GARLAND’S ESTIMATE REVISITED—LAPLACIANS OF SIMPLICIAL COMPLEXES
[GW16, SECTION 3.1]
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1. REMINDERS AND DEFINITIONS

Let’s start with a few reminders. Let X be a pure k-dimensional simplical complex, and assume that Xg
is linearly ordered.

Definition 1.1. Let F € X; and G € X,;_;. Denote F = {vp,...,v;} where vop < --- < v;. Then the
oriented incidence number of GG in F' is

-1y F\G = {v;
pig o [CV FAG= ()
0 else (GZ F)
The boundary map is the linear map 0; defined on basis vectors by
0;:C™ 5 C" Oi(en)= Y [H:Flep
FeX,;
The coboundary map is the linear map d; defined by
§;: C' = CY (6,f)(H):= > [H:F]-f(F)
FeX,;
fori € {—1,...,dim (X)} and §; := 0 otherwise.
Definition 1.2. The degree of a face F' € X is defined
degyx F=|{H € X|F C H}
Remark 1.3. If X is pure and k-dimensional, then for all ¢ < k, for all F' € X; we have degy F' > 0.
Definition 1.4. For any weight function w : X; — R>( we may define an weighted inner product on C*
by
(f.9)y =Y w(F)f(F)g(F)
FeX;
1 F=G
0 F#G’
orthonormal basis for C* w.r.t the weighted inner product when w = 1 (that is w = 1), but it is not
necisarily orthonormal w.r.t w = degy.

Exercise 1.5. For each F € X; we define e € C? by er (G) = { Then {eF}Fexi is an

Notation 1.6. We will be interested in the inner products derives when w = 1 and when w = degy, and
specifically with adjoint maps with respect to these inner products. To avoid confusion, for a given f € C*

we denote its adjoint with respect to (-,-); by fT and its adjoint with respect to (-, ~)degx with f*.

Fact 1.7. 5j = 6¢+1



Definition 1.8. The i-th upper laplacian is the map defined
LY :C" = C LY = 8,116, = 616,

The i-th normalized laplacian is the map defined
AP CH— O AP =676

2. MATRIX REPRESENTATION OF THE NORMALIZED LAPLACIAN

We now turn to compute the matrices corresponding to L'

{1 F=G
0 F#£G
Definition 2.1. D;, W, are the diagonal |X;| x |X;| matrices defined
(Di)pp=1{H € Xin|F C H}|
(Wi)p p = degx F

For F,G € X; we say that F' ~ G if FNG € X;_1 and FUG € X;;1. We then define the i-th adjacency
matrix to be

P AP under the basis {eF}FGXi where ep (G) =

(Ai)pg =

)

—-[FUG:F][FUG:G] F~G
0 else

Claim 2.2. The matrix corresponding to L;* under {eF}FeXi is D; — A;.
Proof. Since {er} ¢y, is an orthonormal basis w.r.t (-,-),, then (L;?) . o = (L;"er, eg), for all F,G € X;.
We have
L) pe = (Li"er,eq)
= <5i+151'6F, €G>1
o = <(52(5i€F,6G>1 = (dier, dier),
= Y bier (H)dier (G)

HeX;1

= Z (Z [H:F’]eF(Fl)> ( Z [H:G/]eg(G/)>

HGXi+1 F'eX; G'eX;
> [H:F][H:G)
HeX;1
o If F' =G, since F # F always, then (Ai)F,F = 0 and therefore
. H:FJ[H:F]={H€Xi|F CH}Y =(Di)pp=(Di — A)pp
HeX;1
o If F# G, then (D;)p o =0
— If also F ~ G, then [H : F] and [H : G] are nonnzero only when H = F U G, and then
Y [H:F|[H:G] = [FUG:F][FUG:G]
HeX;1

= (_Ai)F,G =(Di - Ai)F,G
— Else F o G and then [H:F] # 0 = [H :G| = 0 (because otherwise H = F' U G which
implies F' ~ G) and then

> [H:F|[H:G=0=(D;—A)pg

HeX;1



Claim 2.3. Denote the matrix corresponding to ¢; under the bases {ec}gex,  {€r}pex,,, by M. Then
MF,G = [F : G]

Proof. Since the bases are orthonormal

MF,G = <5i€G7eF>1
= Y (Sieq) (F)er (F)
FreXit
= (dieq) (F)
= > [F:Geq(@)
G'eX;
= [F:G

O

Corollary 2.4. Since the bases are orthonormal w.r.t (-,-),, then the the matriz corresponding to (53 under

the bases {er}pex, ,  {€ctaex, 15 MT.

Claim 2.5. For i < k,

=y e P e gpm)

de
FeXit gX

Proof. Denote the map on the right hand side of the equation with p. To prove that p = ¢ it suffices to
show that p is adjoint to d;, since the adjoint map is unique. Indeed

(0if. Dacgy = degx F(8if) (F)g(F)

FeXiq

= Y deac Fg(F) Y PGS (@)

FeXi GeX;

=Y Y G e (R ()P G ()

de
FeX;t1 GeX; gx G

= Y deayGF (@) Y jZiX LI Glg(F)

GeX; FeXit1

= ([,0(9)) deg

Corollary 2.6. The F, G-th entry in the matriz corresponding to 67 under {er}pcx, . fectgex, 15 jiéx = [F G

Proof. From the above

* _ degX / /
(Grer) (@) = 30 A [F:Gler (F)
FreX;i
degy F

= F:
degXG[ ¢l

and therefore

degy F
5*6F = Z F : G] eq
GeX; degx G

Claim 2.7. The matrix corresponding to A" under {ep}pc . is W, '8 Wis16;
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Proof. Recall that W, ! is the |X;| x |X;| diagonal matrix where (Wfl)FF = ﬁ, and notice that
(6;) .,y = [H : F] and so since W, ™', W, are diagonal
_ 1 degy H
15T X
T, W = H:F|d H= F
(Wz i +1)F,H degXF [ } €gx degXF [ ]
therefore
(Wiil(S:WiH‘Si)F,G = Z (Wiil‘siTWiH)F,H 0 pc
HEX 1
d H
- ¥ deng [H: F|[H : G
HeX;q1 C8x
= Z (5;)F,H (5i)HG
HeX;+1
= (0i0)pc
]

Corollary 2.8. When i = k — 1 in the above, then the matrixz is I — D,;_llAk_l
Proof. Checking the definition of W; we immediately get that Wy = I and Wy_1 = Dy_1. Therefore
AP = WL Wby = Do I0y
= Dol 10k
DL
D' (Dy—1 — A1)
= I-D Ap

3. GARLAND’S ESTIMATE REVISITED

From this point onwards, we are only interested in the inner product derived from w = degy. That is,
we let (-,-) == (-, -)degx and say that f1lg when (f,g) =0.

Definition 3.1. For a given F' € X, the link of F' is defines
kF:={Ge X|FUG € X}

If F e Xi_o then dim (IkF') < 1. That is, IkF' is a graph. In this case we identify A (IkF') = Ay (IkF),
D (IkF) = Dy (IkF), and A (IkF) = Ag (IkF).

Exercise 3.2. Check that the definitions for A, D, A indeed coincide for graphs and simplical complexes of
dimension < 1.

Definition 3.3. For a pure k-dimensional complex X, let F' € Xj_o. Define AZ’:’f by nullifying all entries

of A} | residing in a row or column corresponding to a face that does not contain F'.
Additionally, for f € C*=!(X) we define fr € C° (IkF) by

fr({u}) = [Fu{u}: FI f (FU{u})

up,F . . . . 1 FCG
Remark 3.4. Formally, Ak’i’lF is defined by defining the | X}, _1|x|X ;1| diagonal matrix (pr), o = {O | -
: else
and letting
AT = pr A pr
4



3.1. Lemmata (Lemma 10 in the paper). Before proving the theorem we wish to explore the relation
between the local and global properties of the normalized laplacian.

Lemma 3.5.
Do AP (X)) =4 (X) + (k1)1
FeXp_o
Proof. Let G, H € Xj_;.
If G = H, since (Akfl)G,G = 0 then (AZ‘L)G
the other hand,

o = 1 and therefore (A”) (X) + (k —1) I)G’G =k. On

{F € XialF € G} = |G| = k

since each F is obtained by removing an element of G. Since F € G = (Az’l o )G o= 0 and otherwise

)

(A;ﬁf)(; o= 1 (because as stated above the diagonal is always all 1s), we get that

YooaAr X)) =k
FeXk_o feRe]
If G # H then
(AZ: (X) + (k - 1) I)G,H = (Azgl)G,H
and one of the following holds:

o If (AZ’:l)G 5 = 0 then VF' € Xy _» (AZ{{)G = 0 since AZ&F is obtained by nullifying some
elements of A}” . So the equality holds. 7

o If (AZfl)G 5 70, since
(A;ﬁl)cﬂ = (I - DlzfllAk—l)GgH = (_DlzfllAk—l)(;,H
we have (Ay—1)g y # 0, therefore G ~ H which means that GN H € Xj;_o. For all ' # GNH,
FZGor F¢Z H and so (AZ’i’f)GH = 0. Also

(A = @A) n

and therefore

>oari) = Y (arfe) = @),
FEX) o an Fe€Xio '
m
Lemma 3.6. For u,v € IkF let F, == FU{u},F, = FU{v}. Then
(A (0) =R FIIR,: FI(A(KP),,

Proof. Notice that for all w € IkF' degy F,, = deg), p w, because F' € Xj,_o and so dimyx (F,) =k — 1 so it
is C only in maximal faces, so F,, C G for G € X}, iff G = F, U {w'} € X}, iff {w,w'} € IkF.
Assume that u # v, let F, , = F U {u,v} and assume F, , € X. We claim that

[Fu,v:FuHFu,vZFv]:_[Fu:FHFv:F]

Indeed, assume WLOG v < v and let F,,, = {wo <--- <w; =u<---<w; =v < --- <wyg}, then direct
computation shows that

[Fu,v:FU]:(_l)jv[Fum:Fv]:(_1)iv[Fu:F]:(_1)ia[FvZF]:(_l)j71

and so



And now, noticing that (AlkF), = (I - D' (IkF) A(IkF)) = and that F,, ~ F,,

deglkF w
up,F _
(Akzil (X))FMFU = (I - Dk—ll (X) Akfl (X))FMFU = ( Dk 1 ( )Ak 1 ( ))Fu.va
1
= — (A1 (X
T A D,
_ —[FuUF, : F,][Fu UF, : F,]
degX Fu
[Fu,'u F’LL] [Fu,'u : F’U]
a degy F,
—|F,: F\|F, : F
= [ i } =[Fy: F|[F, : F](AkF), ,
degycp u ’
For the case when u # v and F,, ¢ X, we have that {u,v} ¢ lkF" and thus (A (kF)),, = 0 so
(AlkF), , = 0. On the left side, (AZ’:{ (X)) = 0 since F, % F,.
The final case is that w = v. Then (Alk”if (X)) = 1 because we are on the diagonal and F' C F,,

ustu

and on the right side we similarly have (AlkF )uu =1 and so
[Fy : F][F, : F](AkF), ,=1-1=1

Corollary 3.7. For f € C*~1 (X)),
(A () £.1) = (A (F) fr, fr)
Proof. Identifying f € C*~! with its matrix representation under {GF}Fekaﬂ for all G € Xj_1 we have
up,F _ up,F _ up,F
(Arf @ )@= 3 (a),, = > (and),, f
HeXk-1 HeXy 1

and similarly

(AKFfr) (u) = > (AkF),, fr(v)

velkF
and so
(MF X011y = Y desy G (A8 (X) 1) (G) 1 (G)
GeXp—1
= Y desxG Y (AP), L FUDTG)
GeXy_1 HeXk1
() = D degxFu Y (APT)  f(R) (R
u€lkF vElkF wn
def of fr and since degy Fy,=degprw — Z deglkFF Z (Aup F) [Fv : F} fF ('U) [Fu : F] fF (’LL)
u€lkF velkF
En = > degup Fufr(u) ) [Fu:F]2 [F, : FI? (A (KF)),, , fr (v)
u€elkF velkF
= Z degp Fufr (u) Z (A (lkF))u,v fr(v)
u€lkF vElkF
= > degyp Fufr (u) (A (IKF) fr) (u)
u€elkF

= (A(KF) fr, fr)
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(%) we may sum only on G = F,’s because if G # F, then F' ¢ G and then (AZ{{)GH = 0 for all

He X;_;. O
Lemma 3.8. If f € B! (X)L then fr 11, where 1 denotes the all-ones vector.

Proof. As seen in the proof of Sk—2er (G) = [G: F], and by definition §y_ser € B¥~!(X) for all
F € X;_», therefore

(fr,1) = Z (degyep u) fr (u)

u€lkF

= ZdegXFu[FuiF]f(Fu)
u€lkF

= Y degxGIG:FIf(G)

GeXp—1

= Z degy Gor_2¢er (G) f (G)

GeXy_1
= (dk—cep, f)=0

3.2. Theorem (Theorem 9 in the paper).

Fact 3.9. (Courant-Fischer theorem) Let M € R™*™ be a symmetric matriz with eigenvalues \y < --- < A\,
Then for all j € [m]

. (Mz,x) ) (Mz,x)
Aj = min max = max min
W1y Wi —j ER™ OFT Lwy ..oy —j <l’,l‘> Ww1,...,wj—1 ER™ 0Fx Lwy,...,w;_1 <I’,J}>
specifically
M M
Al = min < x,x>7)\m: max (Mz, z)
zeR™\{0} (x,x) zerR™\{0} (x,z)
Claim 3.10.
ST Ut fr) =KL P
FeXk_o
Proof.

Z (fp, fr) Z Z (deguep ) fr (u) fr (u)

FeXk_o FeXk_ou€elkF

= Y Y Wex R)IF FIS (R FIf (R

FeXy_ou€elkF

= Z Z (degx Fu) f (Fu) f (Fu)

FeXy_ou€elkF
= ). k(degxG)f(G)f(G)
GeXp—1
= k(f.f)
where the penultimate equality is because each G € Xj_; appears exactly k times in the two >’s, since for
every u € G there is exactly one ' = G \ {u} such that G = F,, and on the other hand each G may be

obtained in such a way. Since |G| = k, we have that for each G, degy Gf (G)? is summed over exactly k
times. 0

Theorem 3.11. Let X be a pure k-dimensional complex and let A" | = A} | (X) be its normalized Lapla-
cian. Assume that there exist Amin, Amax such that for all F € Xj_o

An'lin < AQ (A (lkF)) < A’n,—k-i—l (A (lkF)) < Arnax
7



Then for all f € BF1 (X)*
(1 + k)‘min - k) (<fa f>) S <A11:111f7f> S (1 + k)‘max - k) (<fa f>)
and therefore all nontrivial eigenvalues of A" | on Bk-1 (X)J‘ lie in

14 kAmin — &, 1 + EXmax — ]

Proof. Let f € B*=1(X)". Define
Sf = {F (S Xk_2|E|G € X1 FC G/\f(G) 7é 0}
Let F' € Sy. We prove that
(A(KF) fr, [Fr)
)\min <——FFF— < >\max
<fF’fF>
e By definition of Sy fr # 0 so fr € C°(IkF) \ {0} so from

A(IF)h,h) _ (A (IKF) fp,
hecs (kP {0} < (<h, f)L> > (<fF,)J{§> =
e Observe that D71 (IkF) A(IkF)1 = 1 and therefore
A(kF)1=(I-D'(kF)A(kF))1=11-D ' (lkF)A(lkF)1=1-1=0
From 3.8 fr 11, so from

(A (IkF) h, h)
< TN
Amin < Az (A (IkF)) = gEg}’%l)liF) 07$th (h, h)

Amax > >\n—k+1 (A (lkF)) =

Notice that if g1 1 then
(A (kF)h,h)  (A(kF)1,1)
okhig  (h,h) a1
If Apin < 0 the result is trivial so assuming Ay, > 0 this implies that any g11 cannot be the
maximizer. So the maximum is obtained at some g /.1, but then

<

Summing over all F' € Sy we get
Amin Y (fr fr) < > (A(KF) fr, fr) < Amax Y, (fF. fF)
FESf FESf FESf

Notice that if F' ¢ Sy then
GeXr 1 NFCG = f(G)=0
therefore fr = 0. Similarly if F' € Sy then fr # 0. In other words, F' € Sy <= fr # 0. Therefore
Amin Y (fefr) < > (A(KF) fr, fr) < Amax Y (fr. fr)
FeXi_o FeXk_o FeXk_o

so from [3.101
MEH < Y (AQKE) fr, fr) < FAmax (f, f)

FeXp_2
and since F' € Sy <= fr # 0 we have

< S Aty > S (AR 2 S (AGKE) fr fr) = Y (AQKE) fr /)

FeXi_o FeXk_o FeXk_o FGSf

and in the context of our inequalities that means that

Amin (£, ) < < > AT >_ FAmas (f, f)

FeX,_o

From [3.5]
< > AZp’ff,f>=<(AZp1 (X)+ (k=)I) £, F) = (AP (X) £, /) + (k= 1), f)

FeXk_2
8



SO
k)\min<f7f> < <Az111 (X)faf>+(k_1) <faf> < kAmax(fuf)
rearranging we get
(1+k/\min_k) <faf> < <AZTL1 (X)f7f> < (1+k>\max_k) <f’f>

which is the first required result.
To conclude the proof, the above implies that for f # 0,

(AL (X) £, 1)
(£, 1)
and this holds when min/max-imizing over all f # 0. then yields the required result. ]

€ [1+ khmin — k. 1+ Edmax — K]
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