Why Adversarial Interaction Creates Non-Homogeneous
Patterns: A Pseudo-Reaction-Diffusion Model for
Turing Instability

Litu Rout

Space Applications Centre
Indian Space Research Organisation

Ir@sac.isro.gov.in

January 6, 2021

Litu Rout (ISRO) Pseudo-Reaction-Diffusion Model January 6, 2021 1/41



Overview

@ Introduction
© Preliminaries
© Theoretical Analysis

@ Experiments

Litu Rout (ISRO) Pseudo-Reaction-Diffusion Model January 6, 2021 2/41



Introduction

Supervised Learning vs Regularized Adversarial Learning

(a) iteration = 23000 (b) iteration = 23000

u
FE Y R oty =50y
’}' i A o P ShEhas
) e‘a.‘%ffié:o. B R el P
s *“;;ﬁi‘ f’%‘g‘ o * o* O% s

Litu Rout (ISRO) Pseudo-Reaction-Diffusion Model January 6, 2021 3/41



Introduction

Introduction

@ Symmetry and homogeneity

Litu Rout (ISRO) Pseudo-Reaction-Diffusion Model January 6, 2021 4/41



Introduction

Introduction

@ Symmetry and homogeneity

@ Breakdown of symmetry and homogeneity

Litu Rout (ISRO) Pseudo-Reaction-Diffusion Model

January 6, 2021

4/41



Introduction

Introduction

@ Symmetry and homogeneity
@ Breakdown of symmetry and homogeneity

@ Root cause: Turing instability

Litu Rout (ISRO) Pseudo-Reaction-Diffusion Model January 6, 2021

4/41



Introduction

Introduction

@ Symmetry and homogeneity
@ Breakdown of symmetry and homogeneity

@ Root cause: Turing instability

Hypothesis

A system in which a generator and a discriminator adversarially interact
with each other exhibits Turing-like patterns in the hidden layer and top
layer of a two layer generator network with RelL U activation.
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Objectives

@ Does it converge? If so, under what circumstance?
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Objectives

@ Does it converge? If so, under what circumstance?
@ Why do non-homogeneous patterns emerge?

o Why is it important to study such patterns?
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Problem Setup

Consider n i.i.d. training samples: {(xp,yp)};':1 C R x Rut,

Two layer network with ReLU activation (o (.)):

F(U,V,x) = \/djmva(ux). (1)

Here, U € R™*9n and V & R%utxm

Let input data points be represented by X = (x1,xo,...,X,) € R%*" and
corresponding labels by Y = (y1,¥2,...,yn) € Ruxn,
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Preliminaries

Problem Setup

Supervised learning:

1o 1 2
uw (U, V) = = —— Vo (Ux,) —
Lsup ( ) 5 pzzzl docem o (Uxp) = ¥p ,
1 1 2
== Vo (UX)-Y
2 doutm F
Regularized adversarial learning:
Lo (U, V, W, a) L L Vo (UX) Y2
u, y Vo ) =35 o -
e 2 doytm F
L‘«sup
1 LR
— m\/ﬂ;a o (WVo (Uxp)).
Lad,
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Preliminaries

Learning Algorithm

Randomly initialized gradient descent:

dujc _ OLaug (U(1). V(1). W(t), a(1))

dt 8uj'k(t) ’ 4
dvii  O0Laug (U(t), V(t), W(t),a(t)) *)
dt dvy(t)

for i € [dout], j € [m] and k € [din].

_— . . du; dvi;
Equilibrium (ideal condition): % = th =0.
. T du; dvi;

e-approximate equilibrium: % < € and ‘ C‘,/t’ < € for a small e.
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Revisiting Turing's Reaction-Diffusion Model

Governing Reaction (2R) and Diffusion (D) dynamics:

d .

= R () + DY (V). -
dv; v v

—dtj = RY (u;,v)) + D! (Vzvj) )

@ Turing, A. 1952. The Chemical Basis of Morphogenesis. Phil. Trans. of the
Royal Society of London. Series B, Biological Sciences 237(641): 37-72.
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Simplified Setup: Scalar Network and Training One Layer

Simplified Generator network:

f(U,v,x) mivja (u x) = \/:LVTU(UX). (6)

m

Supervised learning:

Lap (U.v) = 302 (F (U, v, x) — ) ™)

p=1

Regularized adversarial learning: L,z (U, v, w, a)
—Z f(U,v,xp) yp \an o(w(f(U,v,xp))) (8)
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Warm-up: Reaction Without Diffusion

Definition 1. (Du et al., 2018) Define Gram matrix H>° € R"*". Each
entry of H™ is computed by H;° = E, 0,1 |:XI-TXJ'1{UTXI,ZO,UTXJ,ZO}1| :

Assumption 1. (Du et al., 2018) We assume \g = Amin (H>) > 0 which
means that H is a positive definite matrix.

Lemma 1. If we i.i.d initialize uy ~ N (0,1) for j € [m] and k € [dipn],
then with probability at least (1 — &), uj induces a symmetric and

homogeneously distributed matrix U at initialization within a ball of radius
4‘ A 2y/md;,
TV
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Warm-up: Reaction Without Diffusion

Remark 1. Suppose ||u; — u;(0)||, < % £ R for some small positive
n .
constant c. In the current setup, the Gram matrix H € R"*" defined by

1 m

-

Hij = x; Xj; Z 1{u,Tx,-zo,u,ijzo}
r=1

satisfies ||[H — H(0)||, < % and \pin (H) > 70

Remark 2. With Gram matrix H(t), the prediction dynamics,
z(t) = f (U(t), v(t), x) are governed by the following ODE:

) ey (v~ 2(0).

Remark 3. For \pin (H(t)) > % we have

Ao
I20) ¥l < exp (5 1200) - -
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Theoretical Analysis

Warm-up: Reaction Without Diffusion

Theorem (Symmetry and Homogeneity)

Suppose Assumption 1 holds. Let us i.i.d. initialize uj ~ N (0, 1) and
sample v; uniformly from {+1,—1} for all j € [m]. If we choose ||x,||, =1
for p € [n], then we obtain the following with probability at least 1 — §:

73/2
HWM—W@M§0< »

NCY

3/
1U(e) — V)l < O (m) |
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Warm-up: Reaction Without Diffusion

@ Breakdown of symmetry and homogeneity

o Root cause: Turing instability
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Main Result: Reaction With Diffusion

Theorem (Breakdown of Symmetry and Homogeneity)
Suppose Assumption 1 holds. Let us i.i.d. initialize uj, w, ~ N (0, 1) and
sample vj, a, uniformly from {+1,—1} for j,r € [m]. Let ||x||, =1 for all

ey/m — oo
p € [n]. If we choose |w|, <L <O s ) O(k>) where

k> denotes the condition number of H*°, and define p & Lny21og(2/0) ﬂ\}oﬁg(zm,
then with probability at least 1 — §, we obtain the following:

n3/2 R/ N
luj(t) — u;(0)][, <O ( + (M(l i f)> t) ,

VmAd vm
13/2
1u(t) - (0)||F<0<)\5+M(1+mf) )

v
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Reaction With Diffusion: Proof Sketch

Gradient Flow:

du;(s)
ds

OLaug (U, v,w,a)
2 Ouj(s)

2

Lsp(U,v) 0 Yoy
B T ORTOP Ll I

0

0Ly (U, v) n
T a.. (N + g\w,a, z
) an(S) pgl ( P)

Ou;(s)

IN

Triangle inequality
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Reaction With Diffusion: Reaction Term

Gradient Flow:

du;(s) OLayg (U,v,w,a)
ds |, | ouls)
8£sup (U, V) Z
= - - - g (Wv a7zp)
6UJ(S) auj(s) p=1 ) (10)
OLsyp (U, v)
< || = 2 8uJ Zg w,a, zp)

Ou;(s) .

Triangle inequality
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Reaction With Diffusion: Reaction Term

Lemma 2. In contrast to Remark 2, the prediction dynamics in
adversarial regularization are governed by the following ODE:

dz(t)
dt

= H(t) (y — 2(t)) + H(t) V() g(w(t), a(t), 2(1)). (11)

Lemma 3. (Hoeffding's inequality, two sided (vershynin et al.)) Suppose
a= (a1, a,...,am) € {x1}" be a collection of independent symmetric
Bernoulli random variables, and w = (wi, wa, ..., wn) € R™. Then, for

any t > 0, we have
t2
>ty <2exp|-— 5 |- (12)
2 HW||2

"
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Reaction With Diffusion: Reaction Term

Lemma 4. Suppose Assumption 1 holds. If we denote \max (H™) by
2, then Amax (H) < 3 £ A + 22
The distance from true labels can be bounded by
d 2 dZ(t)
Slz0 -3 =2 (20 -y, 75 "
=2(z(t) —y, —H(t) (z(t) — y))
+2(2(t) — y, H(t)V (g (w(t), a(t), z(t)))
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Theoretical Analysis

Reaction With Diffusion: Reaction Term

Lemma 4. Suppose Assumption 1 holds. If we denote \max (H™) by
2, then Amax (H) < 3 £ A + 22

The distance from true labels can be bounded by

AECRFEREICORIAC 2y

=2(z(t) — y, —H(t) (z(t) — y)) (13)
+2 <z(t) -y, %(t)vz(t)g(w(t)7 a(t), z(t))>

Since Amin(H) > % (Remark 1) and A\yax(H) < % (Lemma 4), we get

26— 1 < o lz(t) — ¥ "
+ A1 <Z(t) -y, vz(t_“)g'("'/(t-)? a(t),z(t))>
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Reaction With Diffusion: Reaction Term

Upon simplification using Lemma 3,
—lz(t) = yl3 < —Xoll2(t) = yl3 + Aupll2(t) = yll,  (19)
For simplicity, let us suppose ¢ = ||z(t) — y||§ Now,

dy

4 S oYt Ayt (16)
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Reaction With Diffusion: Reaction Term

Upon simplification using Lemma 3,

d
S lz(6) = yIE < —dollz(t) ~ yIE + Naullz(d) -yl (19)

For simplicity, let us suppose ¢ = ||z(t) — y||§ Now,

dy

< o+ Myt (16)

Bernoulli Differential Equation (BDE) (Bernoulli, 1695)

dxd(tt) = —P(t)x(t) + Q(£)x"(t) for n € R\{0,1}
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Theoretical Analysis

Reaction With Diffusion: Reaction Term

Exact solution of the BDE:
I2(8) ~ v, < (12(0) - Hb—mﬁap<
From warm-up exercise, we know for 0 < s <t

s;ﬁuds—ym

Kooy
" (|12(0) - ﬂb—mnap<

%\%
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Theoretical Analysis

Pseudo-Reaction-Diffusion Model

Governing Dynamics:

Reaction Dynamics:

R (u;(t), vi(t)) < \\/f% (12(0) = yllo — rp) exp <—)‘2°t) + \\/f%,w,
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Theoretical Analysis

Pseudo-Reaction-Diffusion Model

Governing Dynamics:

Reaction Dynamics:

R (w(0) (1)) £ Y2 (1200) -yl ~ ) esp (2¢) + L

2
(20)
Diffusion Dynamics:
u
oj () <7
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Reaction With Diffusion: Diffusion Term

Augmented part:

du;j(s) H ILsup (U, v) 0 <
g | e SR | I g(w,a,z 21
' ds ||, Ou;(s) ) 6uj(5)pZ::1 ( p) , (21)
Upon expansion,
a n
g\Ww,a, z
6UJ‘(S) o ( P)
? (22)

1
1 i1

2
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Reaction With Diffusion: Diffusion Term

By triangle inequality, Cauchy-Schwarz inequality, and Lemma 3, we get

0 n 1 m
auj(s) Zg (W7 37 ZP) S ; Z le{VjTXpZO}xp Z arer{WerZO}
p=1 2 p=1 r=1 2
< lz Za,w,
m p=1|r=1
1 & 2
< — =
< 23wl 2008 (3)
p=1
. Lny/2log (2) o[t
Do)
23
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Main Result: Reaction With Diffusion

Reaction Dynamics:

RW(w(©) < V2 (120) -yl ~ s e (=3 ) + Y

R

Diffusion Dynamics:

n (0] 2
DY(ui(t)) < L—Vzlg(‘S)

m

Integrating over 0 < s < t,

“|| duj(s)

Ju(e) — wOl, < [ | =4

ds
2

S/o R (uj(s)) + Dj (u;(s)) ds.
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Main Result: Reaction With Diffusion

Individual Neuron

n3/ 1+’fﬁ
Ju(®) - (Ol < 0 s+ (L™ ) )
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Main Result: Reaction With Diffusion

Individual Neuron

n3/ 1+’fﬁ
Ju(®) - (Ol < 0 s+ (L™ ) )

Spatial Grid of Neurons
/2
|U(t) — U(O)]| <O (m + (1 + my/n) t)
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Main Result: Reaction With Diffusion

Individual Neuron

/ 1+k+/n
lu(®) - w0}, < 0 (s + ("G ) )

Spatial Grid of Neurons

1U() = V)l <O (55 +n(1+rvA) t)

Breakdown Threshold

2
n7/2 n?u(14-r4/n) To
"":Q<(A552+—( posd ) >
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Jointly Training Both Layers

Theorem (Reaction-Diffusion Dynamics)
If we absorb constants in O(.) and set (y, — zp); V"J'l{u]x,,zo}xnk =0(1)
for i € [dout] and p € [n], then for all j € [m] the RD dynamics satisfy:

R (uj,vj)) =0 (nd,,7 dour)
3/2

DY (V) = O (and,,,dout

)
RY (uj,vj) = O (nd,,, °“f>
- )
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Experiments

o Linear Rate: Solution in a larger subspace around initialization.

@ Theorem 1: Maintaining symmetry and homogeneity.

@ Theorem 2: Breakdown of symmetry and homogeneity.
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Experimental Results: Linear Rate
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Experimental Results: Linear Rate

(a) (b)
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Experimental Results: Dissecting Diffusion

(a)ll.OO —— aug (b) 5.5| —— aug
sup sup
10.75 5.0
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— 1030 — 45
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Experiments

@ Theorem 1: Maintaining symmetry and homogeneity.

@ Theorem 2: Breakdown of symmetry and homogeneity.

Litu Rout (ISRO) Pseudo-Reaction-Diffusion Model January 6, 2021 33 /41



Turing Patterns by RD Model

Reaction-Diffusion Model

du;

—dtj =R (u, v)) + D (V) ,
dv; v v

g = % () + 97 (V).

Without Diffusion With Diffusion
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Synthetic Dataset

Experiments

Turing-like Patterns by PRD Model

35 /41
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Experiments

Turing-like Patterns by PRD Model

MNIST
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FashionMNIST

Turing-like Patterns by PRD Model
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Turing-like Patterns by Gray-Scott Model

Gray-Scott Model °

% =F(1—u)—uw?+ y/'Vu Yooy
o S0
Ez—(F+k)v+uv2-|—y'V2v —_—

’ | .

Parameters ¢ &3
F =0.025,K =0.055, 1/ = v

2¢ — 5,1/ =1le—5 IS8

e—5v e ) %
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Turing-like Patterns by Gray-Scott Model

Gray-Scott Model °
?;:F(l—u)—uvz—l—,u’vzu i
ov =—(F+k)v+u?+1/' V3

ot )
Parameters ¢
F =0.025, K = 0.060, 1/ = :
2¢e =5,/ =1e—5 2k
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Importance of Diffusion in PRD Model

@ Reminiscent of patterns
observed in nature

@ Interpretable kernel weights

@ Feature visualization:

dj = arg max ujT (x+9)
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Summary

@ Exponentially fast convergence of over-parameterized networks under
adversarial interaction.

@ Theoretical justification of symmetry and homogeneity.

@ Exploration of larger subspace around initialization beyond breakdown
of symmetry and homogeneity.

@ Interpretable kernels in regularized adversarial learning.
@ Turing-like pattern formation under mild diffusion.

@ Resemblance with naturally occurring Bernoulli differential equation.
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