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Full-information likelihood-based inference via
simulation for partially observed stochastic

mechanistic models of dynamic systems

“Everything flows.” (Heraclitus of Ephesus, circa 500 BC).

“The ancients esteemed the science of mechanics of greatest
importance in the investigation of natural things, and the moderns
have endeavoured to subject the phenomena of nature to the laws of
mathematics.” (Newton, 1687, Principia Mathematica).

Commonly, a mechanistic model includes some quantities that can’t
be directly observed.

The biological importance of stochasticity was emphasized by Darwin
and Mendel.

Likelihood-based inference has good statistical properties (Fisher) and
is consistent with deductive scientific reasoning (Neyman, Popper).

Full-information inference via simulation leads to practical inference
methodology in various applications.
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Three motivating data analysis challenges

1 Time series analysis: cholera in Bangladesh.

The classic challenge of discovering properties of a nonlinear system
from a single long time series.

2 Panel data analysis: dynamic variation in sexual contact rates.

Observations on a collection of units lead to a panel of time series.
Analyzed together, the panel strengthens inferences available from any
one time series.

3 Genetic sequence data: HIV transmission within and between
demographic groups.

Genetic sequences of pathogens can inform transmission relationships
between infected hosts. This demonstrates analysis of data having
structure differing from time series.
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1. Time series analysis: cholera in Bangladesh

Cholera is severe diarrhea caused by a bacterium, Vibrio cholerae.
Death from dehydration can result rapidly without medical treatment.

A cholera epidemic in Haiti, from 2010, has led to over 9,000 deaths
(Luquero et al., 2016), comparable to the total Ebola deaths in the
2014–2015 African epidemic.

Management of all infectious diseases is assisted by quantitative
models of transmission dynamics:

Zika, drug-resistant bacterial infections in hospitals, malaria, the
current global effort to eradicate polio, etc.
Diseases of agricultural crops, farm animals and wildlife.

Models should be confronted with data — statistical analysis!

An endless source of challenges for interested statisticians.

Our cholera example will demonstrate that fitting a dynamic model to
data can lead to qualitative scientific insights as well as quantitative
understanding.



Monthly cholera deaths in Dhaka, Bangladesh, 1891-1940
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LETTERS

Inapparent infections and cholera dynamics
Aaron A. King1,2, Edward L. Ionides3, Mercedes Pascual1,4 & Menno J. Bouma5

In many infectious diseases, an unknown fraction of infections
produce symptoms mild enough to go unrecorded, a fact that
can seriously compromise the interpretation of epidemiological
records. This is true for cholera, a pandemic bacterial disease,
where estimates of the ratio of asymptomatic to symptomatic
infections have ranged from 3 to 100 (refs 1–5). In the absence
of direct evidence, understanding of fundamental aspects of chol-
era transmission, immunology and control has been based on
assumptions about this ratio and about the immunological con-
sequences of inapparent infections. Here we show that a model
incorporating high asymptomatic ratio and rapidly waning
immunity, with infection both from human and environmental
sources, explains 50 yr of mortality data from 26 districts of
Bengal, the pathogen’s endemic home. We find that the asympto-
matic ratio in cholera is far higher than had been previously sup-
posed and that the immunity derived from mild infections wanes
much more rapidly than earlier analyses have indicated. We find,
too, that the environmental reservoir5,6 (free-living pathogen) is
directly responsible for relatively few infections but that it may be
critical to the disease’s endemicity. Our results demonstrate that
inapparent infections can hold the key to interpreting the patterns
of disease outbreaks. New statistical methods7, which allow rig-
orous maximum likelihood inference based on dynamical models
incorporating multiple sources and outcomes of infection, season-
ality, process noise, hidden variables and measurement error,
make it possible to test more precise hypotheses and obtain unex-
pected results. Our experience suggests that the confrontation of
time-series data with mechanistic models is likely to revise our
understanding of the ecology of many infectious diseases.

Cholera is a diarrhoeal disease caused by enteric infection with the
bacterium Vibrio cholerae. Six of the seven cholera pandemics that
have swept the globe since 1817 originated in the low-lying, densely
populated regions north of the Bay of Bengal, where the disease is
endemic. Although much attention has been focused on cholera1,8,
unsolved puzzles remain about its mode of transmission and the role
of host immunity in its dynamics. This is largely because, in regions
where cholera is endemic, most cholera cases are mild or asympto-
matic but the true extent of asymptomatic infection has been difficult
to assess. Estimates of the ratio of asymptomatic to symptomatic
cases vary greatly, and the importance of inapparent infections in
the dynamics of cholera outbreaks is unknown. To determine what
role is played by inapparent infections, we used an approach that
allows indirect inference about unobserved variables.

A remarkably rich data set on the pattern of cholera epidemics
exists in the form of mortality records kept by the sanitary commis-
sioners of the former British East Indian province of Bengal9. The
data consist of monthly cholera death counts in each of 26 districts
over the period 1891–1940 (Supplementary Fig. 1). To analyse these
data, we formulated a series of models incorporating known
or hypothesized mechanisms of transmission and immunity. A

parsimonious model for cholera dynamics is of susceptible–
infectious–recovered–susceptible (SIRS) form (Fig. 1a). A novel fea-
ture of this model is that it incorporates both transmission tied to
human prevalence (using a traditional mass-action term) and trans-
mission from an environmental reservoir (where the pathogen is
commonly living in aquatic environments)5,6,10–12. This model is a

1Department of Ecology and Evolutionary Biology, 2Department of Mathematics, 3Department of Statistics, University of Michigan, Ann Arbor, Michigan 48109, USA. 4Santa Fe
Institute, 1399 Hyde Park Road, Santa Fe, New Mexico 87501, USA. 5Department of Infectious and Tropical Diseases, London School of Hygiene and Tropical Medicine, University of
London, London WC1E 7HT, UK.
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Figure 1 | The mechanistic models used. a, SIRS model; b, two-path model;
c, environmental-phage model. Births, related to the total population size H,
are assumed to feed the pool of susceptibles, S. Individuals are susceptible to
infection when born. Exposure to the pathogen occurs at time-dependent
rate l(t). c is the probability that an exposure leads to a contagious infection
(class I). Note that when c 5 1 and r 5 ‘, the two-path model (b) reduces to
the SIRS model (a); when c , 1, some exposures result in short-term
immunity (class Y). Infected individuals die at an excess rate m and recover
at a rate c; the time an individual spends within the I class is exponentially
distributed. We assume that an individual remains immune to reinfection
for a duration gamma-distributed with mean 1/e and variance 1/ke2. Once
immunity has waned, an individual re-enters the susceptible pool (S). The
measured variable is monthly deaths, M. The mean duration of short-term
immunity is 1/r. Individuals in each class are subject to constant
background mortality at rate 0.02 yr21. The force of infection, l(t), includes
terms for environmental and human sources of infection and is assumed to
vary seasonally. Because the seasonality of cholera dynamics in Bengal is
complex, we used a semi-mechanistic approach: transmission was modelled
by a flexible periodic function of time. In the environmental-phage model
(c), as infected hosts shed pathogen, phage W builds up in the environment
and reduces transmissibility. The equations specifying these models are
given in the Supplementary Equations.
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Competing models
(King et al., 2008)

S Susceptible
I Infected
Rj Recovered
M Mortality
H Population size
Y Asymptomatics in b
Φ Phage in c
λ force of infection
γ recovery rate
ε loss of immunity
m cholera mortality



2. Panel data on sexual contacts

Mathematical models of HIV transmission struggle to explain
observed incidence due to the low measured probability of
transmission per sexual contact.

The anomaly can be resolved by models that include individual-level
variability in sexual behavior over time.

This raises the question of whether dynamic variation in individual
sexual behavior is a real phenomenon that can be observed and
measured.

We are motivated to construct behavioral models with various
heterogeneities, both between individuals and within individuals over
time, and see which models best explain available behavioral data.



Total sexual contacts in 6 month intervals

iterated filtering (22) implemented in pomp, version 0.43-4
(29), running in R2.15.3 (30). Iterated filtering is a Monte
Carlo algorithm which computes the maximum likelihood
estimate for partially observed Markov process models. Fil-
tering is the numerical computation of estimating unobserved
states and evaluating the likelihood function for a partial-
ly observed Markov process. Iterated filtering carries out
multiple filtering operations using a sequential Monte Carlo
filter, with perturbations in the unknown model parameters
designed so that successive filtering operations converge

toward the maximum likelihood estimate. The sequential
Monte Carlo method is a flexible nonlinear non-Gaussian fil-
tering method, also known as the particle filter (31), in which
the unknown distribution of the latent dynamic variables is
represented by a Monte Carlo sample from this distribution
(known as a swarm of particles). Successive iterations of
the filtering process make successively smaller perturbations
to the parameters, with the heuristic that the optimization pro-
cess is cooling toward a freezing point which is theoretically
guaranteed to be a local maximum of the likelihood function
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Figure 1. Features of a set of longitudinal data on rates of sexual contact among human immunodeficiency virus (HIV)-negative gay men in the
United States, Centers for Disease Control and Prevention Collaborative HIV Seroincidence Study (1992–1995). A) Secular trend from the time of
enrollment in the cohort; B) average rate of sexual contact per month; C) rates of sexual contact over time; D) bias-corrected autocorrelation (Web
Appendix 1). Black bars show autocorrelation >0, while gray bars show autocorrelation ≤0. The mean (0.076) and standard error (0.0094) of the
autocorrelation imply a small but positive autocorrelation (95% confidence interval: 0.057, 0.094).
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Time series for 15 units from a panel of 882 gay men who completed
a 2 year longitudinal study (Romero-Severson et al., 2015).
Sexual contacts were reported in various categories: oral, anal,
protected, unprotected, etc. Here, we show total reported contacts.



Modeling dynamic variation in sexual contact rates

Individual i has a dynamic latent contact rate process,

{Xi (t), 0 ≤ t ≤ 2},

giving rise to a measurement process

{Yij , j ∈ 1 : 4}.

We will construct models that can explain data,

{y∗ij , i ∈ 1 : 882, j ∈ 1 : 4},

by overdispersion and between-individual heterogeneity as well as
dynamic variation.

Which, if any, of these effects are statistically identifiable from
available data is an empirical question.

We look for statistical methodology that can fit flexible classes of
scientifically interpretable models.



3. Infectious disease dynamics inferred from genetic data

Genetic sequences from pathogens can provide information about
infectious disease dynamics that may supplement or replace
information from other epidemiological observations.

Traditional incidence data tells who gets infected, but not who
transmitted it.

Genetic sequence data for pathogens is increasingly available.

Statistically rigorous reconciliation of genetic sequence data with
nonlinear, structured population dynamics has been an open problem.

Formally, the disease dynamics and molecular evolution processes can
be jointly modeled. How do we do inference for this complex system?
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Model for infection and disease progression
Smith et al. · doi:10.NNNN/molbev/mst1 MBE
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FIG. 2. A flow diagram showing the possible classes for infected individuals. The columns represent stage of disease: with

subscripts 0, 1 and 2 representing early, chronic, and AIDS stages respectively. The rows represent diagnosis status, with

the top row representing undiagnosed individuals, Ik, and the bottom row representing diagnosed individuals, Jk, where

k∈{0,1,2}. ρk are per capita rates of diagnosis and γc are rates of disease progression. Arrows out of classes that do not

flow into other classes represent the combined flow out of the infected population due to death and emigration.

to the intensive nature of the computations, further developments will be required to handle considerably

larger datasets. Some empirical results concerning how our GenSMC implementation scales with number

of sequences are given in the supplement (Section S2.3). We discuss applicability to the range of current

phylodynamic challenges in the discussion section.

A study on simulated data

Using the individual-based, stochastic model of HIV described above (Fig. 2), we simulated epidemics

conditional on observing 30 sequences. We set the length of the simulated sequences to be 100 bases. We

set parameters governing the rate of evolution at relatively high values to generate a high proportion of

variable sites. As computation scales with the number of variable sites, the computational effort in this

simulation study could be comparable to fitting real sequences of greater length. Parameters values and

their interpretations are specified in Tables 1 and 2. Algorithmic parameters are specified in Section S4.2.

Each simulated epidemic consisted of a transmission forest and a set of pathogen genetic sequences. We

randomly selected 5 epidemics to fit. Each dataset consists of two types of data: times of diagnoses and

pathogen genetic sequences. A representative simulated transmission forest and its associated pathogen

genetic sequences are shown in Fig. 3.

For each of the selected epidemics we ask two questions. First, when all other parameters are known,

is it possible to infer εI0
and εI1

using only diagnosis times? Second, how does inference change when

we supplement the diagnosis data with pathogen genetic sequences? To perform this comparison we

estimated two likelihood surfaces for each epidemic: one using only the diagnosis likelihood, and one

using both the diagnosis likelihood and the genetic likelihood. We estimated each surface by using the

particle filter to compute a grid of likelihood estimates with respect to the two parameters of interest:

10

A flow diagram for HIV.

Ik classes represent undiagnosed infections.

Jk classes represent diagnosed infections.

k = 0, 1, 2 denotes early, chronic and AIDS stages.

Infection can come from within, or outside, the study population.



4. Inference for nonlinear mechanistic spatiotemporal
models

Many processes of interest happen in both space and time.

Movements of all species (animals, pathogens, plant seeds, etc) are
basic ecological processes.
Business logistics place supply and demand in space and time.

Spatiotemporal analysis is a generalization of panel data, where units
in the panel correspond to spatial locations.

For panel analysis, units are modeled as independent.
For spatiotemporal analysis, units can have dynamic dependence.

Spatiotemporal inference is a frontier that is beyond the scope of this
seminar series.

The ideas we develop here can be extended to spatiotemporal analysis
(manuscript in preparation).



Key innovations

New Monte Carlo optimization algorithms to facilitate likelihood
maximization for large partially observed Markov process (POMP)
models: iterated filtering.

Iterated filtering algorithms optimize the likelihood using a sequence of
random parameter perturbations, with decreasing magnitude.
Sequential Monte Carlo (SMC) is applied to this perturbed model.
Existing variations on expectation-maximization (EM) and Markov
chain Monte Carlo (MCMC) do not scale well to these problems.
We are doing parametric inference. The main problem using likelihood
or Bayesian methods is computational. If existing methods worked
computationally, there would be no problem!

A new perspective on likelihood-based inference via Monte Carlo
profile likelihood.



Monte Carlo profile for genetic data on HIV dynamics
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Figure 2: Profile likelihood for an infectious disease transmission parameter inferred from
genetic data on pathogens. The smoothed profile likelihood and corresponding MCAP 95%
confidence interval are shown as solid red lines. The quadratic approximation in a neighbor-
hood of the maximum is shown as a blue dotted line.

the capabilities of our methodology, we present three high-dimensional POMP inference chal-
lenges that become computationally tractable using MCAP.

4.1 Inferring population dynamics from genetic sequence data

Genetic sequence data on a sample of individuals in an ecological system has potential to
reveal population dynamics. Extraction of this information has been termed phylodynamics
(Grenfell et al., 2004). Likelihood-based inference for joint models of the molecular evolu-
tion process, population dynamics, and measurement process is a challenging computational
problem. The bulk of extant phylodynamic methodology has therefore focused on inference
for population dynamics conditional on an estimated phylogeny and replacing the popula-
tion dynamic model with an approximation, called a coalescent model that is convenient for
calculations backwards in time (Karcher et al., 2016). Working with the full joint likelihood
is not entirely beyond modern computational capabilities; in particular it can be done using
the genPomp algorithm of Smith et al. (2016). The genPomp algorithm is an application
of iterated filtering methodology (Ionides et al., 2015) to phylodynamic models and data.
To the best of our knowledge, genPomp is the first algorithm capable of carrying out full
joint likelihood-based inference for population-level phylodynamic inference. However, the
genPomp algorithm leads to estimators with high Monte Carlo variance, indeed, too high for
reasonable amounts of computation resources to reduce Monte Carlo variability to negligi-
bility. This, therefore, provides a useful scenario to demonstrate our methodology.

Figure 2 presents a Monte Carlo profile computed by Smith et al. (2016), with confidence
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φ models HIV transmitted by recently infected, diagnosed individuals.
The profile confidence interval is constructed by a cutoff that is
adjusted for the Monte Carlo variability (Ionides et al., 2016).

A proper 95% cutoff is 2.35. Without Monte Carlo error, it is 1.92.
Each point took approximately 10 core days to compute.
Alternative approaches struggle with Monte Carlo likelihood error of
order 100 log units.
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