s theorem is the best possible result, because we have

Theorem 4 (Dirichlet’s theorem on Diophantine Approximation). If a € Q,

then ‘a -2 < q% for infinitely many q.

a
q
Hermite: e is transcendental.

Lindemann: 7 is transcendental (.-, squaring the circle is impossible).
Weierstaufl: Extended their results.

Theorem 5 (Lindemann). If ay,...,ay are distinct algebraic numbers, then
e ..., e are linearly independent over Q.
Examples:

e Let ay = 0,5 = 1. This shows that e is transcendental.

e Let a; = 0, ay = mi. This shows that 74 is transcendental.

Corollary 1. If ay,...,a, are algebraic and linearly independent over Q, then
aq

e ... e are linearly independent.

Conjecture 1 (Schanuel’s Conjecture). If o, ..., a, are any complex numbers
linearly independent over Q then the transcendence degree of Q(aq, ..., ap, €%, ... e*)
is at least n.



If this conjecture is true, we can take a; = 1, s = i to find that Q(m,e)
has transcendence degree 2. This is an open problem!

Theorem 6 (Baker’s Theorem). Let a,...,a, be nonzero algebraic numbers.
Then if logau,...,logay are linearly independent over Q, then they’re also
linearly independent over Q.

Exercise 1. Show that e is irrational directly and quickly by considering the
series for nle.

Claim 1. €™ is irrational for every n € N.

Proof. Let f € Z[z]. Define

Tus f) = / "ty di = / ") (=) = — fu) et F(0)+ / o

0

Iterating this computation gives

I(up f) =e" > fO0) = f9(u).

720 320

Note: f is a polynomial, so this is a finite sum. Now, assume e” is rational. We
derive a contradiction by finding conflicting upper and lower bounds for I(n; f).
The upper bound is easy:

[(n; f)] < e™ max |f(z)],
z€[0,n]

which grows like C9°8f in the f aspect. Now our aim is to try to find
an f with I(n;f) > (deg f)! to contradict this upper bound. Pick f(z) =
2P~ 1(z — n)P, where p is a large prime number. A short explicit computation
shows

0 J<p—-2
fP0)=¢@-D(-n)p j=p-1
=0 (modp!) j=>p,

fm(n)_{o j<p-1

and

=0 (modp!) j>p.

Assume p is large compared to n and the denominator of e™. I(n;f) is
a rational integer divisible by (p — 1)! but not pl. So |I(n; f)] > (p — 1)L
Contradiction. So e™ is irrational. O

Claim 2. e is transcendental.



Proof. Suppose not. Then ag + are + ...+ ane™ =0, a; € Z. Define I(u; f) as

before. Then
I(u; f) =€ > f90) = > 9 (u)

Jj=20 Jj=0

Zakfkf Zaka(j)

k=0 7>0

Now choose f(z) = 2P~ (x — 1)P - (z — n)P. Similar to the above,

and so

0 J<p—2
FOO) = (= D=1 (=myr j=p -1
=0 (mod p!) j=p,
and for 1 <k <n
) 0 I <p-—1
fO (k) = Poh
=0 (modp!) j>p.
Let p large compared to n and the coefficients ag,...,a,. Then I(n;f) is
an integer divisible by (p — 1)! but not by p!, so |I(n; f)| > (p — 1)!, but also
|[I(n, f)| < CP as before. Contradiction. O

Claim 3. 7 is transcendental.

Proof. Suppose not. Then 7i is algebraic. Take a; = i, and let as,...a, be
all of the other Galois conjugates of m¢. Then

(I4+e*)(1+e*?)---(1+e*)=0

because the first factor is 0. Expanding this, we get a sum of all possible terms

of the form

exp E EjOéj

j=1
where €; = 0,1. Some of these exponents are zero and some are not. Call the
nonzero ones 61,...,6;. Then we have

2" —d)+e” +.- e =0.
As before, take our favorite auxiliary function,
L(w; fy=e">_fO0) =3 [ (u)
J=0 J=0
Then we have

(2" =) I(0; /) +1(0r; )+ +1(0a; ) = =(2"=d) 3_ f(0) szm k).

§>0 k=15>0



The right hand side of this expression is € Q by Galois theory. Now take
A € N to clear the denominators of the «;, i.e. so that Aay,..., Aa, are all
algebraic integers. Then let f(z) = A%P2xP~1(x —0,)P--- (z — 04)P. As before,

R e

and fU)(6},) is always divisible by p!. So again, we have a that the right hand
side of the above expression is an integer divisible by (p —1)! but not by p!, so it
is > (p—1)! but also < CP by the same arguments as above. Contradiction. [

Note the similarity of the last three proofs. We can generalize these, and
will do so in the next lecture.

2 Lindemann-Weierstrauss theorem

Now we generalize the proofs of the transcendence of e and 7 from last time.

Theorem 7 (Lindemann-Weierstraufl). Let aq, ..., ay be distinct algebraic num-
bers. Then
616a1+"'+/6nean:

for algebraic By,---, By only if all B; = 0. i.e. e, ... e are linearly inde-
pendent over Q.

This automatically gives us that e and 7 are transcendental, and proves a
special case of Schanuel’s conjecture.

Proof. Recall from the previous lecture that we defined

I(u, f) = / Sty de= et S F9(0) - 3 £ (w).

720 =0

We will choose f to have a lot of zeros at integers or at algebraic numbers.
We proceed as before, but things get a little more complicated. First, we make
some simplifications.

First Simplification: All the 3; can be chosen to be rational integers. Why?
Given a relation as in the theorem, we can produce another one with Z coeffi-
cients. We can consider

[ B0+ +o(Be)

oc€Gal(B1,-.-,8n)

instead. This expression is still 0 (one of its factors is zero), and upon ex-
panding, it has rational coefficients. The expression for the each coefficient is
a symmetric expression in the various o, therefore fixed by Gal(81, ..., 5,) and
hence rational. We can then multiply through to clear denominators. If we show



that all the coefficients of this new expression are zero, it can only be because
the original 3; were all zero (look at diagonal terms).

Second Simplification: We can take aq, ..., a, to be a complete set of Galois
conjugates. More specifically, we can assume that our expression is of the form

/Blean0+1 +616(1n0+2 + R +/81€an1 +62ean,1+1 + . +ﬁneant,1+l + . _i_ﬁne()ént,

where e.g. Qpg41,...,0,, is a complete set of Galois conjugates. Why can we
do this? Take the original aq,...,a, to be roots of some big polynomial. Let
Qntl,- .-, 0N be the other roots of this polynomial. Take the product

[T 4 e

where ayg,,...,a, are some choice of n of the {a;}Y,, and the product is
over all possible such choices. The original linear form is one of these, so this
product equals 0. Expanding the product, we get a sum of terms of the form
eMeatthnan and if we do not simplify the coefficients 3,, - - - 8,,,, then the
hiag, +- - -+ hpayg, which correspond to a given string of 8s form a complete set
of conjugates. Again, the only way that all of the coefficients of this expanded
product are identically zero is if the original coefficients were all identically zero.
This can be seen easily by estimating the size of the largest coefficient involved
in this operation. So we are free to make these two simplifications.

We want to work with algebraic integers, but the «aq,...,q, are a priori
any algebraic numbers, so choose some large integer A which will clear all the
denominators of the a;. Then for every 1 < j < n we define
A (z— )P (7 — )P

i) = (x — o)

This polynomial does not have Z coefficients but does have algebraic integer
coefficients. We define

Jj =Y Bel(an, f;),
k=1
where p is a rational prime large compared to every other constant in the proof.

The plan is to show that Jy---J, € Z and that J;---J, is divisible by
((p — D)) but not by p!. Which implies |J; --- Jp| > ((p — 1)!)™, but then we
also have |J; - -+ J,| < CP by trivially estimating the integral defining I(u, f),
causing a contradiction and proving the theorem.

Folding the definition of I(u, f) into that of J;, we find

Ti=3 B [ e YA =3 1) | ==Y 8> £ ().
k=1

1>0 1>0 k=1  1>0

The second equality follows from the assumption . Sre* = 0. Now we compute
the derivatives of f;. If j # k

0 I<p-1
f;l)(ak): _
=0 (modpl) [>p,



and if j =k

0 I<p-2
£ (aw) = § A (p = DT (ox — ) 1=p—1
=0 (mod p!) L= p.

Thus we see that each J; is an algebraic integer divisible by (p —1)! but not
by p! (using the first simplification).
Now we want to show Jj - - - J, € Z. Using the second simplification above,

Npr41
l
Ji== 3 Bar o > S ().
0<r<t—1 k=n,+11>0

The interior two sums is over a complete set of Galois conjugates oy, so is Galois-
invariant, hence in the ground field Q(cy;). After taking the product Jy - - - J,,
we have an expression which is again Galois-invariant, hence Jy---J, € Q.
We assumed that A was large enough to cancel all denominators, and the first
simplification says that the g are integers, hence J; - - - J,, is a rational integer.
In fact, it is a rational integer divisible by ((p — 1)!)™ but not by p!. We know
that I(u, f) < C987 in the f aspect, hence |.J; ---J,| < C’? for some other
constant C’. But this contradicts our lower bound! O

But this proof seems totally unmotivated. How might one think of it? Well,
if you want to prove that e is irrational, you can use the rapidly converging
power series and truncate to obtain a simple proof (see exercise from previous
lecture). Similarly, to show that e? is irrational for algebraic z, one can use the
power series
J

N
z
=2
1l
=0

‘ I\

+ (very small).

<

This leads us to the idea of Padé approximations:

The idea is to find B(z) and A(z) so that B(z)e* — A(z) has many vanishing
terms. We'll choose B(z) to be a polynomial of degree L, say, and A(z) to be
degree M. We can choose the A and B so that the first L + M terms vanish:
write out the coefficients for A and B as L+ M unknowns. Then we get a system
of L + M equations in L + M unknowns, so there is a solution. Therefore, it’s
possible to pick coefficients so that the first L + M terms of B(z)e* — A(z)
vanish.

Does this set-up seem familiar? It’s exactly the same thing as our favorite
interpolating function:

I(z, f) = /Oz () dt = e* Zf(j)(o) _ Zf(j)(z)
=0 >0

but now we think of f as depending on z. We might let f(¢) be something like
f(t) = tM(z —t) . Then 3 fU)(0) and Y fU)(2) play the part of B(z) and
A(z).



Now we move on to Baker’s theorem. It is of fundamental importance in
transcendence theory. For example, we have as a consequence the following
result in diophantine approximation: If 0 # p € Z[x] is a polynomial of degree
n, and h = height(p) = max |coeffs|, then

p(e)] = c(n, )b,

Theorem 8 (Baker’s theorem on Linear forms in Logarithms). Let aq,...,ap,
be nonzero algebraic numbers. Assume that logas, ..., log o, are linearly inde-
pendent over Q. Then 1,1logay,...,loga, are linearly independent over Q.

Also, there is a quantitative version of this theorem, which we’ll do later.
Note also that the homogeneous version of this theorem, i.e. that logay,...,loga,
are linearly independent over Q, is slightly easier to prove. Baker’s theorem gen-
eralizes the work of Gelfond and Schneider, who independently proved Hilbert’s
7th problem in 1934: If o is algebraic, and 3 is an algebraic irrational, then o is
transcendental. i.e. this is the case n = 2 of Baker’s theorem: if log o7 and log as
are linearly independent over Q, then 31 logaj + B logas # 0, B1, 32 € Q, not
both zero. Note also that in these problems you’re allowed to pick any branch
of the logarithm you like, so long as you (of course) stick to that one branch
you’ve picked throughout the problem.

Baker’s theorem has many beautiful Corollaries. For example, e™ = (—1)7% ¢

Q, and \/5\/5 ¢ Q. More impressively,

Corollary 2. Any Q linear combination of logarithms of algebraic numbers is
zero or transcendental.

Proof. Suppose we have some ag, ..., «a, for which

Brlogar + -+ By logay, = —f € Q.

Then if logaq, ..., a, are linearly independent over Q then we’re done. Oth-
erwise, loga,, € span(logay,...,loga,_1). The corollary then follows by an
induction argument on the dimension. O

Exercise: finish the details of this proof.

Corollary 3. If 8o, B1,---,Bn,a1,...,ay, are all not zero, then eﬁoafl et
18 transcendental.

Proof. Exercise. O

Corollary 4. If 1,B1,..., By are linearly independent over Q, and o; # lor 0,
then afl ol 2Q.

Proof. Exercise. O

Corollary 5. e™ B is transcendental for all ., B € Q, not both zero. T+loga &

Q for any 0 # a € Q.
Proof. Exercise. O



3 Baker’s Theorem, Part I

We take the rest of the week to prove Baker’s Theorem, one of the most impor-
tant theorems in Transcendence theory.

Theorem 9 (Baker’s Theorem). Let o, ..., a, be algebraic and logay,...logay,
be linearly independent over Q. Then for any Bo,...,08, € Q not all zero
Bo + Brlogay + -+ + By logay, # 0

The homogeneous form (i.e. that 81 logay + -+ + B, log o, # 0) is slightly
easier. Baker’s theorem is a generalization of
Theorem 10 (Gelford-Schneider). 8 loga; + Balogaz # 0, so that ag # alﬁl,
b1 € Q\Q, a1, as algebraic.

This was Hilbert’s seventh problem, which Hilbert thought would be solved
after Fermat’s last theorem and the Riemann Hypothesis.
Here’s the plan:

1. A proposition involving an auxiliary function with various magical prop-
erties (the construction of which is the hardest part).

2. Why this implies Baker’s theorem in the Homogeneous case
3. The construction of the auxiliary function for the case of Gelfond-Schneider
4. Return to the general case

Proof. We can assume without loss of generality that 8, = —1 Why? All the 3,
i > 1 can be zero, because then 3y is 0 also. So we can divide through and change
B, to —1. Thus, we can assume there is a number «,, = eﬁ"a?l e aﬁ"_”ll €Q,

and try to derive a contradiction.
Let h € N be large. Let L = h2~an

Proposition 1. There exists a function

where p(ko, . . ., kn) are integers not all zero with size not too big. i.e. |p(ko,. .., kn)| <
exp(h®) and such that ¢; = %d)(z) and ¢;(0) < exp(—h®") for all 0 < j < h®™.

How many values of p() are there? (L +1)"*! so something like h*". So the
properties we want in such a function aren’t completely trivial.
Now we go to the homogeneous case. We construct a similar

L
(z) = Z p(k1, ... kn)ak 7 Lk
k=

k17~7w 0



with [p(k1, ..., kn)| < exp(h®) and ¢;(0) < exp(—h®") for j < h®". So what is
this derivative?

L

¢;(0) = > plk,...kn)(k1logon + -+ + knlog o)’
E1,..kn

So there are (L + 1)™ — 1 possible distinct values for the (ki logay + -+ +
kn log a, ), which we call 41, ... 9 g.—(r4+1)»—1. The distinctness follows from the
assumed linear independence over Q. We are going to show that the ¢;(0) are
very very small. We'll think of the p(kq,...,k,) as variables with coefficients
;. So if we are to have these values very close to zero, we must have some
serious approximate over-determination in the linear system above described.
i.e. very small determinant. Actually, this is the Vandermonde determinant:

1o 3 .. it

|det | : : | =TT Iy — xl.

i<k
1 r - ¢§—1

Now we do row operations on this determinant to make the first row ¢;(0).
To do this, multiply the i-th row by the p(ki,...,k,) which corresponds to
that ¢; and add it to the first row. Call the p(k1,...,ky,) corresponding to v
p(ly,...,1), say. Then the above determinant is

#0(0)  #1(0) #2(0) ... Sr-1(0)

- |det

Then we expand this determinant along the top row, which as we previously
remarked, will be shown to be very small. We’ll show that each of the terms in
the top row is < exp(—h®"), and we already know that each of the 1; are of
size C'L for some constant C'. Then the above determinant is

< exp(—h*") (L") (CL)Y™",

where the factors come from the size of the terms in the first row, the number
of terms, and the size of each of the 1; terms, respectfully. Recall that we set
L = h?~Y/4" 50 actually we have the above determinant is

hSn
< exp (2) .

10



But then we know that the original product for the Vandermonde determinant
must be extremely small. There are L?" factors in the Vandermonde determi-
nant, so take the L?"-th root. Thus for some j < k,

7h8n
|w] 71/)k| S exp( L2n ) .

Great.
Next we have the following Lemma, which we will use to drive this estimate
on the determinant to a contradiction.

Lemma 1. If ky,...,k are not all zero, |ki|,...,|ki| < L and ay,...,a, are
algebraic with log ay, . .., log ay, linearly independent over Q, then |kilogay +
coo+ by log oy, | > C~L for some constant C.

Proof. If |ky log oy 4 - - -+ky, log a, | is small, then we can also say |4 - - afn —1|
is small. Choose A € N such that Acq;, Aa;l are all algebraic integers. Then

A" (o ... akn — 1) is an algebraic integer. So it’s at least norm 1 if not 0. But
because we assumed linear independence over Q, it can only be 0 if aq -y,
is a root of unity. In this case, however, the lemma is trivially verified. So

N(AE (¥ .. af» —1)) > 1. But it’s also < BF|a¥ ... afr —1]. O

i.e. algebraic integers are norm at least 1, so they can’t get very close
together without being the same. The lemma now finishes the proof because
|v; — x| > C~L, contradicting the bound just established.

Next we construct the auxiliary function in the n = 2 (Gelfond-Schneider)
case. We assume that oy = afl. Let h be large and let L = h?~1/%. We are
looking for p(k1, k2) to define

L

o(z) = Z p(k1, ko)akZak2?.

k1,k2=0

We will take the p(k1, ko) € Z, not all zero, and such that |p(k1, ka2)| < exp(h?),
and |¢;(0)| < exp(—h'6) for j < 6. So in this setting we are essentially trying
to get h'0 equations out of h*~1/4 variables. How this is accomplished is really
the magic of this proof. We have h*~1/4 variables. First we solve h3 equations,
then magically solve all the other equations approximately by “lifting”.

The first step is the choose |p(k1, k)| < exp(h®) such that ¢;(l) = 0 for all
0<j<h? and1 <1< h. Sothat’s about h® equations. Now we use the
arithmetic data of the «;.

L

Z p(k1, k2) (k1 log ay + ko log an ) ak*lalb?!
k1,k2=0

o (1)

L

= (logay)? Z p(k1, ko) (k1 + Brka)’ oyt ag?
kl,kzzo

11



Now this last bit (k1 +61k2)jalf1la§21 can be further reduced. Because oy, oo, 51
are algebraic numbers, they satisfy polynomial relations. Thus large powers
of any of these algebraic numbers can be reduced to linear combinations of
smaller powers of them. In fact a linear combination of powers of aq, as, 81
smaller than the degree of each. So (k1 + ﬁlkg)ja’fllag"‘l can be expressed as a
linear combination of Bi’l,a{fﬂa?, where 0 < by,a1,a2 < d — 1, where d is the
maximum degree of oy, @, f1. (N.B. this will be explained more clearly in the
next lecture). We then get

(k1 + Buka) ot ah?! = Z it alg? By u(j, ka, ko, a1, a, by)

a1,a2,b1

for some coefficients u(j, k1, k2, a1, az, by) we get by applying the above described
process. We can then set ¢;(I) = 0 by solving d* linear equations

Zp(kla k?)u(j7 kl) k2a ai, az, bl) =0.

This should make you happy because there are h*~1/* choices for variables and
d® (a constant) equations. Recall h can be chosen arbitrarily large.

Next we need to make ¢(z) vanish at even more points. To do so, we will
use the the following lemma.

Lemma 2 (Thue-Siegel). Suppose u;j, 1 <i < M, 1< j < N are integers with
luij| < U. Want to solve

N
E ’U,Z'jil'j = 0,
j=1

z1,...,&ny € Z, N > M. Then there is a nontriwial solution with |x;| <
(NU)~

A
—M |

Proof. Essentially, the Thue-Siegel lemma is a glorified version of the pigeon-
hole principle. Say 0 < z; < X. Then we have (X + 1)V possibilities for the z;.
Consider the M-tuple {Zjvzl Wi;%jti=1,.. M. So there are (NUX)M possible
choices for this M-tuple in ZM. Then if (X + 1)V > (NUX)M there exists
by the PHP a nontrivial solution to the system of equations. So there exists a
solution with |z;| < (NU)¥= O

4 Baker’s Theorem, Part 11

Recall that our goal was to prove Baker’s inhomogenous theorem. In that the-
orem we are given o, ..., a, algebraic numbers, and log aq,...,log a,, linearly
independent over Q. And we want to show Sy + f1logay + -+ + B logay, # 0
unless all 5y, ..., 0, =0.

We also have the homogeneous version: gy loga; + - -+ + 8, log a,, # 0, and
even easier, the Gelfond-Schneider result: 57 log oy + B2 log as # 0. All of these

12



results follow from building some auxilliary function: assume there’s a relation

oy = eg af ! ~~04§T11. This assumption is in place throughout the rest of the

proof. Let h be a large integer, and L := h2~1/4"_ Then there is a function

L
o(z) = Z p(kos - -+ kn)zi0 k1= 2

kOv--~7kn

with the following properties:
1. plko,...,kn) €Z
2. |p(ko, ..., kn)| < exp(h®)
3. ¢;(0) < exp(—h®") for all j < h®"

To sumarize what we did last time: we considered the homogeneous
version of this funciton

L

kiz k
E p(ki, ... kn)aft - apn®
k11-~~7kn

and saw that computing a Vandermonde determinant led us to a contradiction.
The idea is that Vandermonde forces two of the kilogay + - -- + k, log a,, to
be close together. But, as they're algebraic numbers, they can’t be too close
together, so in fact, they must actually be the same, and hence we get extra rela-
tions for free. Now focus on the Gelfond-Schneider case for simplicity. Suppose
o = alﬁ !. The auxilliary funciton becomes

L

0(z) = Y ok k2)oy a5,

ko,k1

Aside: There’s even a simpler version of this proof with a; = 2, and ag = 3
which will be presented in a subsequent lecture.

First step to find ¢: Choose p(k1, ka) such that ¢;(I) = 0 for all j < h? and
all 1 <1< h € Z. For this, we’ll need the

Lemma 3 (Thue-Siegel). Suppose we have M homogeneous linear equations in
N wvariables, with N > M,

N

j=1

j=1,...,M, |u;;| < U. Then there exists a nontrivial integer solution with
|| < 2NU) v

Here ends the summary of Monday’s lecture.

We compute

13



L
o) = Z p(k1, ko) (k1 log o + ko log o) i k2!
k1,k2=0
= (logar)’ Y plk,ka)(kr + kafr) oy ab?
k1,k2=0

where a1, as, 81 are algebraic of degree at most d. We can express 37 a]fllo/;?l
as a linear combination of terms of the form 4 a{'a4?. We might as well clear
demoninators to make ¢(z) a combination of algebraic integers. So assume
without loss of generality that the a;are algebraic integers. So suppose af =
A + Ayaqg + - + Ad_lozf_l be the defining relation for ;. Let ht(a;) =
maxi<;<d—1 |4i|. Also, if we multiply again by a1, we get further relations like
ai”l = Agar + Ay + -+ Ad,la‘f, to which we can apply the relation for ail
again. Thus we find that the coefficients of a{** are < 2(ht(a;))?. In this way
I can control the size of the coefficients of any a.

Now for j < h? and I < h, we want

L
BY ST plka k) (b + koY ot ab =0
kl,kzzo

where we have chosen B so that all denominators are cleared. We expand

BFHRLH (1 4 |y B1) abilal?! <« (100L) CLh < exp h?,

where the first term comes from the binomial coefficients, and the second from
the heights. The B factor can easily be absorbed into the other factors. Now
we want to apply the Thue-Siegel lemma. In terms of the statement of that
lemma we take N = (L 4 1), and the u;; to be (ki + ko) ot ab?!. The
z; will be the p(kq,k2). So U = exp(h?), and there are M = d*h® equations.
Recall L = h>~1/%  so that N = h*~/4. So by Thue-Siegelg we get a nontrivial

d°h
solution for the p(ky, k2) which is < (2h*~ 4 exp(h3))n™ 7 =313 < exp(h?).
So, we’ve constructed a

3(2) = > plkr, kp)ay a5

with ¢;(1) = 0 for j < h2, |p(k1,k2)| < exp(h?®) and | < h. This is still pretty
far off from the auxiliary function we promised at the beginning of the proof.
Baker’s idea is that we can get even more vanishing out of this function. We can
push the function to get ¢;(I) = 0 for j < h?/2 and | < RIF1/87 e, Reduce
the order of vanishing but increase the number of distinct zeros. We have that
the complex function

$i(2)
((z=1)(z=2)--- (2 — h))h*/2
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is holomorphic in the entire complex plane. Let R > 2h be some number to be
chosen later, and let R > r > h € N. Then we apply the maximum modulus
principle:

65(0) - 95(2)
(=D —2) =y = EER =1 - W7

So we get the bound

—h3/2
0 <7 (F) 7 explh? + OO og L+ cRL)

where the first factor comes from the denominator of the LHS, the second from
the denominator of the RHS, and the third from three factors in each term of
> p(ky, ka) (k1 log o + ks log ag)alflzag"‘z. We now take R as to minimize this
bound, and find that R = % ~ h'*t1/8. So taking r < h'+1/16 is reasonable.
Hence we obtain

|p;(r)| < exp(—ch®logh + Ch®)

with |R/r| > h'/16. So we get that ¢;(r) is very small, but why is it actually
zero? Consider now

Brtig.(r) = (logay ) B+ Z p(k1, k) (k1 4 Brka) o7 ab2r,
ki+ka

Omitting the first factor on the RHS, we have an algebraic integer (choosing B
large enough to cancel the denominators of ay,as,51). We can also say that
this algebraic integer lies in a field of degree at most d®. Furthermore, all of its
conjugates are < exp(h®+cRL+Ch?log L) < exp(2h3), by the same calculation
as above. An algebraic integer has norm > 1 if it is not zero. So if it is not zero,
|p;(r)| > exp(—c’'h?), using the fact that p(ki,k2) € Z. But this contradicts
the bound we got from the maximum modulus principle! Thus these additional
¢;(r) must actually be zero.

So what happens if we take j < h?/4, | < h'*+2/16 and ¢;(1) = 0 and try to
do the same thing? We consider the function

9;(2)
((Z — 1)(2; — 2) . (z _ Lh1+1/16J))h2/4»

which is holomorphic in the entire complex plane with A'*1/16 < r and R >
2hn1+1/8 S0 by the same arguments as above,

2
hTh1+1/16

2 R
|, ()| < I (2> exp(h® 4+ Ch*log L + cRL)
as before. The choice for R that optimizes this is then R = %ﬁ/w =

RAt1/8+1/16 and we can take 1 < p1t1/16+1/16

15



So observe that we get a constant increase in the admissible range of r by
1

75 every time we decrease the range of j by a factor of two. So, repeating this

process, we can take, say j < 2}2% and get ¢;(r) = 0 for r < h'®. We now want
to show that ¢;(0) is very small. So consider

$j(2)
((z=1)(z —2) - (2 — h16))h2/2°%"
which is entire. We want an estimate for |¢(z)| on the circle |z] = 1. So consider

a large circle of radius R > 2h!'%, then by the same maximum modulus trick as
above, we get that for z on |z| =1

R\
) exp(Ch® + cRL).

ol < 10y (4

To minimize this, we take R = % ~ h6F/8 So we get that |p(z)] <
exp(—h'®). Now, by the Cauchy integral formula,

_J! o(2) 4 18
¢J(0) = Tm /|z|_1 zj+1 dz < jeXp(—h )
If j < h'S then ¢;(0) < exp(—h'®). This finishes the construction of our
auxiliary function.

Thus, the Vandermonde calculation and Lemma 1 from Lecture 3 are valid,

and produce a contradiction, which proves the theorem.
O

Next time we will generalize this to the inhomogeneous case, and the case
of n variables instead of just n = 2. After that, we will show a simple proof for
a; =2 and ag = 3.

5 Baker’s Theorem, Part II11

Today we tackle the general case of Baker’s theorem. Let aq,...,a, be al-
gebraic numbers with logay,...,loga,, linearly independent over Q. Assume
Bo, ..., Pn € Q are not all zero, and by dividing through we can also assume
without loss of generality that 8, = —1. So we have and will use the relation
ay, = e af oo aﬁ[’ll. The main additional difficulty is the construction of the
auxiliary function. We are looking for a function

L
o(z) = Z pko, . .. kp)2Roak17akez . gfnz
Ko,k =0

with p(ko, ..., kn) € Z, |p(ko,. .., kn)| < exp(h®), and ¢;(0) < exp(—h8") for
j < h®. We will deduce Baker’s inhomogeneous theorem from the existence
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of such a function, but first, let’s concentrate on the construction of such a
function.

We want to do the same trick from last time where we pull out a (log ay )’
and find an algebraic number. But we can’t do that here because there are many
different log «; factors. So we need to introduce a function of several variables,

which will allow us to do essentially the same thing. Let L = h2~1/4"_ Here is
how to define the function:
L
E1+kn otk Ep—14knBrn_1)2n_
D(20,. .., 2n-1) = Z plko, ..., kin)zioehnPozog(FrthnB)z o (kathn )z o (ke oabhn Bnoa)zn
KQ s kon =0

Now, when we take partial derivatives in the various variables, we still get
the algebraic property which we desire. Let ¢(z) := ®(z,...,2). Let

amo aml . amn71

= 3_mo 3om1 Mn_1
0zy" 0z] 0z,

(I)mo,...,mn_l(ZOa"'7Zn71) : q)(Z(),...,anl).

Let

¢j(2) = Z ( mO>..:j7mn71 ) g (7 2):

Mot mn_1=3

So we’ll make this ® by demanding that for all choices of mg+---+m,_1 <
h?, and for all | < h we have @,y m, ,(l,...,1) = 0. On first inspection,
this seems feasible, as we have h2"t1d%" equations to satisfy and L™t total
variables.

L
omo
Py ()= > plhos ... kn) 577 (zhoeknBozo)| | (kg 4k Br)™
ko,...,kn=0 0

xRy e B—n) ™ e P (log g )™ (log @) ™2 -+ (log )™

So each summand in the above is (up to the p’s and the loga’s )

kil kol knl
all C¥22 .“ann q(kow-'aknaﬁ()?'"aﬂnfl)u

where we reduce using the relation o, = e afl e ai’fﬂ and the ¢(- - - ) is some

polynomial. Now we can reduce this even further using the polynomial relations
which define each algebraic number involved. Thus we can express it in terms
of a polynomial combination of terms of the form a4*, a3, ..., a% b ... BZ":{
with 0 < a;,b; < d — 1. Finally, we also want to cancel denominators. The

mo,...,mp < h%, so the coefficients required will be of size Bh2+"Lh(CL)h
times an expression in terms of the heights of the «;, 8;, which can be absorbed
into the B term. This whole thing is < exp(h?).
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Now we are in a position to apply the Thue-Siegel lemma. We have d2"h27+!
equations, L™ free variables and the size of the coefficients is < exp(h?). Thus

by the Thue-Siegel lemma, we have a nontrivial solution for the p(ko,...,ky)
with
42n p2n+1
plho o k)| (D exp(ht)) T ima
< exp(h?)

So we have quite a bit of vanishing, but we need even more!
2
Extrapolation Step: If mg + - - 4+ my,_1 < % and r < AMTY/8" then
Donoimn (1, ..., 7) = 0. Take

f(Z) = (I)mo,...,mn,1 (Z, ey 2,’)7
with j < h%/2. And also

J
f](Z) = Z < LT ) (Dmo"rj()v“-ymn—l“!‘jnfl(Z?"'72)

Jot-Fin-1=]
so fj(z) =0 for j <h?*/2 and z =1 < h. Now consider

f(z)
((z=1) (2= h)'s
which is an entire function. Choose R > 2h, and r > h. We apply the max-
imum modulus principle just like last week’s lecture. So we get that |f(r)] <
_h3 ]
P2 (BY T max | £(2)] = rh°/2 (B) TP exp(2h3 + CLR). Tf we opti-

mize, we find that it’s best to take R =~ g—i ~ hUFUA o if ¢ < R/ we
conclude that

)

Ifi(r)] < exp(—ch?®logh).

(N.B. The use of the maximum modulus theorem above is not essential to
the proof. It is but a crutch. We’'ll do this proof yet again in yet another
way which avoids the use of the maximum modulus principle. Probably next
lecture.)

As we already discussed, f(r) suitably multiplied is an algebraic integer,
all of whose conjugates are exp(h?®), and degree d*". But then, as in previous
lectures, by computing norms we find that f(r) = 0. Thus we’ve proven the
extrapolation step.

By iterating the extrapolation step, we can, for any s € N, take mg 4 -+ +
Mp_1 < g—j, and r < h's/87 In particular, taking s = (8n)%,we get a ® such

R and r < pltén

that for any mo + -+ 4+my,_1 < 2<2m2 ,

CI)WLQ,H.,mn,l('f’7 . ,'I") =0.

Putting ¢(z) = ®(z,...,2), we get ¢;(r) =0 for j < 2(2712 and r < p1T87,
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Now we finish the construction of the auxiliary function using the Cauchy
integral formula in similar fashion to the previous lecture. Consider

¢(2)
h2 :
(=) (= oo
So if 2| < 1 and some R > 2h'T8" then

h3+8n
R\ T
6(2)] < (R F3MHM <2> exp(Ch® + cLR).
Then optimizing, we set R = hstrLsn. So then
1
6;(0) = ) 1, < jlexp(—c'h* " log h),

210 J)zj= 271

for j < h®", ¢;(0) < exp(—h3T8").

Thus we’ve finished the construction of the auxiliary function. We still need
to deduce Baker’s theorem, but nothing much changes there from the previous
instances of the proof, so we’ll do it quickly next time.

So what are some of the key points of the proof?

1. The norm of an algebraic integer is 0 or > 1. If | is tiny and its conjugates
|o ()| are not huge, then the algebraic integer must be 0.

2. Solving linear equations (Thue-Siegel)
3. Extrapolation argument

Jeff Lagarias’ comment: Where do we use the fact that ® is a multivariable
function? It is in the extrapolation step that we crucially use that the partial
derivatives go in many directions instead of just along the diagonal. The multi-
variate nature of ® seems to be essential, even though we don’t use any complex
analysis of several variables or anything like that.

6 Baker Concluded; Powers of 2 and 3

Last time we wrote down the auxiliary function for the inhomogeneous Baker’s
theorem:

n—

L

kn kn ki+knfB1)z kn—1+knBn_1)2n_

D(20,. ., 2n-1) = E p(ko, ... kn)zg"e 'Bozoag ! 2 gl o zn-1
k

and also that

o(z) =®(z,2,...,2) = Z p(ko, . . . k)20 ak17 . gfin



with ¢;(0) < exp(—h®") for all j < h®". We now actually deduce Baker’s
theorem. We first go back to the homogeneous case.

P(z) = Z p(ko,...,kn)a’flz...aﬁnz;

ko, kn=0

=1

Let ¢1,...,¢41) be the values of ) k;log ;. Then we have

(L+1)"

> p(r)w) < exp(—h®")

r=1

for 7 < h8". One of these coefficients is nonzero. Say p(7). Choose a polynomial
W with W () =1 and W(¢,) = 0 for r # 7. Write the coefficients of W:

(L+1)" -1

W(z) = Z w; 2.

j=0
Then

(L+1)"

p(F) = D p(r)W(,)
r=1
(L+1)" -1 (L+1)"

= > w Y pr)
§=0 r=1

(L+1)"—1

= > wies(0)

=0

We know all the ¢;(0) are tiny. If the w; are not too big, then we’ll be done,
because p(7) > 1. What would be a good definition for W? We can take

(z —¢r)
W(z) = T2

Recall that |1, — 15| > exp(—CL) to estimate the coefficients w;.

Now we go back to the Inhomogeneous case. Assume that ¢1,...941)n
are distinct values of > k; log o;. Then

n

L (L+1)
¢(z) = Z Z p(ko,r)zkoewrz.
r=1

ko=0

20



We know that we can rig up ¢;(0) as an (L + 1)"** x (L+ 1)"*1 determinant

which is nonsingular and all entries small. Pick out a ko, 7 with p(ko,7) # 0.
Find W a polynomial such that W;(¢,) =01if r # 7 and j < L. And
0 ifj+#ko
W;(yr) = s

1 ifj=ko
The subscript j means derivative, as it is used with ¢. Let W (z) = ZgLil) wjzd.
Computing the derivatives by hand we have Wi, (¢r) = > w;i(j —1) -+ (j —
ko + 1)¥i~%0. As in the previous calculation, we have

plko,7) = Y pk,T)Wi, (¥,)

k,r

(L+1)"—1

Z w; > plko,1)j(G — 1)+ (j — ko + 1)epi~Fo.

koT‘

But p
. J
30 = 1)+ (G = o+ D™ = 2= (e )] o,

p(ko, 7) Z w;; (0

Now, we are done by the same pr1n01ple as before. Let’s write down exactly
what W is.

So we have

_ L+1 1 \ko
W(z) = 1;[ (1; d;;) (2 k::)/]!r) (1+ay (z—r)+ag(z—r) 24+ - Fap 11—k, (=) EFEF0),

then solve for the ai,as,.... That the 9, are well-spaced implies that the w;
are not too huge. In fact of size about

n+1
( cmax |1, )L
minr;ﬁs W}r - ¢s| ’

But this is like size exp(h®"), which loses to exp(—h®"). So we're done.

Plan: We’ll go through this proof again and try to prove a quantitative lower
bound. Many wonderful theorems follow from effective estimates which we get
out of Baker’s theorem, as we shall see. Most other theorems in transcendence
theory are ineffective.

Here’s the problem: Let S = {p1,...,ps}. The the S-integers are p{*, ..., p%=.
Then put these in order: ny < ng < .... The question is, how close can n; and
ni+1 get? Up to X there are about ~ C(log X)® numbers. To answer this
question, there is the following
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Theorem 11 (Tijdeman). There exists a constant C' = C(S) such that

n;
Nit1 — N > = av>
o ' (logn;)C(®)
where the suppressed constants are effective.
Corollary 6.
2m

277L 371 >> .
| | mC
Effectively.

We’ll prove this corollary, but not Tijdeman’s theorem. In fact, we won’t
even prove the full strength of the corollary. We hope to show

2m
om 3> =
| 2 S ogm)®)

for some 0 < C' < 1. We do it by taking Gelfond-Schneider for oy = 2, as = 3.

We knew }ggg was irrational, now we know it’s transcendental. Suppose that

igig = Y +6. Goal: bound §. This is the same as 2V = 3V 46V s0 |2V -3V | =<

V§3Y. Assume § is very small. (We'll eventually get better than 6 > 37V /V/).
Plan: Examine proof of Gelfond-Schneider.

L

Z p(kl, k2)2klz3k2z.
k1,k2=0

¢(2)

We want to construct something of this type with various properties. (Eventu-
ally, we’ll take L to be a tiny power of logU or logV, so L is small compared
to the rational approximation).

L
> plky, ko) (ky log 2 + ky log 3)72123k>
kl,k2:0

¢ (2)

L

: U
(log3)’ >~ p(ki, k2) <k1 (V + 5) - k2> k12 gkaz

k1,ka=0

Let

; RS WU Y
0(z,5) = (log3)! > plki,ks) (1+k2> gz ghaz
k?l,kz:() V

</~>(Z7,7') is (1057]3)1 times an integer for z € N. Suppose |p(k1, k2)| < P. Then
6;(2) = (2, §) + O(5(2L) 3617 P),

where in the error term, the 2/ comes from (log3)’, the L’*! comes from the
binomial coefficients, and the extra L? comes from the L? terms. We want to
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solve ¢(z,7) =0 for 1 <z =1r < Ry, and j < Jy. We'll take Ry the be a bit
less than h2, say L'~2%, and Jy to be about L'*®. The number of equations is
then RyJy and the number of free variables is L?. The coefficients of the RgJy
equations are < (L(U + V))76LFo. Thus we can use the Thue-Siegel lemma.
We get a nontrivial solution with

Jo R
P < (3LA(L(U + V)’ 6LF0) T oy |

7 Effective Baker for log?2 and log 3

We continue the proof from last time about powers of 2 and 3. Let’s review
briefly what happened last time. We let

log2 g

log3 VvV

with ¢ very small. This is equivalent to

2V = 3U+V — 3V L o(sv3Y).

Tijdeman’s theorem (which is a consequence of effective estimates in Baker’s
theorem, and which we won’t prove) would give |§] > V¢ for some constant c.
We will prove

Theorem 12.
5> exp(—cx(log V)")

for any Kk > 2.

Tijdeman’s theorem would give the above as a corollary with £ = 1. So then

we got started:
L

$(z) = > plhr, ky)2" 73k

k17k2:0
We'll let L be a power of log V', and that power will be > 1. Next compute the
derivatives

L

¢i(2) = > p(ki, ka)(k1log 2 + ko log 3)72k173k22,
k1,k2

Assume that |p(k1, ke)| < P. We'll establish a bound for P later. We have
k1log2 + ko log 3 = (log 3) (k1 (¥ + 6) + k). Let
. j klU joki1zq9kaz
¢(z,j) = (log3)’ Z p(k1, ko) (—— + k2)727173%
k1,k2 v

so that
0j(2) = ¢(2,7) + O(SP6LI*I(20)7+2).
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Here ends the summary of the previous lecture.

The algebraic input to this demonstration is via this #(2,7). Indeed, if z € N,

then ¢(z,7) = (integer) (1‘)%?’)]. Now, the construction of such a function is in
terms of integers, so we start as usual by Thue-Siegel. To make ¢(z,j) = 0 for
all j < Jy, z =1r < Ry, we must have JyRy < L2. Later, we'll take Jy = L1,
and Ry = L'72* We'll take a very small, eventually like x — 2.

Now we figure out the quantities we’ll need for Thue-Siegel. We have k%/U +
ko ~ 2LV, so that the size of the coefficients is

kU ok
— 4+ k 6=,
(5 +»)

The number of variables involved is L?, so Thue-Siegel implies that there is a
nontrivial solution for the p(kq, k) of size

(1.001)Jg Rg

2 2
< ((2LV)7o6"Fo) 17 T =exp(3 JOLRO logV +2 JoRRy

)

2

so that we take P := exp(3LlogV + 2J”TR3) = exp(3LlogV + 2L273%).
Now we move on to the extrapolation step. j < Jy, 7 < Ry, so that we have
(forgetting the +2’s etc...)

6;() = O(5P6"o(2L)%).

Now we extrapolate to bound ¢;(r) with j < Ji, r < Ry = RoL®/? =
L'—20+a/2  Recall that the extrapolation step was the key point in the proof
of Baker’s theorem! Before, we used the maximum modulus principle, but we
can’t use that here because we don’t have that something actually equals zero,
but is only very small. But we can get around this. Define as before

9;(2)
(= 1) (=~ F) "7
with r > R, R > 2r > 2Ry. We'll also perform the same integration

1 $;(2) dz
2w /|z|—R ((z=1)+ (2= Ro)) /% (z =)

but we no longer know that the integrand is entire. If it were so, this would
have been the Cauchy integral formula. We estimate this integral in two different
ways, and compare the results.

First: Bound the integral trivially along the circle. Each factor in the de-
nominator is at least (R/2)~%070/2 and the numerator will be max|.|—r |¢;(2)],
so that the whole integral is

_RoJo
2

< (?) P(2L) % 6LE,
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Choose R =< RyJy/L = L®/?R;.
Second:

65(r) 3 0,(2)
et X, e (e )

1<k<Rq

This residue calculation might look horrible to you, but it’s really not as bad
as it seems, and we have to do it. The worst case will be when z = Ry/2, and
using the estimate Ry! =~ 1070/2(R/2)!, T claim that what you get is at most

(10Jo) %
< ~——5—0Pexp(2LRy + Jolog L)
RoJi R
< §Pexp(2LRy + 2Jglog Jy — 02 % 1og 70).

So we have that

R Jg

|65 (r)| < (R1) "5 ((R/2)" %" P(2L) # 6" + 6 P)
At this point, we don’t know anything about this § P term. Further simplifying:

RoJo
2

Ry J,
< P(2L)é*06LR exp(—% log®/? L) 4 6P exp( log Ry).

Now, at this point, if the second term is large, then § must be large, but then
we’d be done. But on the other hand, the first term is smaller than anything.
What is the analogue of the norm step? ¢(z,J) is small, but by integrality

properties, it will turn out to actually be zero. Then we will need to extrapolate.

J .
If z € N, then ¢(z,j) = (integer) (10%3) . So if our bound for this is < V7,
then in fact ¢(z,j) = 0. It suffices to show the following

1. § < exp(—JplogV — RoJylogL). If this is false, then we’d be done,
because we already have a lower bound for §.

2. From the “smaller than anything” term above, it suffices to show that
aRplog L > logV'.

So if these are satisfied, we use that we know
¢;(r) = O(§P6"" (2L)")

forr <Rj,j<Jitogotoj<.J/2=Jyandr < Ry = RlLa/2. So we can
run through the same argument and get the same thing at the last step. This is
possible if § < exp(—JylogV — RyJ1log Ry) and aRglog L > log V. Do this k
times, assuming it’s possible to do so. If it’s not possible, it’s for a good reason,
because ¢ is too big, and we stop. So at the end we have

b;(r) = O(P6=Fx (20)7x)
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for j < Ji = g—,‘j and r < Ry = RoL**/2. Deduce ¢;(0) is small for many values
of j.
The next step is to estimate ¢(w) for |w| = 1/2. Then

$;(0) = L’/ o) 1
Jw

T 20 Jyyr g wi

Consider now

1 o(2) dw
i S G =R G )

then bound it in two different ways, as before.
What you get if you do this:

2R\
d(w) < P6LT (Rk> + §exp(2L1log V + RyJy log R).

Now we choose R. A non-optimal but sufficient choice is R = R, L*/?. Thus we
get
OéRk Jk

< Pexp(— log L) + dexp(2L1log V + Ry Ji 1og Ri41))-
And as a consequence

Ry Jy

$;(0) < 57 (P exp(— log L) + dexp(2L1log V + Ry Jy, log Rk;+1)) )

Great. Now, what was it that we wanted? Recall

L

¢;(0) = > plky, ko) (kylog2 + kylog 3).
k17k2:0

Let ¢1,...,%¢(141)2 be the distinct values of (k1log2 + k3 log3).

(L+1)?

¢;(0)= > p(r)yd

r=1

so if this is small, there is some v, — 1, is very small. So we want some estimate
for all j < (L +1)?+ 1. We write down the Lagrange interpolation formula in
the homogenous case. First of all there is some 7 so that p(7) # 0, so that we

take
(L+1)%-1

) = (z—¢r) _ wa
W( ) ’ 7,1;[; (wf - w'r) ; T
Then
(L+1)2-1
p(A) =Y )W) = Y wig;(0),
=0
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so we want to show that the w; are not too big to finish. We want to show the
denominators are well-spaced to bound the coefficients. We use the stupid but
sufficient bound |alog2 + blog 3| > 1/2% to get the denominator in

(20)"

oL?

wj K < exp(3L%log L).

We want that for j < (L + 1)2, ¢;(0) < exp(—4L?log L). So if

¢;(0) < P exp(—@ log L)+6 exp(2L1log V+RyJi log Ryt 1)) < exp(—10L%log L),

say, then we get a contradiction. Assume that 6 < exp(—10°L?T*log L) to
get this contradiction. The we can take RyJ, = L?T®, and L'72* > logV or
equivalently L > (log V)13 to get the bound and the contradiction. The false
assumption was that § < exp(cL?T*log L), so then § > exp(—c(log V)?T%),
and we're done.

So, we've now done about the first 20 pages in Baker’s book. It’s very
dense. Next time we’ll do some applications of this effective result. e.g. the
class number one problem.

8 Applications: Class Number One

So proving the theorem about separation of powers of 2 and 3 wasn’t that easy
after all, but we did it. We’ve proved

2V
exp((log V)*)’
for any k > 2. Now, you can believe that we can do this in general for
many bases. The corresponding bound for linear forms in logarithms is as
follows: Let 5; € Q, and log a, . ..,log a;, be linearly independent over Q. Let

a1y Qp, B1, ..., By all have degree < d. Let ht(fy),...,ht(5,) < B, and
ht(ayg), ..., ht(ay) < A. Then

12V —3Y| >,

|Bo + B1logay + - - + By log o, | > exp(—C(log B)"),

where kK > n+ 1, and C = C(k,n,d, A). In the homogeneous case, we get
better, x > n. This is the main result from Baker’s landmark 1968 paper in
Mathematika.

But this isn’t the best possible result. A better result was proven by Feld-
man, in which we are allowed to take x = 1, obtaining a bound like > B¢,
with C = Cj(log A)*1. We can take, k; = n, say. Even from here, various
refinements and improvements are possible. The state of the art is contained in
a paper by Baker and Wristholz which appears in Crelle’s Journal sometime in
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the 90s. Morally, Feldman’s result is some sort of effective power savings over
Lioville’s theorem. From the same viewpoint, Baker’s theorem would have given

1
i exp((log ¢)'/¥).

This is not as good as Roth’s theorem, but goes beyond Lioville, and unlike
most results in this field, is effective, which can be used to great consequence.

So there are lot of applications of these results. The first one we’ll do is the
class number one problem. Class number one is a very old problem, going all
the way back to Gauss. It asks one to compute all immaginary quadratic fields
with class number one: —1,—3,...,—163. There are 9 of them in all. The first
result in the direction of this problem was due to Heilbronn.

Theorem 13 (Heilbronn). h(—d) — co as d — oo

The proof is famous for splitting into two cases, first assuming that GRH is
true, which is the easier case, and secondly, assuming GRH is false. It uses a
purported exceptional zero L(p, x) = 0 and controls everything else in terms of
this zero. But of course Heilbronn’s result is completely ineffective because we
can’t find such a zero.

Next we have

Theorem 14 (Landau-Siegel). h(—d) > C(e)d'/?>¢

But C(e) above is completely ineffective. None of these results rule out the
10th possible imaginary quadratic field with class number one.

Heegner in 1952 solved class number one, but his work was ignored for
some time. But then Stark solved class number one in 1968 using techniques
from diophantine equations. Later Stark filled in the unproven statements in
Heegner’s proof and showed that it, in fact, was correct. At the same time,
Baker also proved class number one, using a method of Gelfond and Linnik
from 1949. Gelfond and Linnik actually got extremely close to to proving class
number one but got unlucky. With one additional trick, their proof would work
to prove class number one using Gelfond and Schneider’s 1934 transcendence
result. They thought they needed linear independence of three logarithms, but
actually only two would have been sufficient.

Jeff Lagarias’ comment: Actually, to prove class number one, you need the
work of both Baker and Stark. Stark proved that there was no 10th field between
-163 and a very very large but finite number, and Baker proved that there was
no imaginary quadratic field with class number one and discriminant very very
large.

In 1971 Baker and Stark proved that there were no class number two fields
with discriminant larger than 10°°°, or some number like that. We won’t prove
this. Baker’s work does not seem to prove the class number problem effectively
in general, but this is known due to work of Goldfeld, and Gross-Zagier.

We now begin the proof of the class number one problem, i.e. that there is
an effective upper bound to the discriminant of a field with class number one.
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Claim 4. Suppose Q(v/—d) = 1. Then if p < %, and x = (_—d) is primitive,
then x(p) = —1, which is the same as saying that v+ x + % takes only prime

values in 0 < x < %.

Proof. Suppose not Then (p) = pp. Then we have

T+ yv—d x? + dy?
N =p= N (TR ST
so if not zero, p > %. But we assumed otherwise. Contradiction. O

Proof (Class Number One). Let K = Q(v/—d).

i) = ¢ty s, = T (1- 1)1 (1 Xg<p>>1 o [

; —
. D D pois (1 _x ;S(p)>

But we really don’t want to work with a pole, so instead, let’s take ¥ mod ¢ to
be a real quadratic character, e.g. the one associated to the real quadratic field
Q(v21). Then we have

L(Sa w)L(Sa wad>

1 (1 B ¢g>)‘1 (1 B w<p>;s_d<p>>‘l

p

)] (1 - pi) + Y ar(::)

plg

n> 41

for some choice of a(n) obeying a bound like a(n) < d(n). Now, compute using
the left hand side. Take the completed L-function:

36 = (9w (2) e (1) s

™

The nice feature of having one odd and one even character is the form of the
gamma factors which appear here. We can use the duplication formula! So this

2 s/2
— (2y7) (jj) D()L(s, ) L(s, ¥x—a) = A(L—s).

The idea is to get a nice formula for A(1) with extreme precision. Let ¢ > 1.
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Then

1 11
i A -
ami ), M) (51 - s) s
1 11

1 11
— () +— [ A(l- =
()+2m'/(1€) ( 8)<s—1+s>ds

1 1 1
= 2A(1)— — A — 1+ —) (-
M) =55 © (w)<1—w+—w>( dw)
Which gives
1 2s —1

Al = ds

Tm' (c) (S)S(S — 1)

27 Vd ’ 1 aln) | 2s—1
= on © (277) I'(s) C(QS)H (1 - p2s> + Z ns | s(s—1) ds

d+1
plg n>4

Now, I claim that the term in the above coming from the dirichlet series
makes an extremely small contribution. Pulling out this term

1 9 —1 (qvd\
Z a(n)Qm'/(c) F(S)s(s—l) (27Tn> as,

n> L4l

we shift the contour to get an estimate on it’s size. One of the factors looks like
C

Vd and I'(s) looks like (i)c by Stirling’s formula, so we choose ¢ to balance

these. The minimum of I'(c)£¢ is at about & = ¢, so that the above is <«

2mn

eXp(—Cq\/E)7 where the C only comes from adjusting for the 2s — 1/s(s — 1)

factor. Because our range of summation is over n > (d + 1)/4, this whole term
is actually exp(—av/d/q) for some a > 0. So it’s not even a good estimate in
the d aspect, it’s an extremely good estimate!

Now, the main term is

plg

Move the contour to the left, to —c. How far? Enough to balance the size of the

S
two terms (%) and I'(s)((2s). Again, we pick up an extremely small error

term, the main term coming from the residues. So, the main term above is

o
q >)'

Residues + O(exp <
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So what are these residues? There is no pole at 2s = 1 because it is canceled
by a zero. There is a pole at s = 1, whose residue we must account for. There
is also a possible double pole at s = 0 coming from I'(s)/s. But there are zeros

at s = 0 coming from
1
H (1 - pZS) ?

plg

and if ¢ has at least two distinct prime factors, then we have a double zero, and
hence no pole at zero!
So taking the residue at s = 1, we have found that

ZI\/& 1 —av/d
A1) = 2\/7?§C(2) H (1 - p2> + O(exp <q>)

plq
f
= 2y LLY)L(L ¥x-a),
by which we obtain

L(L )L ¥x-a) = ¢ ]| (1 B p12> ol <_aq\/8>) |

plg

Now we’re really close to finished.

_ logeghlg), = do)m
L(1,¢) = Y (1,%x-a) Jad
so that
h(g)h(—qd)loge, . ox ﬂ
~a H( 7)o p( a >)
and

—avd
6h(q)h(—qd)qloge, = 7r\/al_[(p2 — 1)+ O(exp <a\[> ).
plg 1
m = —ilog(—1),
so this is a contradiction to Baker’s theorem, which gives a bound of exp(—(log d)?).

So d is in fact bounded. O

This proof is very special to the case of class number one. Let’s look at
what happens for class number two. h(—d) = 2. Genus theory says that the
number of times which 2 divides h(—d) depends only on the number of prime
factors of d. Let d = p1q1, with p1 =1 (mod 4), and ¢; = 3 (mod 4). Let x be
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a character mod d given by the Legendre symbol. We still have that all small

primes p < % are inert, except for p; and ¢; which are ramified. Then

-1

1 »(p1) (%) ¥(q1) (Z%)
L(s,w)L(s,1x) = ((25) g (1 - p2> Sl B

—S8
Now, before, we had (%) , but now we have both p; and ¢y, with p1q; ~ d,

with one of these small and one large with respect to v/d. If p; and ¢; are far
apart, we can make the same argument. The hard case is p1 ~ ¢1 ~ V/d. Then
we have error of exp(—\/a/ p), and this destroys our whole argument. So instead
we now take

L(s,¥xpy ) L(8, ¥ Xp) + L(s, ) L(s, ¥X)

and things will cancel out in a nice way to make things work. But we’ll talk
about this next time.

9 Applications: Class Number Two, a Putnam
Problem, the Unit Equation

Another way to think about the proof of class number one which generalizes
more easily to higher class number problems is via Eisenstein series. Consider
the series

S

* y
E*(z,5) = ((28)E(z,5) = Z m,
(e,d)#(0,0)

where

E(z,s) = Z (Imvyz)®.

YET o \SL2(Z)

Let Q_p denote the set of positive definite integral binary quadratic forms
of discriminant —D. Let Q_p/T" denote the set of equivalence classes of such
quadratic forms under the usual change of basis action. We define h(—D) =
|Q_p/T|. To each such equivalence class there is associated a unique point

z= —b+27 ZI_D € I'\'H called the Heegner point of discriminant —D. We denote
the set of Heegner points of discriminant —D as A_p. Then if [a,b,¢] is a
quadratic form corresponding to the Heegner point zy, then

* - \/E ) 1 - \/5 s T[a,b,c](n)
E"(z0,8) = (2) ( Z (ax? + bry + cy?)s (2) Z s

z,y)#(0,0) n=1

where 7 (n) is the representation number of n by the quadratic form @ € Q_p.
Observe that
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> ran 2 (%)

QeQ-p k|n
whence
E*(z,5) (VD) & -p\ . (vDY (VB
ze;ﬂ)m* (2) ;%(l@)n = <2> C(s)L(s,x-p) = <2> Co(—p)(5).

Again, we don’t want to work with the pole here, but that’s okay, just as
in last week’s lecture, we can twist by a character to remove it. This costs
us a twist in the Eisenstein series by the same character, which will raise the
level. But it does so by a bounded and controllable amount, so such a twist is
pretty benign. We will again like to get an exponentially good approximation
to L(1,v)L(1,vx—p), and derive a contradiction with Baker’s theorem. To get
the approximation, we look at the Fourier expansion of the Eisenstein series.
E*(z, s) has a Fourier expansion of the form

E*(z,s) = (const) + Z( - )e(nz)Ws(yn)
n#0

Where Wy(+) is some sort of exponentially decreasing Bessel function which
depends on s. If y is sufficiently large, the exponential decay of W kicks in
and the series drops off exponentially fast in n. If we assume that h(—D) = 1,
then we only have one Eisenstein series to deal with, and we know that the one
Heegner point comes from the quadratic form z2? + = + %, hence a = 1 so we
know that the imaginary part of the Heegner point is v/D /2, which is sufficiently
large to take advantage of the exponential decay of Ws. So truncating the
Fourier expansion, we get an exponentially good approximation to the central
value, which leads to a contradiction with Baker’s theorem, as last time, which
implies that D must be bounded.

Now, what happens to this method when we try to do class number two?
We instead get two Heegner points. If both of these points are high in the
cusp, the above method works. However, this need not be so. The best general
bound on a we have is a < %, which just says that the Heegner point lies in
the fundamental domain. So that’s not really that helpful. However, to solve
class number two, we can use genus characters. Most hopeful in this direction
is a problem of Euler, “Numeri Idonei”. i.e. Find all d for which there is only
one class per genus. To approach this problem one is led to consider

Z L(sv /(/)Xd1)L(87 de2)7
dids=d
which actually puts another kink in our method because we get many logarithms
and their heights start to grow very fast. The situation is manageable for class
number 2, but not for class number 4. There’s no hope at all for class number
3 because we don’t even have any genus theory at our disposal.
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It’s also important to mention the results of Goldfeld, Gross-Zagier, who
prove an effective class number bound like h(—d) > log|d|, which is the best
effective bound know, but still very very far from the truth.

But a few final remarks on genus theory: The number of genera is something
like 2¢(9) where w(d) is the number of prime factors of d. It would also be
possible to attack one class per genus with Goldfeld/ Gross-Zagier. A lower
bound of any power of d, e.g. h(—d) > d-°000000001 woyuld be sufficient to solve
one class per genus, but we don’t even have this!

Okay. So we're now done with the class number problem. Let’s move on to
other applications of effective Baker.

Application 2: Here’s a very Putnam-esqe application: 1,3, 8,120 have the
property that if you multiply any two and add 1, then you get a square.

Question 1. Are there any n > 120 for which 1,3,8,n have the same property?

These sorts of sets are called “Diophantine tuples”. The answer is “NO”, as
solved by Baker and Davenport in a 1968 paper. We’ll prove this result, and
see that it’s not actually as isolated a result as it at first seems. We want to
solve the system of equations

n+1=0
n+1=0
&n+1=0

Which is just the same as solving
n=az2-1
3% — 2 = ¢
8r2 — 7 = 22
So we are really trying to solve effectively the hyperelliptic equation
t? = (32% — 2)(8z% — 7),

and by solve effectively I claim that there are only finitely many solutions to such
an equation, and we can write down an explicit bound for how large they may
be. Siegel showed that ineffectively that there are only finitely many solutions in
integers, but Baker’s theorem will solve the problem effectively. We can re-write
our equations as

y2 —3z% = —2; 22— 8% = -7,

and these are simultaneous pell-type equations. (2+1/3) is a unit in Q(v/3), so
for each n € Z there exists y,, and x,, for which

y+V3z = (yo + V32,)(2+ V3)".
So, we get a lot of solutions

Y2 — 322 = 2.

n
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We can assume also that

1<yn+V3z, <243

i.e.
2
— < \/gxn —Yn < 2
2+3 Y
so we want to solve
2
1+ < 2V3z, <4+V3,
2+3

which implies x,, = 1, forcing y,, = 1. So we’re found there’s a finite list (i.e. 1)
of solutions. now we do the same thing to the next equation. For each m € Z
we have a solution to

(2 4+ V8x) = (2 + V82.,) (3 + V8)™.
The same process gives two choices:
(£1+V8)(3+V8)™.
Now solve for z:
2v3r = (1+V3)(2+V3)" — (1 - V3)(2 - V3)"
and one of

oEr = J AT VBIBHVE™ — (1-VB)(3 - V)™
(—1+VB)B+ V8" = (-1 - VBB - V8"

But these two options are actually identically the same thing! So we get that
V8(14+/3)(2 4 v/3)" is exponentially close to v/3(£1 4 /8)(3 4+ 1/8)™. This is
a linear form in logarithms! There exists m,n so that

mlog(3 + V8) —nlog(2 + V3) + 8

is exponentially small, contradicting inhomogeneous Baker. Actually computing
the coefficients, one finds that m < 10%*®7,then you have to check all the cases
up to that point. But Baker and Davenport check a lot of these all at once with
great efficiency, using continued fractions cleverly.

Now, let’s generalize this result in the following simple way. Let E be the
elliptic curve defined by y*> = (z — a)(z — b)(z — ¢), a,b,c € Z. Then we try to
solve the system

r—a= A0
z—b=B0O
r—c=CL.
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So we do the same trick as before, and we find that there are finitely many
solutions and that they are effectively computable. The general case is where
the elliptic curve doesn’t have full 2-torsion over @, but we’ll not do that here.

Application 3: The unit equation in a number field. Let K be a number
field of degree n = r + 2s, r real embeddings and 2s complex embeddings. The
unit group is then of rank t =r + s — 1.

Question 2 (unit equation). Find all solutions to u +v = 1, where u,v are
units i K.

Theorem 15. There are finitely many solutions to the unit equation, and they
can be effectively determined.

Proof. Assume 71,...,n: are the fundamental units in K. Then any unit is
of the form u = {n}* ---n;"*, where ¢ is a root of unity, and the a; € Z. We

define the regulator R = det(log |n/|) # 0. Let 6 € K. Since there are 7 + 2s
embeddings of K, we have

NS )9(7“)

real embeddings, and
0(r+1)’ 0(T+2)7 o ’0(7‘+S)

complex embeddings, and the
0(r+5+1) 0(7’+s+2) 0(r+2s)
, e
complex conjugates thereof. So if we know the first » + s — 1 of these we can
determine all of them because we know the norm of 8. The regulator is a ¢ x ¢
determinant, so the definition of regulator makes sense.

Let v = C’nll’l .- 'ni’t. Let’s forget about the roots of unity for a minute here,
they’re not really the point of the proof here. So we know

e )t =1
We have a similar equation for each embedding. We know for each 1 < j <t

Na 1)at b 1 )by
g gD =1

We want to bound ||a;||;2 or ||a;||;2, so we want two big real numbers adding to
zero, so look at the regulator.

log [n{"] - log|nt”| a

1 | (2)| U | (2)‘

e e = Qog |-+ ... Jog -+,
log [n{"| log |1;"| a

So we have that

[Hog -t l12 > Rllall=-
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We want to be able to say that there exists a j so that n%j)al -nt(j)at is big in

absolute value. And by the above, we get this. Why do we need u, v large?
Because logu = log(1 — v) =~ logv makes sense if v is large, then we can derive
a contradiction using effective Baker’s theorem.

O

Application 4: the Thue equation. Let K be a number field, and a1, ...,aq €
Ok be distinct, d > 3. Fix p € Ok. Solve (x — aqy) -~ (x — aqy) = p, with
z,y € Og. For example, z3 — 2y% = 73.

Theorem 16. The Thue equation (above) has finitely many solutions, and can
be effectively solved.

We can reduce powers in the Thue equation (mod p) and get an equation
of the form «éP + P = 1, with finitely many choices for «, 8. This looks just
like the unit equation. So the Thue and unit equations are closely related.

10 The Thue Equation, Hyperelliptic Equations

Last time we discussed the unit equation. Let K be a number field of degree
n. The equation u + v = 1 with units u and v has finitely many solutions, and
they can be effectively determined. We can ask more generally for solutions
to au + fv = v with «, 5,7 € Ok. By the same method, there are finitely
many and they can be effectively determined. Zimmeit showed that there is a
universal constant for regulators, something like R > 0.056... universally!

The next application is the Thue equation. Again, let K be a number field
of degree n = r + 2s, and t = r + s — 1 which is the rank of the unit group. Let
ai, ..., aq be distinct algebraic integers, d > 3. We want to find solutions to

(x—ay) - (z —agy) = p

with 0 # u € Og. We want to show that this has only finitely many solutions
for z,y € Ok which can be effectively determined (i.e. there is a bound for
these solutions). e.g. the equation 23 — 2y = k.

Corollary 7. If « is algebraic of degree n, then there is some function g(q) — oo

as q — oo such that |a—¢| > 'q(g)

, where g(q) is explicitly effectively computable.

Baker: g(q) = exp((logq)?) for some §. Feldman: g(q) = ¢°. So the proof of
the corollary is to apply the Thue theorem to |(ag—a)(asq—a) - - - (ang—a)| = 0o
as ¢ — 00. So the Thue theorem shows that the left hand side is at least as
large as something — oo/q".

Now we try to prove Thue’s theorem. A crucial fact in the proof is that
N(z — a;y)|N(p). There are many ways of defining height of an algebraic
number. Here’s a new one we will use:

|a] = max \a(j)|,

where the a¥) are the Galois conjugates of a. We have
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Theorem 17 (Northcott). There are only finitely many algebraic integers o of
bounded degree and bounded |a|.

Proof. Write down the polynomial (z — aV))---(z — a(™), and observe that
it has Q coeflicients which are bounded. There are only finitely many monic
polynomials in integers with bounded coefficients and bounded degree, which
therefore have a finite number of solutions. O

We now proceed to the proof of the Thue equation. Suppose we have a
solution (z — a,;y) = Bju,, with u; € O and |3;| bounded. As in last lecture,
let us denote the Galois conjugates of an algebraic number 6§ € K as

o 9@ g

real embeddings, and
9(7‘+1), 9(7’+2)7 o 70(7‘+s)
complex embeddings, and the
0('r+s+1)’ 0(7“Jrs+2)7 o 70('r+2s)
complex conjugates thereof. We can then rig the u; such that (z — ozjy)(k) is

bounded for k = 1,...,r + s — 1. But we also have N(z — a;y)|N(u) so that
(xz— ajy)(k+5) is bounded also, and hence all the conjugates. Then we have

z—oy =

T — agy = Baug

r — aqy = Baua

with 31,..., 84 fixed of bounded height. We want to show that the u; are
determined. We can take linear combinations of the above, and get, for example
with the first three

agy — ary = Brug — Baus
azy —ary = Pruy — Baus

and solving for y between these two get

(a3 —aq)(Brur — Paug) = (a2 — aq)(Brur — Paug).

This is a unit equation in the variables us/u1, us/u1, which we already know
has finitely many solutions, effectively determined. But choosing 1,2,3 was
arbitrary here, so we actually know that each of u;/u; have effectively finitely
many solutions. But we have

o () ().
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so uq is determined also! So applying Northcott’s theorem, that solves the Thue

equation.
Application 5: Integer solutions to elliptic and hyperelliptic curves. Let
K be a number field and ag,...,aq be d > 3 distinct algebraic integers. The

problem is to effectively solve
v = (- ) (o~ aa)

effectively. (N.B. This gives an excellent result on the size of the integer solutions
to such an equation, but no information as to the number of solutions. That
is an entirely different problem to be attacked by entirely different means. But
this goes to show how many questions one can ask.) Our approach is similar
to descent, we try to write each of these as something fixed times a square.
Actually, we will work with ideals. As ideals, we have

(yz) =(x—a1) (v —aq),

and
(x — o) = a;b7,

and the only things that could lie in a; come from coprimality conditions. So
a; divides Hk#(aj — o), so there can only be finitely many choices for a;. Let

aj_l and bj_l be integral ideals inverse to a; and b; in the ideal class group with
bounded norm. So we have

a;'0; % (z — a;) = (a;a;")(b;b;1)?

—1

The ideals on the right hand side are principal, and all of the ay, a;l, b;, bj

have bounded norm. Then as elements, we have

4

B;

X — Oéj = ’7J2~6j,
where Aj, B; have bounded height in the sense of Thue, «; is an algebraic
integer, and €; is a unit. The B; comes from aj_lbj_Q, the A; comes from
ajaj_l), and the 7 comes from (b, bj_l)Q. But we still have to get rid of the
unit. We have

e = Cm’" -y

say. Take the squarefree part of this by absorbing the squares into 'yf. The
conclusion is then that
Cj 2

r—o; = —f;
J v
D;

with |C;],|D;| bounded. Now, let’s look at the first few of these equations we
get and try to sort out what happens. We have

C
x—alzD—iﬂf
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C C:-
Qg — oy = 315% - jiﬁg

C C
a3 —an = D%ﬂ% - D%ﬂ:?-

Now we’re back in the situation of Baker-Davenport: simultaneous pell-type
equations. So we use the same method to prove that the system has only
finitely many solutions. First, clear denominators:

D1DyDs(as — aq) = D3DyC13f — D3D1Cs33

D1D2D3(a3 - a1) = DngClﬁf - D1D2C'3ﬂ§

D1 Dy Ds(as — az) = D3D1C235 — D1 D2 Cs33.
Now, factor. The right hand sides equal

(V/C1D3D3B1++/C2 D1 D3B2)(\/C1 Do D31 —+/CaD1 D3 ) := (G12v12) (Fiat2)

(v/C1D2D3B1++/C3D2D353)(\/C1 Do D331 —+/C3 Do D3 33) := (G13v13) (Fizu13)
(V/C2D1 D3fa++/C3D3D333)(\/C2Dy D3 fBa—+/C3DaD3f33) := (Gazvas)(Faguas).

Let’s now work in an extension of K which includes these square roots. Observe
that the sum of these three equations is zero (left hand side). Now, multiply
the three equations together. The right hand side is a product of 6 factor, each
of which has effectively bounded norm. So, we may write each as a unit times
a number which is effectively determined (hence the meaning of the above). i.e.
The |Fia|, | F13|, | Fas|, |G12], |G13], |Gas| are bounded. Adding them, we get zero,
SO

Fiouio — Fizuis + Fazugs = 0,

also
Gi2v12 — Gi3v13 = Fhzuas,

etc. So given uoz, w1z and uyo are also determined. So this fixes what wvog is,
and hence each of the v;;. Therefore, we find that effectively finding integer
solutions to hyperelliptic equations reduces to the Thue equation, and therefore
we are finished.

So what have we got? If we are given an equation y? = 2% 4+ az + b with
lal, |b] < H, we have that the integer solutions have max(|z|, |y|) < exp((lOGH)wG),
in general. In specific cases we can do much better, for example, the famous
Mordell equation y? = 23 + k we have max(|z|, |y|) < exp(ck!T¢). There is also
a famous problem
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Conjecture 2 (Hall). For all coprime integers x,y, we have

|y2 _ $3| > xl/Z—e'

Baker’s theorem implies a lower bound of > (logx)!~¢, effectively. Also,
the ABC conjecture implies Hall’s conjecture. We'll talk more about this next
class.

There is also a p-adic version of all of Baker’s theorem. We want to say that
a linear form in logarithms can’t be too small in the p-adic metric. To treat
this case, we need to take a large space. Start with Q,, then take the algebraic
closure @p, which is no longer complete, so complete it again to get €2,,. There is
a theory of analytic functions on this object, developed by Mahler, Schnirelman,
Sprindzuk, Brumer, Coates, Vanderpoorten, and Kun-Rui Yu. There’s a nice
book on applications of Baker’s theorem and the p-adic Baker theorem by Shorey
and Tijdeman called “Exponential Diophantine Equations”. We won’t go into
any detail, so you should look there if you're interested.

To get a p-adic version of Baker’s theorem, we’ll have to get some analogue
of the Cauchy integral formula or the maximum principle. Suppose

f2) =3 an(z—a)*
k=0

is an analytic function converging for some |z —al, < p € R. If (n,p) =1, then

we factor
n

x"—le(x—Q)

i=1
in €2,,. Then we have some sort of circle, so we can write down an analogue for
the Cauchy integral formula. Consider the limit

B
dm =3 fla+rg)
(n,p)=1" j=1

with 0 # r € Q,. We call this limit

/a RELE

and you should think of this as similar to

1 dz
— z .
270 | a—a)=r zZ—a

This integral has nice properties. For example, if f(z) is analytic, then the
integral evaluates to f(a). There is also a maximum modulus principle, but it’s
now obvious by the ultrametric triangle inequality:

/(” f(z)dz

max | f(a+2)l,.

7Z:T'
b Izl=irly
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Now, the rest of the proof of Baker’s theorem goes through line for line. The
statement at the end becomes

Theorem 18 (p-adic Baker’s theorem). Let K a degree d number field, and let
a1,...,an € K be nonzero, with |a1| < Ay, ..., |an| < A,. Let p be a prime
above p, and b1,...,b, € Z with |b;| < B. Then

d
ordy(alt - alr — 1) < (C’nd)cnlfﬂ(bg Ay)---(log A,)(log B)®

For comparison, Baker’s theorem would say
laft - alr — 1| > exp(—C(log A1) - - - (log A,) (log B)),

without the square on the last factor.

11 Effective p-adic Baker and Applications

Last time we stated a version of Baker in the p-adic case, but gave no proofs
whatsoever. Here’s the statement again:

Theorem 19 (Baker’s theorem for p-adic valuations). Let K be a number field
of degree d over Q. Let p be a prime of K over p. Let ay,...,a, € Ok of
heights < A1, ..., A, respectively. Let by,... b, € Z, all < B. Then

ordy (a8 -+~ abr —1) < (Cnd)™ 1O]g);p(log Ay) -+ (log A,)(log B)?.

This theorem is due to the combined work of many people: Yu, Vander-
poorten, etc. It is slightly weaker than the corresponding result at the archime-
dian place due to the (log B)? appearing above instead of log B .

This result is very useful, as it allows us to solve the S-unit equation, u+v =1
where v and v are S-units. S is a fixed finite set of primes. In the archimedian
case, we would interpret S as the set of all infinite places. We get that the S-
unit equation has only finitely many solutions, and that they can be effectively
determined. What a nice theorem!

For example suppose we have the following problem: Find all solutions
(2,9,2) € N3, with x + y = z satisfying the statement

plryz = p € S.

We can do this with our result on the S-unit equation, and get an effective
upper bound on the size of the solutions.

A Here’s a different problem: Count the number of solutions to the above
equation. A result of Evertse says that the number of solutions is < exp(al|S|+
b), but his result is ineffective. Thus, we can tell that there are finitely many
solutions, but we don’t know how many. We’ve stated Evertse’s result over Q,
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but it works with different constants for any other number field. Evertse only
depends on the rank of the group.
Now, we do another application. First, we take the Thue equation:

(z—a1y) - (z — aqy) = p,

where d > 3 and we solve in algebraic integers. Now, we will replace p and get
the Thue-Mahler equation. Take p to be comprised of primes in a fixed finite
set S. That is, we take p to be varying instead of fixed, as it is in the Thue
equation. Said differently: the left hand side is allowed to be any S-integer. This
is related to the S-unit equation z +y = z. If we let 2 = aA*, and y = bB*,
then aA* + bB* = 2. So if we factor the the left, we have 415 from factoring
a, b, and if we forget A and B are composed of primes in S at the end we get an
equation which looks like Thue-Mahler. Overkill: aA* + bB* = c¢C* is a curve
of genus > 2 so Falting’s theorem implies there are only finitely many solutions.

Conjecture 3 (Erdés, Stewart, Tijdeman).
r4+y=z plryz=—peSs
has at most exp(|S|?/3+°M) solutions as |S| — .

Example 1 (Konyagan and Soundararajan). There exists S with > exp(|S|>~V27¢)
solutions.

This is in a similar vein to an old result of Erdos, Stewart and Tijdeman
which says that there exists a special set of primes S with > exp(|S|'/?) solu-
tions. Furthermore, Jeff Lagarias and Sound have a result that is S is the set
of the first |S| primes, then there are > exp(|S|*/®) solutions.

Here’s another application. We have

Conjecture 4 (ABC conjecture). Given a,b,c € N with a+b = ¢ and (a,b) = 1,

then
1+¢

max(al, [bl, le)) < e | J] »

plabe

This conjecture is already quite deep because it would imply Fermat’s last
theorem, and all sorts of other things. We can get some sort of result along
these lines, however, by bounding the right hand side of the above from below
using the effective p-adic Baker. There is a a result

Theorem 20 (Stewart-Tijdeman). Given the same assumptions as the ABC
congjecture we have,

15

max(|al, ]b],|c|) < exp H P
plabe
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The bound is pretty bad, but at least we have something. There is a result
of Yu and Stewart which gets the constant down from 15 to 1/3, but it’s proof
is considerably more involved.

Proof. Suppose a,b,c is composed of the primes p; < ... < p,.. Let a =
Py ptr b = phtoopbrsand ¢ = p§---p. We want a lower bound for
R =[]}, pj. By writing a +b = c as b=1- 2 and similarly for 2, we can

use p-adic Baker to get

B i max{an, - sr i brcree) < (C0) T2 (log ) -+ (g ) (10g B)*
But R > the product of the first r primes, which is &~ exp(rlogr) by the
prime number theorem. So (Cr)¢™ is bounded by a power of R, say by R*. We

also have L= < R, and
og pr

(logp1)---(logpr) <p1---pr < R.
So, B < R for some constant ¢. So abe < RE® < exp(RetL). O

A few miscellaneous remarks: First, we show that there are sets of primes S
so that the S-unit equation has as many as exp(ﬂ) solutions.

Let’s construct an example to show this. Let S(y) be the set of y-smooth
numbers. Recall that a number n is y-smooth if pjn = p < y. Let

’(/)(Z‘,y) = Z 1

n<zx
neS(y)

Consider y-smooth numbers a,b < X. There are 1(X,y) of these (ignoring
coprimality conditions). The sums a + b run up to 2X. So there exists a

2
“popular” ¢ with at least % representations as a +b = c¢. Let S = {p <

y} U {plc} ~ logy + 101g°1gogm, i.e. the primes dividing each of a, b, c. Then if we

take y = (logz)®, we have ¢(z,y) = #'~«+°(1) g0 long as a > 1. Take o > 2+¢.
Then the popular ¢ has > 2° = exp(y'/?~¢) representations.

The next miscellaneous remark is that we need the ¢ in the ABC conjecture,
otherwise it is false.

Now, consider the y-smooth numbers up to z, (x,y) of them. The idea
here is that there are two which are very close, within /v (x,y) of each other
(but we’ll do something slightly more refined. We choose a and ¢ to be y-
smooth, and close together, so that b = ¢ — a is smallest. To avoid coprimality
conditions, let’s look at the interval [(1 4 d)7, (1 + 6)7*1] in lieu of the interval
[1,x] to make sure the gcd works out. The number of such intervals is log /4.
If Y(z,y) > 8% we can find (a,c) = 1 with a,c € [(1 + )7, (1 + 6)I1]. Now,
b= ¢ — a, so max(a,b,c) = ¢ and

R = Hpg Hp b < dceY.

plabe p<y
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The e¥ comes from the product. We want R small. We pick § so that there are
at least two points in one interval, so maybe up to a constant, R < Cifzgm Ze)y S

we use calculus to minimize this. To do this, we first have to find a lower bound
for v (z,y). So, we consider all y-smooth numbers, that is, consider all possible
choices of k, € N for each p <y, and such that Hp<yp < z. We want to count

the number of possible choices for {k,} subject to these conditions. So, we have

kalogp <logx

p<y
SO 1
Sk < B
p<y ogY

Thus we’ve reduced the problem of counting y-smooth numbers to the problem
to counting lattice points in a high dimensional tetrahedron. More precisely,

log

}.

Y(z,y) > #{(kp)p§y|kp S szkp <

p<y " logy

We can count the lattice points by appealing to simple estimates about the
volume of a high-dimensional tetrahedron. So we get the lower bound

Y(z,y) >

logz y
(1o§y)ﬂ(y) B (elogx)logy

m(y)! y

Because e¥ is ~ y¥/ 108y

v 2 y/logy
R< 08T e (Y ,
¥(z,y) elogz

choosing y = v/log x, this is
—24/1
R < ¢(log ) exp (ng) ,

log log x

where ¢ is the max of a,b,c. This bound gives a counterexample to the ABC
conjecture if we remove the €.

Baker and Granville: quantitative version of ABC

Mason: ABC for polynomials

Cartan: ABC for holomorphic functions

We'll discuss two more results before going on to diophantine approximation,
the second half of the course.

1. Six exponentials theorem

2. The Schneider-Lang theorem
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A putnam problem: If 1%,2% 3% ... € N, prove that o € N.

A corollary of the six exponentials theorem is that if & ¢ Q then one of
2%,3%, and 5* is transcendental.

Conjecture 5. In fact, one of 2% and 3% is transcendental.

Theorem 21 (old, first published accounts due to Ramachandra and Lang).
Let ap, a0 € C, linearly independent over Q. And (1, 32,83 € C, also linearly
independent over Q. Then one of exp(a;3;) is transcendental.

Conjecture 6. Instead consider only 51,82 € C, linearly independent over Q.
Then one of the four exp(a;3;) are transcendental.

proof (corollary of 6 exponentials theorem). Let 81 = log2, B2 = log3, and
B3 =logh. Let oy =1, as = a. 0

Corollary 8. If 3 is transcendental, there are at most 2 algebraic numbers,
S ; ) 8 8 ;
multiplicatively independent, for which of and o are algebraic.

The corollary complements the Gelfond-Schneider theorem.

12 Six Exponentials Theorem

Six exponentials theorem: If a, ag are linearly independent over Q, and 31, B2, 83
are linearly independent over Q, then one of the six exp(c; ;) is transcendental.
A c0r2011ar is that one of 2% 3% 5% is transcendental for a ¢ Q. e.g. one of
27 2™ 2™ is transcendental.

Proof. We construct an auxiliary function

K

$(z) = Y Pk, ky)efrorzekzozs,

k1,k2=0

We want to pick the p(ki, k2) to be not all zero, lie in O, and |p(k1, k2)| small.
So we want llﬂl +1252 +13ﬂ3, for 1 S ll, lg, l3 S L to have d)(llﬂl +1262 +1363) =
0. We’ll see that this is easier to do that it was to prove Baker’s theorem, as we
have L? equations, and K? free variables, so we’ll eventually take K2 > 2L3.
We use the Thue-Siegel lemma again. Actually we need a slight modification of
the Thue-Siegel lemma for a number field.

Lemma 4 (Thue-Siegel for a number field). Let F' be a number field, and
consider M wvariables. Suppose we have a homogeneous linear equation

N
E ;L5 = O7
j=1
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with N > M and o;; € Op. Assume that |a;j| < A. Then there exists a
nontrivial solution with L .y
7] < (CNA)~-,

where the constants only depend on F and nothing else.

Proof. The proof is the same as in the rational case. Let wi,...,wy be an
integral basis for Op. Write a;; and x; in terms of wy,...,ws. Then we have
Md equations and Nd variables, and the size of the w; are fixed in terms of F,
so we can bound them by C'A. Now, apply the Thue-Siegel lemma. O

Now recall we were in the middle of constructing

K

o(z) = Z p(ky, ky)erro1zehzazz,

k1,k2=0

Evaluating ¢ we will get powers of e®# going up to KL. To produce a con-
tradiction, assume all e®? are algebraic. Clear denominators by multiplying
through by, say, D% L. So DKL ¢(2) vanishes at the L3 points I1 31 +1282+1305.
The size of the coefficients is C%%, so by the Thue-Siegel lemma for number
fields, we can find p(kq, ko) with

Tp(k, k2| < (CKL) 717 |

Let K2 = 2L3, then |p(ki1, k2)| < CKL. Fact: ¢ is not identically zero, because
a1, s are linearly independent over Q. Fact: ¢ does not vanish on all linear
combinations I 51 + l282 + I3083 with lq,l2,l3 € N. Why? ¢(2) is holomorphic,
and these points are dense in C. Alternately, because ¢(z) is order 1, and can
only have about R zeros in a circle of radius R, but it has at least R3 zeros.
So there is a number s > L such that ¢ vanishes at all 1181 + 282 + 303
with [; < s but doesn’t vanish for some chosen W = 5181 + s232 + s303, with
max(sy, S, $3) = S.
Now look at
¢(z) ,
I, 1ty <s(z = 1B1 = 12B2 — 1385)

let z = 8131 + s282 + 8383, and use maximum modulus principle on some circle
|z| = R. Then we have

oo 4(2)
|p(s181 + 282 + s3B3)| < (Cs) |z\iR Do oa(z — P — P — Iafs)
(Cs)” (Cs)*

Choose R = s3/K. Then the above is

CKL exp(CRK).

3
10CK\*®
< oKL (2> < exp(—033 log s),

S
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where we've used s > L, K = 2Y/2[3/2. So if all of it’s conjugates are not
too big, the usual norm argument will show that it is actually zero. So let’s
do it! After multiplying by DKL DSELg (518, + sof32 + s3/33) is an algebraic
integer, and by our estimate on |p(k1, k2)|, we have that all it’s conjugates are
< CKL exp(CKs)DSE. So ¢ is zero, but not zero. Contradiction. O

What about 4 exponentials? Then we’d have K? free variables, and L?
equations. So we’d have to take K = 2L in the end, and s > L which would

2
S
give (% , and barely fail to give the 4 exponentials conjecture.

Another example from this circle of idea is the

Theorem 22 (Schneider-Lang). Let K be a number field, and fi, ..., fn mero-
morphic functions of order < p. Let f; = g;/h;, where g, h are holomorphic
functions, and their orders are < p. Consider the ring k[f1, ..., fn], and assume
it satisfies two properties,

1. This ring has transcendence degree > 2.
2. % preserves this ring. (N.B. surjectivity not required.)

Then there are only finitely many w1, ..., w, where the f; are simultaneously
algebraic. We have m < 20p[K : QJ.

Before the proof, we do some applications of the Schneider-Lang theorem.

Example 1: Take f; = 2z, and fo = e*. Then there are only finitely many
a € K with e* € K. But if a has e® algebraic, then na is also algebraic for any
n€N. Soe® € Qif a #=0,a € Q. So we recover a special case of Lindemann’s
theorem.

Example 2: Let f; = e*, fo = eP*, B € Q,8 ¢ Q,8 € K. The we get that
there are only finitely many o € K for which o® € K But if there is one, there
are infinitely many: «,a?,a3,..., except if o = 0,1, i.e. we have recovered
Gelfond-Schneider. (Unless « is a root of unity, but we can finesse this...)

Example 3: Let A be a lattice, say A = w1Z +wsZ, wa/w; ¢ R. We have the
doubly periodic function

p(z):ZiQ"f' > [(le_;?]

0#ANEA

It is meromorphic, and has poles of order 2 at the points of A. Then

, -2 2
@(2):?— Z [CESNE

0£AEA

is also meromorphic of order two. We have the relation

©'(2)" = 4@(2')3 — g29(2) — g3,
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where go = 60G4 =603, ,_, %, and g3 = 140Gg = 140 D a%=0 +5. Suppose
we have a lattice with go and g3 algebraic, in some K. Then K[p(z), p'(2), 2]
satisfies the conditions of the Schneider-Lang theorem. So there are only finitely
many « € K with p(a), ©’(«) both in K. But using elliptic curve addition, we
can add a’s

Suppose we have periods w1, wa. Then consider p(w;/2) and p'(w1/2), and
suppose that they are algebraic. (We would pick wq, but p is not well defined
there, so wy/2 is the next best thing.) Siegel proved that at least one of the two
periods are transcendental. Schneider proved both are. If wi/2, p(wy/2) and
©'(w1/2) are all algebraic, then nw; /2 is also, contradicting Schneider-Lang. As
a consequence, we know that if « is algebraic, then p(«) is transcendental.

Example 4: The modular j-function.

93

Jjr) :=1728 ,
) g3 — 2793

where 7 = ws /w1, and thus the lattice is generated by 1 and 7. Consequence: if
7 is algebraic and 7 is not a quadratic irrationality, then j(7) is transcendental.
Note: If 7 is a quadratic irrationality, then j(7) generates the Hilbert class field
of Q(7), so it has a very significant algebraic meaning!

Example 5: With much more work (due to Chudnovsky), one can show that
the periods don’t have any relation with = for £ a CM elliptic curve. This
in turn implies that I'(1/4),T'(1/3),T'(1/6) are transcendental by picking clever
CM elliptic curves.

13 Schneider-Lang Theorem

Recall the Schneider-Lang theorem: Let fi,..., fy be meromorphic functions
of order < p, K a number field such that

1. K[f1,... fn] has transcendence degree > 2.
2. K[f1,... fn] is mapped into itself by %.

If wy,...,wm are complex numbers not being the pole of any f; and f;(w;) € K
for all j, k. Then m < 20p[K : Q.

One corollary was the Gelfond-Schneider theorem after taking f; = e* and
fo=¢€P*, 8¢ Q, B €Q. There was some confusion in this last time. If nlog a,
« algebraic then we get the Gelfond-Schneider theorem so long as o # 0 and
log o # 0.

Other examples: To every lattice A = w1ZPwsZ, with ws/wy € R we look at
doubly periodic functions on A. We have for the Weierstauss function (defined
last time)

' (2)" = 49(2)° — g2(2) — g3
where L
g2 :=60G4 :=60) 1
A#0
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and

1
gs == 140G := 140 > 35
A£0

Then if go, g3 are algebraic, every period wq,ws is transcendental (this is
the result of Siegel / Schneider mentioned last time). Contrapositively, if « is
algebraic, then p(«) is transcendental. This construction and a little more (if
the elliptic curve is CM) shows that the periods are also independent of .

Proof (of example /). Take any lattice where wy/we = 7. That is, take any
lattice homothetic to this A. Suppose j(7) is algebraic, and pick w; and ws on
this lattice with go and g3 algebraic. So now we’re in the previous situation. So
for this lattice, we have

0'(2)* = 4p(2)° — g2(A)p(2) — gs(A).

Let’s work in a number field K which contains 7. Consider the values

p(2), 9 (2), p(12), 9 (12),

and plug in z = (n+ $)w;. Then (p(z), ¢(2)) are 2-torsion points, which means
that they’re algebraic. Now, 7z = (n + %)wg similarly gives algebraic values
for p(7z) and p’(7z). So by the Schneider-Lang theorem p(z) and p(7z) are
algebraically dependent. Now we can play around and match up the poles,
so this forces 70wy € A for some integer ¢ (exercise). Now we're done, since
L
ol
Proof (of Schneider-Lang). Out of fi,..., fy there are 2 functions which are
algebraically independent, say f and g. Use these to construct an auxiliary
function

awy 4 bwa, SO T = wa/wy is imaginary quadratic. O

K

d(z) = Y plhr,k2)f(2)" g(z)".

ki,ko=1

The algebraic independence shows that this ¢ is no identically zero unless all
p(k1, ko) are zero. We will pick p(ki,k2) to be algebraic integers in K with
smallish size. Say z = wi,...,wy, are points where f;(wy) € K. We want
that ¢ (w;) = 0 for all 0 < ¢ < L. By the second condition, for any j, fiis
expressible as a polynomial in the other meromorphic functions, say, f;(z) =
P;i(f1,..., fn). There are Lm equations to be satisfied, and K? free variables.
What happens to the size of these quantities when we differentiate a bunch
of times? Pick B large which kills all denominators of f(w;), g(w;), f}(wk), - -
etc. We want B2K+L¢()(w;) = 0. The size of the coefficients is < BX(CK)*.
So choose K2 = 2Lm. The Thue-Siegel lemma apples, and we find p(k1, k2)
with [p(k1, k2)| < exp(Llog L). Now use some version of the maximum modulus
principle to get a contradiction in the usual way (how many times have done
this now?).
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Pick s to be the smallest number such that ¢t (w) # 0 for some w =
Wi, ...,Wn, but all smaller derivatives are zero. By construction, s > L. Look

at
$(2)0(2)*"
((z —wi) (2 —wn))"H

where ©(z) is a holomorphic function of order < p such that f(2)©(z) and
9(2)O(z) are holomorphic. Then above fraction is an entire function of order
< p. Apply the maximum modulus principle using a circle of big radius R to
be chosen later. Evaluate at z = w. Then

B ()Ow) L e
oyl =) PG+ D! = HER (G =) (2 = wa))

< exp(CKRf+Llog L—smlog R/2),

where in the last inequality, the three terms come from O, ¢ and the denomi-
nator, respectively.
Recall we have K2 = 2Lm and s > L, so the optimal value of R is

CpKRr—1 = . S0 R= (ﬂ)l/p. So the bound is

K
< exp(Llog L — % log lzn;()
Conclusion: s s
|ptH D) (W)| < exp(2slog s — W log 1OK).

By multiplying ¢(**1)(w) by a suitable B*t?X we get an algebraically integer
which is < exp(Llog L + Cs), and we derive a contradiction by a norm calcu-
lation. The norm calculation implies [¢©+1) (w)| > exp(—Llog L — dC's), where
d=[K:Q)]. Soif m =20p[K : Q], we get the desired contradiction. Something
like 4 probably still works in the place of 20. O

Next up: Diophantine approximation.

14 Introduction to Diophantine Approximation

Today we start Diophantine approximation, and the subject will take up the
remainder of the course.

We have an algebraic number « of degree d. Assume it is real. Then we
have

Theorem 23 (Dirichlet). There are infinitely many p/q € Q with | — p/q| <
1/42.

And

Theorem 24 (Lioville). For any a € QNR, but a € Q, |a —p/q| > C(a)g™?,
and the constants involved are effectively computable.
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Baker’s theory gives us an improvement over Lioville, giving ¢—¢~4®) for
some d(«) > 0 effectively. This is a significant advance for effectively solving
Thue equations, etc. However, the main theorem of the entire subject is

Theorem 25 (Roth, 1950s). For any o € QN R, but o ¢ Q,

C(a,0)
q2+5

q

for any 6 > 0.

Roth’s theorem is great, but completely ineffective. From next week on-
wards, we’ll work on the proof of Roth’s theorem. But today, we’ll do Thue’s
result from around 1910 which got the entire subject started, and achieves a
bound of ¢~ ("/2+9) ineffectively. We also have

Conjecture 7 (Lang). For any a € QNR, but a ¢ Q,

-2 Gl

q| = ¢*(logq)~

if k is sufficiently large.

Braver still is that we can take k > 1. k¥ = 1 would of course not work, recall
a popular question on the qualifying exam in measure theory.
Anyway, as we were saying, we have a result of Thue from 1909, which

says that |a — p/q| > % for any n > 0, ineffectively. This result was

later improved by Siegel to get ¢*V™*¢, and then further refined by Gelfond and
Dyson to get qm+€, and finally finished by Roth. Recall how the Lioville bound
was proven: We found a polynomial f over Z of which « is a root. It might seem
natural to just pick the minimal polynomial for a;, but to illustrate a point, let’s
think about f possibly being larger than just the minimal polynomial. If p/q is
an approximation to «, we showed both that

e f(p/q) is small, by mean value theorem.

e f(p/q) is big. It is rational, so |f(p/q)| > 1/¢™.

Now, if a vanishes to order h in the minimal polynomial, |f(p/q)| < |a—p/q|",
so that |a—p/q| > #. But deg f > hd, so you don’t gain anything by picking
a polynomial larger than the minimal polynomial. Thue’s idea is that although
we cannot exploit going to a higher degree polynomial directly, if we go to a
polynomial in two variables, such a change becomes significant.

So, Thue’s idea: Let F(x,y) = P(z) — yQ(z), where P,(@Q are polynomials
of degree < k with integer coefficients. We want to construct F'(z, ) to vanish
at x = a to order h. We pick p;/q1, and p2/qa to be two good rational approx-
imations to . We will be able to rig things so that F(2 22) is very small.

q1’ q2
p1 P2

Also, we’ll use a trivial lower bound for F'( R ). If it’s not zero, then we’ll be
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ok. We'll get around this nonzero problem by taking Ft(%, P23 gmall, where t

is some small derivative in x. That is, let ”
L d
Ft(%, %z) = 5 Fla,y) € Zlal
Assume « is an algebraic integer.

The first step is to construct P, Q) with coefficients of small size. We have
2k free variables, and want Fj(o,a) = 0 for all 0 < j < h — 1. Let the height
of a be B. now, o/ can be written as a linear combination of 1, a, a?,...,a%"!
by repeatedly reducing. The coeflicients in this linear combination will be of
size BY. So we have hd equations like Fj(a, ) = 0 in 2k variables. The size
of the coefficients is < Bk%, where the first factor is from the o’s and the
second is from differentiating. So this is just < B¥eF. So pick k = 24(1 + §)
for some small § > 0. By Thue-Siegel, there exists P, @, polynomials with these
properties and the coefficients of P and Q are < (Ck(Be)¥)?k2k — hd < c* for
some ¢ = ¢(a,0).

The second step is to obtain an upper bound for |F'(2:, £2)|. We have

P1 P2 b1 D2 b1 b1 k D2
F(— —=)=F(—,a)+ (a—— —) < |F(—=, )|+ C"|laa— —|.
() = F(ha)+(a=HQC ) S |F( La)l+Ca - 2

Now, for the ¢t-th derivative, we have the same thing:

pP1 P2 D1 D2 D1
Fi(—,—) = F(— o+ (a—— —
75<f]1 QZ> t(ql ) ( Q2)Qt((J1)

IF(BL )| + CFla — 22
q1 q2

Ft(p*l»a) = Z(t—;j>Ft+j(Oéaa)(m—a)j;

IN

q1 7 b2
P1 t+J\ P1y;
B0 < Y ( . )Ck|a— P
Q@ k—t>joh—t N J «
< CFla— DLty
q1
P1 P2 P1p— P2
B =) < CPla— """+ |a—==]).
q1 q2 Q1 q2
Third step: We want for some smallish ¢, a lower bound for |Fy(EL B2)|.

q1’ q2

We'll go ahead and show how to finish the proof under the (possibly false!)

assumption that F(%7 ’q’—z) # 0, and then later reduce the general argument to
this case. If we knew that F'(2%, £2) 3 0, then it would be a rational number
with denominator ¢fqs, i.e. > qkllp' Assume that

1

1

P1
a-Bi<_—
ql q?/2+1+7]
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where n — 0 but is large compared to §. Assume the same for py/qo satisfies
the same inequality. If we could say that ¢» is bounded in terms of ¢;, then
we’d be done. So using the bounds established above,

Lo 1 L1
g q§n/2+1+n)h q§/2+1+n

or say
1 _ 20%
C]fQQ = qgn/2+1+7l)h

which gives
0 >2 IC k h(1+7] 5”/2)

So either this or the other inequality

1 20k
B S n/2+1+
ayqz qs K

gives
h(148)
/2+n < Qquk — g < C2k/n 1+277/n'

Now, if h = igi—gf is sufﬁciently large both of our bounds on ¢ are contradicted!
If % exists with ¢ large enough, then there are only finitely many choices for
Z—j. This is where things become ineffective. We can’t compute the 1;—2 because
of course such % doesn’t exist! There is a paper of Bombieri where he gives
classes of examples where one can make things effective (see Acta Mathematica
1981).

Now, we have to back track to showing a lower bound for |Ft(p—1 2)| to finish
the proof in general. So we want to find some small ¢ so that Ft(f;l , Z;) # 0.
Suppose not. Then for all ¢ < T we have equations like

{P(f;) 2L =
PI(Ly) — 22Q/(2 1>=

q1

etc. for higher derivatives. So given these first two equations, we can eliminate

’q’—j and get

PEOQC) = (DRI =0,

Similarly, by picking any pair of equations corresponding to higher derivatives,
we obtain 4 ,
POEL QO 2Ly — pOPLyoi (PLy — g
a1 a1 Q1 a1

for all 0 < j,¢ <T. Consider the Wronskian of P, Q:
W(z) := det ( g((z)) g/((z)) ) = P(2)Q'(z) — P'(z)Q(x).
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So this vanishes at p—i but also to high order, i.e. many of it’s derivatives vanish

as well. W € Zx] of degree < 2k — 1, and all of its derivatives up to 7' — 1
vanish at . So W(z) is divisible by (;E — T,

q1

W (x) 1s niot identically zero:
P(z)
Q(x)
So then F(z,y) = P(z)(1 — cy). And P(x) vanishes to order h at £ = . So by
Gauss’ lemma, (g1 —p1)T divides W (z) as polynomials with integer coefficients.

> =0= Q(z) = cP(x),c € Q.

But the coefficients of W(z) < C* so ¢f <CF =T < klizgqc’ so some small
t < T satisfies Fy(EL, B2) £ 0.

15 Roth’s Theorem I

Last time we talked about Thue’s theorem. It says that there are only finitely
many solutions to
P 1

=2 < s
q = ql/FEs

where « is an algebraic number of degree d. There were three broad steps to
the proof

1. Find F(z,y) = P(z) —yQ(x) with small coefficients and vanishing to high
order at (o, ). (Say, h is huge). We did this using Thue-Siegel.

2. Fy(B,2) is small for good rational approximations 2, £2 to a. (Proof
using Taylor). Think of go much larger than ¢, and ¢; already quite large.

3. Fy(Er, B2) # 0 for small choice of ¢. This gives a lower bound for F/(£-, £2)

q1’ g2

These three things contradict each other, and prove the theorem, provided
choices of parameters are made appropriately. The ineffectively of Thue’s result
is because we assumed that we didn’t have a first good approximation q;.

Now we proceed to Roth’s theorem: There are only finitely many solutions

to
1

o — 7| =< peE

There are roughly the same three steps to the proof.

e Find p(z1,x2,...,2m,) of small degree and small coeflicients vanishing to
high order at (a, @, ...,a). Here m will depend on ¢ and d. The proof is
again by Thue-Siegel.

e For nearby rational points (q Yoy %), P(---) is very small.
e In fact there is a lower bound for P(EL, ... L),
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So it’s pretty complicated. For the moment, let’s state some general propositions
which will help us later. Without loss of generality, assume that « is an algebraic

integer. P(x1,...,2y) is a polynomial with integer coefficients, and the degree
inz; <rj.

Definition 1. The index of P at (a1,...,Qm;T1,. ., m) is the smallest value
of

S
peri
with Py, i (a1,...,0m) #0.
Recall, we've defined
1 dirt+im

Py i (@ Tpp) = P(x Tm)
Tyeensl 1y---s+4m T . ; > 1yeeeyLm)-
o irlin! i dalt - daiy

Proposition 2 (Construction of an auxiliary polynomial). Assume e > 0 is

small, and m > 1—9 logd. There is a P(x1,...,xy) with degx; < r; and integer
coefficients which are bounded by Bt "t B = B(a), and index of P with
respect to (o, o, -+, @, T1,...,1y) is at least F(1 —¢).

Proposition 3 (Index of P at nearby points). Take P as in the previous propo-
sition. Let 6 < 1, § > 36¢e. Assume we have good rational approrimations, with

1
2+
J

o — P21 <
q;

forallj, 1 <j<m. (Inthe back of our heads, we’re thinking that g; — oo fast.)
Assume that q;-; > D = D(a) is sufficiently large, and r1logq: < r;logg; <

Y(1+€)rylogq. Then the index of P at %’ ey Zm,rl,...,rm 18 at least em.

This is like the second step in Thue’s theorem. The proof is basically a
Taylor series argument. The next proposition is really the key step to Roth’s
theorem, and also the hardest of the three propositions.

m—1
Proposition 4 (Roth’s Lemma). Let w = w(m,¢) be 2+ (1—62)2 ,w(lje) =¢,
then decreases pretty rapidly. Assume the r; are rapidly decreasing, i.e. rjw >
ri+1, and g;-j > q", forallj=1,...,m, and all ¢¢ > 23 (q; large). Then
if P is a polynomial in x1,...,T, with degx; < r;, and integer coefficients
< ¢7™, then the index of P at (5—1, ce By ) 18 < €

? Gm

Now, we can quickly prove Roth’s theorem from these three propositions.

Proof (of Roth’s theorem assuming the previous three propositions): Pick approx-
imations % to o, where g; — oo rapidly, then we know how to pick the r;. Pick
J
rilogqa
log q;
approximations to choose from. Plugging this into the propositions, we get a

contradiction between propositions 3 and 4 after letting e go to infinity. O

r; sufficiently large, r; = ( ) + 1, assuming we have infinitely many good
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So we’ve proven Roth after proving these three propositions. Let’s go ahead
and get started.

Proof (construction of auz. poly.): The number of free variables (from coeffi-
cients of the polynomials) is H;n:l(rj +1). If 41,...,4y is such that > :—’J <
F(—¢), we want Py (o,«,...,a) =0. We take

P(zy,...,xm) = Z p(kr, .. k)t ke

k?j STJ'

We re-write the powers of o which appear above in terms of their defining
equations. So if ht(a) = O, the the coefficients involved in writing o’ are
< 9 < Cmtrm So each condition (choice of i's) gives d linear equations with
coefficients < (2C)™+*+7m_ So the number of equations is d times the number
of solutions to the index bound above. So long as the number of equations is
< %(7‘1 + 1) (rm + 1), then Thue-Siegel would imply the proposition. So the
question is does

. ;i _m 1
#{0 <45 Srjzzr—; < 5(1—6)} < ﬁ(rl—&-l)n-(rm—i—l)?
Here’s one heuristic idea, a probabilistic interpretation. Think of z; = ;—J as
J
random variables uniform on (0,1). Then Prob(z; 4 --- + 2, < B (1 —¢)) <
e~ (V) Qo we would expect 1 + -+ + x,, to be Gaussian with mean
and variance

m
2

(s — Yz — Ly 2 0 if i # j
= ]E((xz )( J 2)) = {fol(m . 1/2)2 de ifi=j.

So to make things work, we want to be away by & — /15 (§ 12m) standard
deviations.
But here’s an actual rigorous proof, using “Rankin’s Trick”. Let A > 0. We
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have that the number of solutions is

D A m/2) (1)

Il
)
>
v3
— s
o
>
~
(V]
('U‘
5
S

. )\Tj 1
Aem i Slnh( (27:: )))
2 ] | —2 L

j=1 sinh (27,]_ )

Aem m ]. m )\2(71] +].)2
< e H(r]—i—l)exp EZ T2
j=1 J=1 J
" AMm o Ame
< ]:[1(7"j +1) | exp <6 -3 >
j=

Now we optimize in A, and find that we should take A = 3¢/2. So the above

is .
H(rj +1)exp (—:mEQ) .

j=1

Recall that m = i—? log d, so the above reduces to

1 m
7d H 7’] —+ 1
as was to be shown. O
Similar:
x A
Yy =#n<ziph=>p<yl < Y (5) vy =2 ] (1
pln=p<y p<y

This bound is only a log away from the right answer.

16 Roth’s Theorem II

Recall last time we proved

Proposition 5 (Construction of an auxiliary polynomial). There exists a poly-
nomial P(x1,...,&m), m > % log d which has degree in x; < rj, integral coeffi-
cients of size < BtV (B = B(a)) and index of P al (o, v,y ..., 371, ...y Tm)
is > 3 (1 —e).
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Now we move on to

Proposition 6 (Index of P at nearby points). Let P be as in the previous

proposition. Let 0 <6 <1, 0<e< 3%, and
D 1
o == < =55
J J

forallj=1,...,m. Also, q;? > D = D(«), and r1, ...,y such that r1logq <
rjlogq<(1l + €)rilogqi. Then the index of P at (%,...72—’”77"1,...,7“7”) s at
least em.

Proof. 0 < j1,...,0m Withz% <em, jo <1y

1 dn dim
Qx1,.. ., xm) =Py, (@1, ,¢p) = PR dx]f e P(xy,...,xm).

Want Q(Z—i,...7%) = 0. Index of Q at (o,«,...,a,71,...,7) is at least

> F(1—¢€) —em = F(1—3¢). Take a Taylor expansion of ) around (a, ..., a):

71 19
b1 Pm p1 b2 Pm
Q(—,....,—/@) = g Qir,img (0,00, <a) <a) ~-~(a
(Q2 qm) i1 ) ¢ G dm

0150eeytm 20

This is actually a finite sum because we took the Taylor expansion of a poly-
nomial. If we get an upper bound for this sum, we will be able to conclude
that Q(%, ol %) = 0, as desired. This is because Q(’;—i7 . Z—"‘) is a rational

number with denominator ¢j* ---¢,m. We use the hypothesis of the theorem

i
to bound the factors (% — a) J, and so we just need an upper bound for the
J

derivatives of Q. The coefficients of Q are < 2"+ T™m_ The coefficients of P
are < (2B)"1++7m (because of the derivatives, e.g. from x}* we get (];f))7 S0

coefficients of Q;, are < (4B)"++rm_ Thus we find

----- Tm

Qi (@ )] < (8B)™ T max(L, faf)™ £ = O

where C' = C'(«). Thus

246
Q.. Bmy < grietrm 30 <1> .
a Im’ G0'ae G

i1,eee0bm
In fact, the sum here is only over those iy such that % > 2 (1 — 3¢), because
many of the derivatives vanish. 4

We have that ¢;' > g;*, so

. ; i1 2 im m(1_
(gt qim) > (7)™ (gf) 7= -+ (gf) 7m > (gfr) 073,
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We also know ¢7' > q;j/(HE), so the above is

(1-3e¢) (1—5¢)

2((1{1"'(11}1")% e > (gt glm) 2

So
Q(pil7 el pﬂ) < CrittTmgrit et (g — EE(1=5e)

¢ Im 1777 q:r;n) ’
now we win if can overcome the constant. But we know q? > some constant,
which gives us that
q1 qm q1" " gm
thus is zero. O

)

Now we move on to proving the final proposition, which is the heart of the
proof of Roth’s theorem.

m—1
Proposition 7 (Roth’s Lemma). Let w = w(m,€) = 2+ (5)2 . Let r; be
a rapidly decreasing sequence in the sense that rjw > r;y1. Let q;j > g,
q > 23™m s large. P = P(x1,...,%m,) 8 a polynomial for which the de-
wTr1

gree in x; is < r;, and all coefficients are < q7"*. Then the index of P at

p1 P ;
(B Bry, ) ds S e

Proof. Induction on m.

Base case m = 1. w(1,€) = e. P(z) has coefficients < ¢{"™. Gauss’ Lemma:
(12 — p1)t|P(x) over Z[x] implies t < ery.

Induction step. Assume the lemma for m — 1, and show it for m. Consider
all expressions

m

P(Z‘l, ce. 7x'm) = Z (Zsj(xh e 7xm—1)wj(xm)a
j=1

where ¢; and 1; are polynomials over Q. Eg. v;(zy,) = zi71 k = rp, + 1,
and we have such a decomposition. Pick such a decomposition with k£ minimal.
We know at least that k < r,, + 1. (¢1,...,¢r) and (¢1,...,%) are linearly
independent over Q or R. E.g. > cjp; = 0; ¢ # 0, ¢ = fcik(clgﬁl + -+
Chy Pl—1)-

k—1 k—1 k—1
1 cj
P=> ¢;i;— o D (eibi)n =D it — C—wa.
j=1 ki3 J=1 k
We now need to introduce the Generalized Wronskian. Let fi,..., f, be
functions of one variable, t. The the Wronskian is
fi e fn
W (t) := det . :
(-1 L )
1 n
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If f1,..., fn are dependent, then the Wronskian is identically zero, but the

converse is not true. But the Wronskian vanishes identically iff fq,..., f,, are
linearly dependent on some subinterval. Now we define the generalized Wron-
skian in m variables: fi,..., f, in (z1,...,2). Consider
Jirtetim 1
i17"~;inL L dx,il ...dx%n ill""im!7
which is an operator of order 41 + - -+ + 4,,. If f1,..., f, are nice, and linearly
independent, then there exists differential operators A; of order at most 7 — 1
such that
Avfi oo oo ArSy
Aofi oo oo Aoy
det . . ?_é 07
Aufi - o Dafa

i.e. the A; is one of the A;, ;. defined above with 41 +--- 414, <i—1.
Now, P(x1,...,Tm) = E§:1 di(z1,. -, Tm—1)j (). Let

Ulen) = det (2 A )
Tm) = det | ——— ———1p; (2,
(’L — 1)' d.’E%l / 1<i,j<k

be a polynomial which is not identically zero. Also let

V(Jﬁl, . 71'm—1) = det (Ai(bj(zla . ’xm_l))lgi,jgk s

and W(x1,...,2m) be the determinant of the product of these two, i.e.
b 1 @
W(fEl, ,.’L’m) = det Z(Al¢j(x177xm71)>7'ﬁw7‘($m>
r= 1<i,5<k
= V(z1,...,2m-1)U(xm)
1 di—1
= det <AP(SL’17,I )) .
G- dad ! " 1<i i<k
This is a polynomial in z1,...,z,, over Z. It is not identically zero because U,
V weren’t. Let 6 be the index of P at (%, ol z—m,rl,...,rm), and A\ be the
index of W at (%, cey z—m, T1,-..,Tm). We will use the inductive hypothesis of
Roth’s theorem to prove
Lemma 5. )
ke
A< —.
-6

Then one can get a lower bound for A in terms of # and this will complete
the proof.

Remark: We have relations with the index function, Ind(Py Py) = Ind(Py) +
Ind(P,), and Ind(P; 4+ P2) > min(Ind(Py), Ind(F2)). O
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17 Roth’s Theorem III

We need to prove Roth’s lemma. We have the following relations among our
parameters:

m—1

o w :w(m,e) = 22;{ (ﬁ)Q

e The r; are rapidly decreasing: wr; > ;1.

° g’ >qp

° g’ > 23m,

Let P be a polynomial with integral coefficients in the variables (z1, . .., Zm),
where the degree in x; is < r;, and the coefficients are < ¢{"*. Then the index
of Pat (B,..., B2 ry .. ) is at most e.

Morally speakfng, this lemma says that a polynomial with small integer
coeflicients cannot vanish to high order.

Proof. By induction. The case m = 1 followed by Gauss’ Lemma.
We were working on the induction step m — 1 — m, with m > 2. Idea: we
peel off the last coefficient:

k
P(x1,...,&m) = Z¢j($1, ey Tm—1)Y5(Tm)
o

which is a factorization over Q. E.g. t;(z,) = 24!, writing it this way we
have k < r,, + 1. Of all possible decompositions of this type, we choose one
with & minimal. Then ¢, ..., ¢; are linearly independent and v, ...,y are
linearly independent over R (using minimality). Then we let

U(zm) =d t( L 4, )
Ty ) = de v 5 o1 Yy s
(Z — 1)' dl’m 1 1<i,j<k

and it is not identically zero. ¢; are linearly independent over R implies that
there is some generalized Wronskian

V(w1 Zm-1) = det(Aidj)1<ij<hs

where A; are differential operators of order < i — 1. We can choose such a
generalized Wronskian which is not identically zero.
Now we put these two Wronskians together and define:

W(.%‘l, ce ,xm)
= V(x1, ..., Tm— 1)U(xm)

-1
= det (ZA ¢r B d j] 11)[)7")
1 it
= det (A( T da 1P)
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Let 6 be the index of P. Our goal is to prove # < e. Let A be the index
of W. If 6 is large then A is large. In other words, we’ll get a bound for A in
terms of #. We’ll show the lemma that A < %. This is where the induction
hypothesis will be used. It is easy to see that

IIld(Plpg) = Ind(Pl) + Ind(Pg)

and
Ind(P; + P2) > min(Ind(P; ), Ind(F2)).

Now, let’s deduce Roth’s lemma from this sublemma. So, we derive the
bound on 6 from the bound on A. The deﬁning determinant for W is a sum of

k!'terms. The index of A;~ J L pis> .. ~fi:—:llf % Recall definition
of A;, derivatives in each Varlable to orders i1y ey bm_1, with > 4y <i—1. In
fact,
d]_l . .m7 . _ 1
Imd(A;——P) > -2 ... m=l_ =1
dxin T1 Tm—1 T'm
s g it tim) (G-1)
- T — 1 Tm
Lo k=1 G-
- "m—1 Tm
> g m_(U=1
- Tm—1 T'm
sy, D)
> -

And w is at most €2. The index is always > 0, hence

k .
A = Ind(w Z %(0,0—w— =1y

T'm

which implies that
k

A+ wk > ZmaX(O,G— J
j=1

-1

T'm

).

So at this point, we’ve justified (with some computations) our claim that there
is an upper bound for 6 in terms of A. So, using the lemma, % > A+ kw.
When is this better than just using 07

Case 1 6 > ’i—: Then % < 0k — k(gkri:) < ’“%27 which implies that 6 <
% < €.

Case 2 0 < kT;l. Then % > ngermﬂ( JT:) = 0(|0rm]| +1) —
% > %(LGrmJ +1) > 02% This implies 6 < e\/% < e. Recall

that k < 7, + 1.
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There are two more things we need to do to complete the proof: prove the
lemma and prove some results we are using about Wronskians. Let’s prove the
lemma.

Proof (of sublemma): We can assume that we have a factorization of the form
W = U*V* with U* and V* having integer coefficients. Now we bound the

coefficients of W. The coefficients of
1 di—1
7WWT’:1P(I17 e 7:17771)

are
w ‘!1 +etrm
< ql 1 1 r

and the number of monomials in this is
<(ri+1) e (rm 1) <2mtTm
so the coefficients of W are
< k!(terms in product)(4“+'”+rmqi"“)k < (23"”"1(]‘1”1)’“ < q%‘””k.

The the coefficients of U* and V* are < the coefficients of W, which are < qfwlk.
So 12
€
Ind(U* (1)) < —,
nd(U* (o)) < 5
SO
in Z[xy,]. This in turn implies that

t ke?
< 2wkry, = Index = — < 2wk < —.
log gm Tm 12

2wrrk 2(.L)T1]C IOg q1

¢, <t =t =

O

But we can bound the index of V* in the same way, using the induction

hypothesis for m — 1 variables. Take w(m — 1, %) = 2w(m, €), so our bound for
2
coefficients of W is < ¢7*"" = ¢*("~1%2). Take ¢ — f—;, = kT, T —

krm—1. So the hypotheses of Roth’s Lemma are met with these replacements.
So Roth’s Lemma gives that

Ind(V* at (&,...,pm_l,krla-”akrm—l)) <=

a1 Gm—1 1
hence e
* 4! Pm—1 €
Ind(V* at (—,..., 1y esTm_1)) < —.
( g ) S
(We could have done the same for U*, but we worked it out explicitly instead).
So we’ve proven Roth’s Lemma. O
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Also, there’s Falting’s product theorem, which is an improvement of Roth’s
lemma. See also the recent article by Bostan and Dumes in AMM Oct 2010.
We should still say something about Wronskains. We want to say something

like “If f1,..., fn are in one variable, ¢, and det (%fj) e = 0 then the
1<i,j<n

fi,..., fn are linearly dependent”. But this isn’t quite possible, as the following
example illustrates:

Example 2 (Peano). Let fi(t) = t2, and fa(t) = t|t|. Then the Wronskian of
these two functions is =0, but f1 and fo are linearly independent over R.

But, of course, they are dependent functions on (0,00) or (—o0,0). It turns
out that this is as bad as things can ever get. We’ll show that if the Wronskian
is = 0 on an interval, then the functions are linearly dependent on a subinterval
thereof.

Let fla"'afn € K[[tH

1. fi = a;t%, a; not zero, dy, ..., d, distinct, Wronskian # 0.

altdl s antd"
det aldﬂfdl_l cee andntdn_l

n(n—1)
—nn=l

=(ay- - an)td1+-~+dn

This is basically just a Vandermonde determinant.

dl d2 dn

dy(dy —1) do(dy—1) -+ dp(dy — 1)

So use the result on Vandermondes.

2. f; find binomial of least degree. Assume f; = a;t® + .-+, fo = agt® +
-, ..., with dy <dy < --- < d,. Strict inequality by row operations.

Next class: finish the m variable case: fi(z1,...,Zm),-., fo(T1, .. ZTm). 21 =
t, xo =t x5 = td2, ey Ty = 4" d very large. Apply the result for the one
variable case.

18 Wronskians, p-adic Roth, Applications

Wronskians. Let fi,...,f, € K[[t]]. If fi,..., fn are linearly independent,

then det (j;—:fj) # 0. Now, let fi,..., fn in z1,...,%m, f; polynomi-
1<i,j<n

als. If f; are linearly independent, then some generalized Wronskian is # 0.
To show this, we reduce to the one variable case. Let d be large so that
(d — 1) exceeds the degrees of x; for all polynomials. z1 = t,z0 = t4, 23 =
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t¥ . my =t And gl = tarFazdttamd™ " a; < d—1 so that
distinct monomials give distinct powers of ¢. Let

Fi(t) = f(t,10, . e,

If f; are linearly independent, then F} is linearly independent. So then

1<ij<n
d d m—1 d m—1 d
SF= it = e, 0 At (fi(- )+
B = G H ) = ) ) () +
SO
di—l
WF]- = linear combination of A;, . ; fi(z1,... ,xm)|(t ta . gam—1)

where the coefficients are fixed polynomials in t. Now that we’ve proven the
necessary fact about Wronskians, the proof of Roth’s theorem is complete.

A quick review of the proof of Roth’s theorem would be:

1. There exists P(z1,...,2Zy), of degrees ry, ..., 7, with large index at (z1,...,Zm,71,. ..

The proof was by Thue-Siegel and is very general.

2. If we have a polynomial of this type and if % are very good approxima-
J

tions to c, then the index at (£+,...,22)is > em. (Take Taylor expan-

sion, many of the first terms vanish, so it’s a very good approximation.)

Pil’.“’im(%, cey 2@) estimate using Taylor approximations. > W if
- "

not zero.

3. P(x1,...,%m); coefficients are small, wrj > rj;1. Index at (%, ey B s
<e

These three things are contradictory. The proof of 3. is quite involved. Re-
capitulation of proof: Pick P(z1,...,Zm) = E?:1 i(x1,. .., Tm) () with
k minimal, ¢1,...,¢; linearly independent, vy, ...,9,. Construct out of this
some generalized Wronskian which is # 0. Can still maintain control on the
coefficients of W.

1 a1t
W(Il, ‘e ,xm) = V(.’L’l, ‘e ,CCm_l)U(l’m) = det <Az(j_1)'dlep(l'1, ey .'L'"l) .
Hdm irj

So control of the coefficients of W requires control of the coefficients of U, V.
Induction on Roth’s lemma shows that the index of U,V is small. So the index
of W is small, which implies that the index of P is small. This last implication
involves taking like a square root, €2 — ¢, so this is why we needed w ~ €2
We take the square root because when you take a derivative, you lose some-
thing on the index. Then add it all up. One way to think about this proof is
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that P(z1,...,2,,) has some crazy singularity at o, «,...,a, but going to the
Wronskian resolves exactly what the singularity looks like.

Now we want a p-adic version of Roth. Facts 1. and 3. don’t refer to the
archemedian place, so they don’t change. However, fact 2. has to change, but
the revision won’t take too much effort. The original proof mostly goes through,
so we'll get a p-adic Roth’s theorem by the same general proof. We can also
handle several places at once.

e Mabhler: p-adic Diophantine approximation.
e Ridout: p-adic version of Roth

e LeVeque: Roth for number fields, i.e. |a — 8|, wheref € K, in terms of
the height of 5.

Together, Ridout and LeVeque’s results imply the following theorem of Lang:

Theorem 26 (Lang). Let K be a number field. Let S be a finite set of places
in K. For each v € S, select an algebraic number o,,. Then

1
0 < H min(l, ‘Oév — 5|U) S W
veS

has only finitely many solutions for any § > 0.

Where |p|, = %, |zlp = 11, [zlo, and H(B) := [], ¢ max(1,|B],) is a new
height function which we’ll talk about in more detail next week. It’s sometimes
called the “Mahler measure for 5”. It has very interesting properties. For
example,

H({) =1 < (is a root of unity.
Also, note that H (%) = max(|p|,|q|). Another interesting fact: this height

admits dealing with o; = co. What is co — 3?7 If we define oo — 3 := 71,
everything works correctly.

Corollary 9. Let o be a real algebraic number. Take a decimal expansion:
0.x12273 . ... For everyn, let £(n) be the smallest number such that T, ¢y 7# 0.

A priori, Roth gives that | — (10—,7)\ > ﬁ, so f(n) < (1 +é)n. In fact,
£(n) =o(n).

Proof. Let S = {00,2,5}, aeo = ¢, g = 00, a5 = 00. So

10m
a2 _ ( ) — ’ 0 — 2—TL’
107 5 ( .. ) 9
SO
(- 11 1
TN TR T
Which shows that eventually, £(n) < dn for any 6. O
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Another use of Roth’s theorem: Application to S-unit equation. u +v =1,
K a number field, S a finite set of places including all of the infinite places.
Then v + v = 1 has only finitely many solutions (effectively!) This was a
corollary of Baker’s theorem. Now Roth gives an ineffective way of solving the
S-unit equation, but its proof is instructive, and gives a bound for the number
of solutions (Evertse’s theorem).

Proof (of finitely many solutions): Take m an integer large compared to s = |S].
If u+v =1, we get a finite number of equations azx™ + By™ = 1, with z,y
S-units. If u + v = 1 has infinitely many solutions, then one of these also has
infinitely many solutions, by pigeonhole principle. So for that «, 3,

z\™ 1
G imae
Yy o ay™

So want to say that we can find a solution with y large in some valuation in our
set. Let w € S be such that max,es |y|y = |y|w. So for a fixed w € S, and a, S,
there are infinitely many solutions to

m
1
o Y ay

The left hand side is

so there exists ¢ with

< fracClylw

Efgm Ky ;6

y V o
So for fixed ¢, ',
e A 1 I (G RV
y a Yy a a

This shows that if one factor in the product is very small, then the rest must
be large, so sufficient to take the minimal one. So if |y|, is large, we get a
contradiction to Roth’s theorem.

+ >

w w w

1/s
ylw > <H max(1, ylw)> = H(y)"/*

veS

SO
c C

—_ <
lyly — H(y)™/s
If m = 2s 4+ 1, contradiction. O
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A good place to look for a proof of the p-adic Roth’s theorem: Hindry and
Silverman: Diophantine Geometry, part D.

A theorem which has become quite fashionable in the past 10 years is the
Schmidt subspace theorem. Here is an application due to Bugeowd, Corvaj and
Zannier: ged(2" —1,3" — 1) < exp(en) if n large, for any ¢ > 0.

Here’s another application due to Stewart (recently posted to the arxiv):
Let P(m) be the largest prime dividing m. Then

P(2" —1)

— 00

as n — 0o.

Finally, a result of Adamczewski and Bugeowd says that any irrational num-
ber which comes from a finite automaton is transcendental.

Take x1,x2,... with values in 0 < z; < b — 1. Look at any word length n.
Is this a subword of z1xo---7 Let p(n) be the number of length n words that
appear as subwords. Then the theorem of Adamczewski and Bugeowd says that
if v is a real algebraic number, and we write its base b expansion, then

lim M—

n— oo n

This doesn’t prove normalness, but says it is complemented.
A finite automaton is a sort of algorithm which a binary number as it’s input,
and another binary number as output. An example of a finite automation is

0
—
X 1°Y

7
0 C Z

Here’s how it works. Say we have a string of Os and 1s which we are to read
in to this machine. We assign an output value to each state, say, X outputs 1, Y
outputs 1, and Z outputs 0. And say the machine starts in state X. Then if we
read in the digits 01101..., say, then the machine moves to states Y, X, Z, Z, X,
and hence outputs 11001...

19 The Subspace Theorem; Mahler Measure

Last time we discussed applications of the subspace theorem, but we didn’t
actually say what it is. Roth’s theorem can be viewed as a special case of the
subspace theorem. In the language of the subspace theorem, Roth’s theorem
would be

Theorem 27 (Roth’s Theorem, subspace version). Let Lq(z,y) and La(x,y)
be two linear forms in two variables, linearly independent over Q, and with
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algebraic coefficients. Then
| L1 (21, w2) Lo (1, 22)| < (max(|a: ], |z2])~°
for 6 > 0 has only finitely many solutions.

So, if we take Lo(21,22) = w2, and Ly (21, 72) = o1 — ax, and a € Q\Q, we
recover Roth’s theorem. If L, is small, then Lo is large.

Theorem 28 (Subspace Theorem (Schmidt)). Let Ly, ..., L, be linear forms

n x1,...,Ty with coefficients in Q, linearly independent over Q. Then if
|Ly(z1,. .. @) Lp(z1,. .., 20)] < (max|zq], ..., |z,])7°
for any § > 0 then the solutions (x1,...,x,) are contained in finitely many

proper subspaces of Q™.

Here is an example to show that subspaces are actually necessary. Consider
the following linear forms:

Ly = x1 4+ V2xs + V323

Ly = 21 + V29 — V313
L3 =1 — \/§(L’2 — \/gﬂfg.

For the purposes of this example, we take the subspace of Q3 defined by z3 = 0.
Then, consider the infinitely many solutions to Pell’s equation 2?7 — 223 = 1, say
with 21 > 0 and 25 < 0 so that 21 + V225 is small. Then for any one of these
infinitely many solutions,

1

LiLoLs| = |z1 + V2| < ——————
|1 2 3‘ |1 2| 371—\/2132

< (max |21], |z2]) 7,
for many choices of 4.
There is also a p-adic version of this due to Schlickewei.
Now we discuss more applications and classical extensions of Roth’s theorem.

Corollary 10. If ay,...,ar are algebraic with 1,aq,...,ay linearly indepen-
dent, then there are finitely many solutions to ¢**0||qay||---|lqauw|| < 1 over
Q.

Here || - || is the distance to the nearest integer function. Roth’s theorem is

the case k = 1. Here is a related famous conjecture:

Conjecture 8 (Littlewood). Given any two numbers «, 3, real, prove that
lim inf g[[qal[||gB]] = 0
q— 00

The best result we have so far is due to Lindenstrauss, who proved that the
Hausdorff dimension of the set of counterexamples to this conjecture is 0.
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Proof. We deduce the corollary from the subspace theorem. Let n = k41, and

{Lj(x) =z, —2; 1<j<k

So that
Li(z) - Ln(z) = znl|znaa]] - [Jznas|| < x;é
A solution (z1,...,x,) to the above condition lies in a proper subspace of Q™.

Say that this subspace is defined by the equation

n
g cjz; =0, c1,...,cp €Q.
=1

Denote (x1,...,2,) = (p1,---,Pk,¢q)- Then
ci(arqg —p1) + -+ ew(ong — pr) = (cron + - + cro + ¢n)g > g

Thus the ¢ is bounded in terms of the c;, so there are finitely many such solu-
tions. O

Corollary 11. Let o € Q. Approzimate o, by all algebraic numbers 3 of degree
< d. Then there are finitely many solutions to 0 < |a — B| < Ht(3)~4=19.
(Hi(-) denotes the naive height.)

Corollary 12. If ay,...,ax are linearly independent and algebraic, then
lz100 + -+ 4 2Ry < (max |z, .., o) TFH0

has finitely many solutions.

The above corollary again recovers Roth’s theorem. The proof uses a pigeon-
hole argument, assuming there are infinitely many solutions with (- --)~**1. For
these facts, see the article by Bilu in the Seminaire Bourbaki.

Now we move on to discuss Mahler measure of polynomials. (N.B. The
Mahler measure isn’t a measure at all, but actually another height function
with nice properties). Let f(z1,...,2,) be a polynomial. Then we define

M(f) = exp (/01~--/0110g|f(e(91),...,e(@n))d91--~d6n>.

For example, if f(x) = agz? + -+ ag = aq H;l:l(:v — pj), then
M(f) = |aa| ] [ max(L,|ps])-
J

For a € Q, we can put M(«) := M(f), where f is the minimal polynomial of
«. We also have that
M(a) = H(a)'*,
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where H(-) is the absolute height defined in a previous lecture by

H(a)= [] max(1,|al),
vEplaces
where the absolute values are normalized so that [z[, =[], [2]v-

Two interesting properties are: 1. If ¢ € Gal(Q/Q), then H(ca) = H(a),
and 2. H(1/«) = H(a). Reference: the book of Bombieri and Gubler.

Let’s think a little more about Mahler measure. How small can the Mahler
measure get? It’s always at least 1, which is immediate from the above. When
is the Mahler measure exactly 17

Theorem 29 (Kronecker).
M(a) =1< « is a root of unity

Proof. We can assume without loss of generality that « is an integer and a unit.
Let o = a1, ..., aq be the conjugates of «, |aj| = 1. For ¢ € Z,

d
¢
H(l —a;) €L
j=1
(it’s a symmetric function). It is not zero: if it were, a would be a root of unity.

So for all £ # 0,
d
[[I1-caf>1
j=1

. Now, express the a; in the form «; = e(¢;). By Dirichlet’s theorem, we find
an ¢ such that |[¢6;|| < 1/10 for all j, say. Contradiction. O

We can quantify the above proof. If o has degree d and a # a root of unity.
Then M(a) > 1+ ¢C~4, for ¢,C > 0. Let 0 < r; € R, and «; = rje(d;),
[I7; =1. Then

M(a) = [J(1 = rje(e6))),

and there exists ¢ # 0 with |[¢| < 100%, and |[¢¢;|| < 1/10 for all j, and we can
quantify exactly when Dirichlet’s theorem kicks in to produce this /.
There is a nicer version of this argument due to Blansky and Montgomery

(1971), and they find
1

M(f)z1+ 52dlog(6d)’

except if f is cyclotomic.
Here’s another interesting problem concerning Mahler Measure: Consider
the polynomial

2042 — 2" — b —S st e +1=0.
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It has a unique real root ag with oy > 1, and 1/ < 1, and the remaining 8
roots are complex and on the unit circle. One computes that M(ag) = ag =
1.1762898. Then there is the following

Conjecture 9 (Lehmer). «ag is minimal with respect to Mahler measure, i.e. if
M(a) < ag, then « is a root of unity.

Remark: Consider the unit equation v + v = 1, and solve it over Q(ap).
There are finitely many solutions. In fact, there are 2532 solutions.

Smyth proved: If « is algebraic, and if 1/« is not conjugate to «, then
M(a) > 1.32471... = fy, which is the solution to 2® —z — 1 = 0, and that
this is optimal. Motivated by this, we define a Pisot-Vijayaragharan number «
to be a real algebraic number > 1 all of whose conjugates are < 1 in absolute
value. Smyth’s theorem recovers an old result of Siegel, that is, that the smallest
Pisot-Vijayaragharan number is f.

A Salem number is defined to be a real algebraic number o > 1 with all other
conjugates < 1 in size, and some conjugate on the unit circle. It is conjectured
that Lehmer’s example is the smallest Salem number.

Exercise 2 (Smyth).

3v3
log M(1+x+y) = ?L(Z X-3)

Conjecture 10 (Deninger).

1 1 15
log M — -+1)=—L(FE,2
og (x+x+y+y+ ) 2 (E,2)

where the L-function is normalized so that L(E,s) = L(2 — s, E), and E =
T+ % +y+ % + 1 = 0. Refrences: Boyd’s article in Experimental Mathematics,
and Rodriguez-Villegas.

20 Bilu’s and Dobrowolski’s Theorems

Recall last time we defined the Mahler measure of an algebraic number «. If
f(z) = agz® + - + ap € Z[z] is the minimal polynomial of a, then M(a) =
|aq| H?:l max(1, |a;|). There is a beautiful

Theorem 30 (Bilu). If M(a) = exp(o(d)), then the roots oy, . .., aq are equidis-
tributed around the unit circle.

In fact, the roots actually lie in an annulus surrounding the unit circle, whose
width approaches 0 as d — co. There is also

Theorem 31 (Erdés-Turan). Let Z?:o ajzd with small coefficients in the sense

that Zj:o la;| = exp(o(d)). Then the zeros of f(x) become equidistributed as
d — oo.
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Proof (sketch). In reality, all but o(d) zeros satisfy 1 —e < |a;| < 14+€. We'll
introduce a small cheat: Pretend that the zeros actually lie on the unit circle:
a; = e(f;). This isn’t actually true, but it’s within epsilon of being true, so to
speak, i.e. is fixable.

We have that there is an integer

0 # disc(f —add 2H i —ag)
J#k

and

0 < log(disc) = (2d—2) logad—l—Zlog la; —ag| = 0(d2)+210g [1—e(8;—0r)|
i#k J#k

Applying the talyor expansion for log, this is

Z Z )+ O(d?/L)

(<L J;ék

d
> e(to))

<L " |j=1

= o(d*) 4+ O(dlog L) + O(d*/L) —

|

For each fixed ¢, if
d
Z e(08
j=1
then the 6; are equidistributed. Reference: Bilu: Duke Math Journal, 1997. [

A particularly nice case of this circle of ideas: x + y = 1, x, y algebraic,
and of small height has finitely many solutions. A theorem of Zagier states that
apart from sixth roots of unity,

1/2
H(@)H(y) > (“f)

There is also a theorem of Dobrowolski from 1978:

loglog d 3
logd ’

M(a)21+c<

where ¢ = 1 — €. Dobrowolski’s theorem is a work-out of an approach first
suggested by Cam Stewart using transcendence methods, so he deserves credit
as well. We'll finish the course with a proof of Dobrowolski’s theorem.
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Proof. We can assume without loss of generality that « is not a root of unity,
and that « is a unit. Let f(z) be it’s minimal polynomial, say of degree d. We
will construct an auxiliary polynomial F(z) of degree n — 1:

N
F(x) = Z a1
j=1

with the a; integers. We want to keep the a; small, and choose them so that
F(a),...,F™m=Y(q) are all zero for some parameter M. (N, M large), i.e.
f(z)M|F(x). Our plan, as usual is to use Siegel’s lemma to attack this. There
are Md coefficients, so .....it should be OK but there is one caveat: we must pay
attention to the dependency on a. So we must make some changes to Siegel:

Lemma 6 (Siegel’s Lemma Revisited). Let b;j € Ok, and K be a number field
of degree d =11 + 2ry. Let

01,y 0py real embeddings

Orylse s Oridrgs Orifrodly -+ Op42ry  COMplex embeddings

Then, for j =1,...M, there is a nontrivial solution to

N
Z bija:i =0
i=1

mn x; with

;| <V = (2V2N) "= | [ max oy (bi;) 7=
k’j

Proof. The proof is the same, we take the box principle and figure out what
happens. Take 0 < y; <Y, so that the number of tuples is = Y. Now we edit
a little the definition of the Galois embeddings. Let

T, = 05 if 4 S T1
Tri4lyeesTri4ry Re(ai)
Tritra+ls e« Tri42r |Im(al)|

Look at the numbers
N
Th (Z bJ:E) € [-Y N max [T (bi;), Y N max [Ty (b)),
i=1

and divide it into L; boxes for each j. The number of boxes is Hjle L?. By box
principle, we find two vectors in the same box, and after taking their difference,
to find a choice of z; for which

()



N
Tk E bijfﬂi
i=1

N
2YN i bi;
k <sz]$z> < maz‘|0k( i)l
i=1

< 2Y N max; |Tk(b1‘j)‘
> Lj

so for k < rq,

J

and for r; < k < ry+ro,

ok (Z bl]m) Cktrs (Z bij; ) =T (Z bij; ) + Thtrs (Z bij$i>2

(QYN

max 7 (0| + max [, (b))

<2

(QYN

I ) Max |00ty (bij)|

so that

d d
N (Z b”.’bz> < 272 (212\[) Hm?x|0k(sz)|

k=1

Now we choose
d

L; > V22V N) [ [ max |y, (bi;)['/*
k=1

The constraint is then that

d M
(QﬁYN)dM H H maX|0'k(bij)| < YNa

k=1j=1

and we use the usual Siegel’s Lemma at this stage. So then the correct choice
of Y is

= (2\[]\[ ~Ur HmaXUk )N vy

as in the statement of the lemma. O

Now, back to the construction of the auxiliary polynomial:

N
x) = Zajxjfl
j=1
N
F(a) =r! Zaj (] )oﬂ_l_r =0.
r
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Let b, = T!(i;l)ai_l_r, so that for r < M —1
max |opbi,| < N"max(1, |og(a)])™

so that
M(M—1)d

[T masc o (bor)| < N 245 b (o) ¥
k,r !

so by the revised Siegel’s lemma, F' exists with |a;;| <Y,

Y = (2\/§N1+M;1M(a)N/d)%

with M large, N > 2dM?; |a;| < 5N2M(a)™ < 10N2. So we're happy if
M(a)M > 2.

Now comes the tricky part. Let p a prime, p € [P,2P], say. I claim that
F(aP) = 0 in suitable ranges.

Lemma 7. If a is an algebraic number, and not a root of unity, with conjugates
ag,...,0q, then

1. af #aj for any i, j,7,s.
2.
[T = )| = p*
,J
Proof. The first statement is straightforward Galois Theory. For the second,

d

fola) = [[(x = af) = f(x) + pg(2)

i=1

and
d
H folay) = Hpg(aj)~
0

Now we work towards the claim preceding the lemma. If F(aP) # 0, then
I F(af) is divisible by [, f(af)™, so that

j=1
d
H F(af)| > p*M,
j=1

and also the left hand side of this is

d
< (10N?)* T [ (max(1, o )P = 10N M (o)™

j=1
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so either these are all zero or the Mahler measure is large. So, either
F(a?) =0 OR M(a)PV(10N3)4 > piM

so that pM > N and

pM O\

M >

(@) = (10N3>
o dM logp
<n [ o

Plon
So win if this second bound is contradicted. Else, for p ~ P, F(a?) = 0. Fact:
Except for < logd/log2 special primes, deg(a?) = deg(a) = d. F is divisible

by fp(z). (True for one root, so true for all roots). But then this F is over-
divisible, i.e. N > 425 else we're OK. Now, just have to choose N, M, p to get

v

log P’
the optimal result. Take N = 2dM2, p™ > N so that M = (onollosd yye
2
get a contradiction if % > %, that is P > 5M?2(log M), or P ~ Szglslg)d' Then

from above, we must have

1 logP loglog d 3
M(a) > — = =5 )
(0) 2 exp <4M P ) EXP(C( log d >)
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