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Abstract

Background The breeding value of a crossbred individual can be expressed as the sum of the contributions from
each of the contributing pure breeds. In theory, the breeding value should account for segregation between breeds,
which results from the difference in the mean contribution of loci between breeds, which in turn is caused by differ-
ences in allele frequencies between breeds. However, with multiple generations of crossbreeding, how to account
for breed segregation in genomic models that split the breeding value of crossbreds based on breed origin of alleles
(BOA) is not known. Furthermore, local breed proportions (LBP) have been modelled based on BOA and is a concept
related to breed segregation. The objectives of this study were to explore the theoretical background of the effect of
LBP and how it relates to breed segregation and to investigate how to incorporate breed segregation (co)variance in
genomic BOA models.

Results We showed that LBP effects result from the difference in the mean contribution of loci between breeds in
an additive genetic model, i.e. breed segregation effects. We found that the (co)variance structure for BS effects in
genomic BOA models does not lead to relationship matrices that are positive semi-definite in all cases. However, by
setting one breed as a reference breed, a valid (co)variance structure can be constructed by including LBP effects for
all other breeds and assuming them to be correlated. We successfully estimated variance components for a genomic
BOA model with LBP effects in a simulated example.

Conclusions Breed segregation effects and LBP effects are two alternative ways to account for the contribution of
differences in the mean effects of loci between breeds. When the covariance between LBP effects across breeds is
included in the model, a valid (co)variance structure for LBP effects can be constructed by setting one breed as refer-
ence breed and fitting an LBP effect for each of the other breeds.

Background

Estimation of breeding values relies on additive genetic
(co)variances between individuals. These (co)variances
are usually derived from two types of information, i.e.

*Comrespondence: pedigree or genotypes, where the latter are typically
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thus modifications are needed for genetic evaluation of
crossbred populations [4, 5].

For crossbred populations, other than the first gen-
eration of crossbreeding (F1), the additive genetic (co)
variances include both contributions from each of the
contributing pure breeds and contributions from seg-
regation between breeds (breed segregation, BS) [4].
Garcia-Cortés and Toro [6] presented a pedigree-based
model for the genetic evaluation of crossbred popula-
tions in which the additive genetic (co)variances for
crossbreds of any breed combination were partitioned
into breed-specific terms and BS terms. In their model
[6], each breed-specific and BS variance—covariance term
is the product of a partial genetic variance component
and a partial genetic relationship matrix. However, the
inclusion of genomic information in that model is not
straightforward because of the separate BS terms for each
pair of breeds.

For genomic relationships, Strandén and Mantysaari
[7] presented a random regression approximation of the
Garcia-Cortés and Toro [6] model by partitioning the
breeding value by breed proportions. Other studies sug-
gested that the breed origin of alleles (BOA) should be
accounted for in genomic evaluations for crossbreds [5,
8-10]. For genomic BOA models, the breed origins of the
marker alleles are traced and their effects are allowed to
depend on breed origin to account for breed differences
in marker allele effects, e.g. due to differences in the
linkage disequilibrium between markers and quantita-
tive trait loci (QTL) and differences in the genetic back-
ground between breeds [8, 9]. Thus, the partitioning of
breeding values into breed-specific effects is more accu-
rate in BOA models than when the partitioning is based
on the breed proportions alone. Christensen et al. [5]
considered only the first generation of crossbreeding, for
which BS is not present, while Iban&z-Escriche et al. [8]
ignored BS for three-way and four-way crossbreeding,
and Karaman et al. [9] and Eiriksson et al. [10] ignored
BS in genomic BOA models for rotational crossbreeding
systems. For a three-way terminal crossbreeding system,
Christensen et al. [11] presented a single-step genomic
model by partitioning the breeding value into breed-spe-
cific terms according to BOA and a BS term for segrega-
tion between the two maternal breeds. In that paper [11],
a BS partial relationship for the segregation between the
two maternal breeds was constructed based on informa-
tion on BOA. For a population of inbred maize lines with
lines from two genetic groups and admixed lines, Rio
et al. [12] presented a genomic model with group-specific
effects and a BS term. Recently, Aase et al. [13] presented
an extension of the model of Rio et al. [12], adapted for
an admixture of multiple groups in wild animal popula-
tions but ignored the BS term, although formulas for BS
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covariances were given in their Supplementary material
[13], but without fully considering the properties of the
proposed (co)variance structure. We are not aware of any
published studies that explain how to construct BS par-
tial relationships in genomic BOA models for crossbred
populations with any breed composition.

A concept that accounts for genetic effects that are
not accounted for by the breed-specific genetic effects,
similar to BS, is local breed proportion (LBP) effects [14].
For crossbred dairy cattle, Eiriksson et al. [14] fitted LBP
effects with random regressions on the proportion of
alleles assigned to each breed origin within chromosome
segments or for individual SNPs. They reported a low but
statistically significant estimate of variance related to the
LBP effects for milk production traits. Similarly, Bolor-
maa et al. [15] investigated the effect of local zebu or tau-
rine ancestry of chromosome segments on phenotypes in
Australian composite beef cattle and found that ancestry
at some positions affected the studied traits. The effects
of LBP, or of local ancestry, have similarities with BS but
are defined for individual breeds rather than between
pairs of breeds. However, the theoretical background of
LBP and the exact relationship between LBP and BS is
unclear.

Therefore, the objectives of this study were: (1) to
derive and present the theoretical background of the
effects of LBP in genetic models and how they are related
to BS effects, (2) to investigate how BS effects can be
included in genomic BOA models, and (3) to present
variance structure that can be included in genetic and
genomic models for crossbred populations with any
breed composition to account for BS variance.

Methods

We start this section by reviewing the theory behind par-
titioning the breeding value into breed-specific terms and
BS or LBP terms in genetic models. Second, we review
the construction of breed-specific partial relationship
matrices for these models. Third, we show that the (co)
variance structure for BS effects based on BOA does not
lead to relationship matrices that have a quadratic form.
Finally, we present an alternative method for the inclu-
sion of LBP effects in both pedigree-based and genomic
BOA models, which accounts for BS and results in valid
relationship matrices and variance components.

Theory

We start by reviewing the theory behind models for par-
titioning the additive genetic value of crossbreds into
breed-specific terms [6]. We specify the additive genetic
value of individual i as follows (inspired by Lo et al. [4]
and the Appendix of Christensen et al. [11]):
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where o J is the additive effect for the individual’s paternal

allele at locus j, o y is the additive effect for its maternal

allele at locus j, and m is the number of loci. The effects,
o and o o depend on BOA. We introduce the terms rf}

and rsj, which indicate whether the maternal and pater-

nal alleles, respectively, at locus j originate from breed b,
with rf; =1 (rsj = 1) when the paternal (maternal) allele

is from breed b and zero otherwise. We define the effect
of local ancestry as the mean additive effect of J and & ;

for all alleles at locus j from breed b, i.e.

J
define the within breed additive effects of alleles as

b
aS/—aS, 5 b when rsl—l and ozd

i i

el = E(asﬂrg = 1) = E(adﬂrd{ = 1). Furthermore, we

b
ad;— it when

dj = 1. The within-breed additive genetic effect of breed

b for individual i is obtained by summing over all m loci:
b

a] => 1" (rsjozsj+r o

tion of the effects of local ancestry of alleles from breed b

for individual i is obtained by summing over all m loci:

b _
u =

) Similarly, the total contribu-

/"llejb(rj +r21). The additive genetic value of

individual i can then be obtained by summing over all

breeds:
al +y, u. )

gi=zb

The expectation of the total contribution of effects of
local ancestry from breed b5 to individual i is

E(u?):E{Zj”ilebeg—}—rZH DI ><E<r5}+rd,>
_ sheb
= sbpb,

where 87 = Zj’;lkf’ is the difference between the mean
genetic level of breed » and the general mean, and

b __ b b _ b b
fb= (fsi +fdi)/2_E<rsi+rd{

portion of genes in individual i that originate from breed
b. We can now modify Eq. (2) to

=2y al + 22,00 < 1)+ 30, Y€ %,

b b_ b b _
—fsi,andzd{ =

) /2 is the expected pro-

where
Zu —zsj+zd,, s{— J
tions of the contribution of breed b at locus j from fsf’ and

— fj’, are devia-
1

i

f dbi , the proportions of genes in s; and d;, respectively, that
originate from breed b.
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Vector g, which contains the additive genetic values
for crossbred individuals involving #;, breeds, can then
be decomposed as:

g=) a'+) '+ 1 3)

where vector a’ contains the partial additive genetic

effects related to breed b as defined in Garcia-Cortés and
Toro [6] and Christensen et al. [5], with wvalue
af’ = Z (rb ab + rb o )for individual i, vector f? con-

tains f-b for all ind1v1duals, and vector k? contains

k = Z] 1€ zb The effects of breed proportions, 8h for
each breed b are fixed effects in the model and ), a’ are

random animal effects that are independent from >, k?
[6, 9]. Therefore, the variance—covariance matrix of the
vector of additive genetic values g for the crossbreds is
therefore Var(g) = Var (Y, a%) + Var(3", k?).

Garcia-Cortés and Toro [6] modelled the term ), Kk’ in
Eq. (3) with BS terms, i.e. between each pair of breeds b
and /', instead of summing across breeds,

g= Zb a’ + Zb(ébfb) + Zb Zb’>b wh?' (4)

/
where vector w??

we specify the (co)variance of the >, k? term in Eq. (3),
ie. Var (3, k?). Considering

Var (Zb 2obsb Wh’b/) = Var(}, kb), we develop two

alternative models for genetic evaluation of crossbreds,
i.e. a model based on LBP terms for each breed and a
model based on BS terms (Eq. 4).

contains the BS effects. In this study,

Breed-specific partial relationships
Here, we review how >, Var (ab ) is inferred from pedi-
gree and genomic information in models where the breed-
ing value of crossbreds is split into breed-specific parts.
Pedigree-based breed-specific partial additive genetic (co)
variance matrices were derived in Garcia-Cortés and Toro
[6] and breed-specific partial genomic relationship matri-
ces for terminal three-way crossbreeding systems were
derived in Christensen et al. [11] and Sevillano et al. [16].
Pedigree-based partial relationship matrices are con-
structed recursively, as described by Garcia-Cortés and
Toro [6]. For breed b, the self-relationship for individual
iis:

fb + Ab

and the partial relationship between individuals i and 7’
is:
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b 1
Ai,i’ = < sz/ +Adl’)’

where f-b is the proportion of breed b, Ab o is the partial
relationship between the parents of i, and Ah » and AL 4
are the partial relationships of individual i/ w1th the sire
and dam of i, respectively. Having the pedigree-based
partial relationship matrices, the partial genetic effects in
Eq (3) are assumed to be independent and
a? ~ N (0 A %(b)) where aﬂz(b) is the additive genetic
variance for breed b.

For crossbreds with genome-wide SNP information, we
consider a genotype matrix M of size n x m, where n is
the number of individuals and m is the number of SNPs,
containing genotype information coded as 0 and 2 for
loci that are homozygous for the alternative and refer-
ence allele, respectively, and 1 for heterozygous loci. To
connect the two alleles to the correct breed origin, we
need to have the genotypes phased and split into contri-
butions from maternal and paternal gametes. Therefore,
M is split into paternal and maternal allele matrices,
M = M; + My, with the My and M, matrices containing
values equal to 1 for the reference allele and O for the
alternative allele. Assigned BOA can give information on
the origin of alleles throughout the genome and, thus,

provides direct estimates of rgb,- and rs,-. From the assigned

BOA, we can construct matrices Tf and TZ of sizen x m
s

information on BOA and SNP genotypes, breed-specific

genotype matrices can be formed:

M? = M; o st + M, o TZ, where o is element-wise mul-

tiplication. The genomic partial relationship matrix for

breed b then is:

that contain 7% and rj,:, respectively. By connecting the

,  MP—1[pt]" oThMP —1[p?] " o O
ch ’
(5)
where vector p’ contains the allele frequencies of the
alternative allele in breed b, T? = T? + T%, and ¢ is a
scaling parameter that can be chosen such that the par-
tial genomic matrix is compatible with the pedigree par-
tial relationship matrix [5]. Based on the genomic partial
relationship matrices, the partial genetic effects in Eq. (3)

are assumed to be distributed a? ~ N (0, G aﬂz(b) )

G

Breed segregation
For the pedigree-based model, Garcia-Cortés and Toro
[6] derived the distribution for the w®?' term in Eq. (4) to

be wh?' NN(O, Aé’;f))/af/(b b’))’ where (w) indicates BS,
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Af ) is the pedigree-based partial relatlonshlp matrix for
BS between breeds b and ', and aw( b) is the BS variance

between the two breeds. Matrix A?W) is constructed
based on:

b bt/ bet' | L by
A(w)zt = 2f9i Si + 2fd'ffdi + EA(w)s,d’

and

b,b b,b b,b
A(w)z ;= (A(w)st A(w)d t’) ’ (6)

where fsf’/ and ffi/ are the proportions of breed »’ for the

sire s and dam d of i, respectively [6].
We now consider the BS variance structure based on the

BOA information in T?. We define x% = €425, «b, = €220,
s} ]s] d, /7d,

Sum Sum —
=3,k . d’ =3,k & and & /c ] d To derive

the formulas for genomic models, we assume that the
markers are the QTL in Eq. (1), rather than markers that
are in linkage disequilibrium with the QTL. We further
assume the local breed origin to be known for the markers
and we assume the effect of local ancestry e;’ to be a ran-
dom variable (as in Christensen et al. [11]), with mean zero.
For a single locus, the total BS variance is:

Var( W”) =E[(zb 6}’25)2}.

After some algebra, we get (see derivation in Appendix 1):

2
b v
var(igm) = 3,3, -2 E| (- )
(7)
Similarly, the breed-segregation covariance between

individuals i and i for one locus is (see derivation in
Appendix 1):

gsum, sum 1 "\ 2
Cor(kgmi) = S 3 (2 ~se) 5[ ( - ).
(8)
Assuming e}’ and 6;7/ are independent when j # j/, both for

b = b’ and for b # b/, and that each locus contributes equally
to the total BS variance for each pair of breeds, we extend the
result from the single locus in Egs. (7) and (8) to the whole
genome. We then have

2
b_

Var (k") =32, Y pap — 2 2= 1E[(€j - ) }
T 1 T

5, Zw—ﬁ(zf’ o 4ot

2
Z} 1 [( - e}h ) }, where z? is a vector of zf}’ for all loci

Tb/

and Coy (kf’””, kHm ) =

for individual i, and similarly for breed 4" and individual 7.
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b

. T T 3 ' T
Realizing that z0" z0' = %(zl? 2l + 7z}

BS (co)variance as Var(zbzb/>hw ) Dby o

Wb'b/ow(b,b,), where

z? /), we write the

2m

77z

wht — )

is a BS similarity matrix for BS between breeds b and %/,
with Z¢ = T? — 2£17, and 1 is a vector of 1s, and

2 1 ¢ b_ 1)
i) =5 2 E (Ei ¢ )
=1

is the variance for BS between breeds b and b'. Here, the
definition of the breed-segregation variance follows, e.g.,
Lo et al. [4], and is defined as the extra genetic variance in
the F2 population compared to the F1.

However, matrix W2 does not have a quadratic
form and is, thus, not necessarily positive semi-definite.
Thus, the BOA-derived BS similarity matrix is not a
proper relationship matrix. In contrast, the pedigree-
based partial BS relationship matrix given by Garcia-
Cortés and Toro [6] is always positive semi-definite.

(10)

Genomic local breed proportion (co)variance
Eiriksson et al. [14] fitted three independent LBP effects
in a genomic model for a population of crossbreds from
three breeds. The effects were either fitted with random
regression on LBP (similar to SNP-best linear unbiased
prediction (BLUP) for markers) or using LBP similarity
matrices. In Appendix 2, we show that the variance for
LBP effects from fitting three independent LBP terms is
not guaranteed to be non-negative and, therefore, not a
valid variance term. Here, we present an alternative LBP
model, where one of the breeds is set as a reference breed
and is left out of the model, but the other LBP effects
are assumed to be correlated. We start by presenting a
genomic model based on BOA, followed by the pedigree-
based model. As before, we assume that the marker loci
are the QTL, the origin of alleles is known, and the e}’
terms are random unknown variables with mean zero.
The variance for LBP effects over all breeds b for

locus j is Var( SW’) =E (E Iébeb)z We set b* as
K b= ) |
the reference breed. For breeds b # b*, and b’ # b*, we

substitute ¢ = e]b* + g}?’ - e}’*. After algebra detailed in
Appendix 3, we have:

Zb;ﬁb* Zb’;ﬁb* v Keb_e/b )(6}/_ ’b*)]'

Var S”m
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Now, we have n;, — 1 LBP variance terms and their covari-
ances between breeds [the b # b’ case in Eq. (11)]. The
covariance between the LBP effects of individuals i and i’
comes from the deviation in shared ancestry of loci from the
expectation based on breed proportions, which is derived in
the same manner as for the LBP variance above (see Appen-
dix 3). Therefore,

Cov (Ks“m Kf,ﬁ‘m) Zb#b* Zlﬂ#b* zuz ,E[(e - e]b ) (e}” — e].b*)}.
(12)
Assuming that ejb and 6;3/ are independent for j #j/,
both when b = b’ and when b # b/, the total variance of

LBP effects related to individual i is obtained by sum-
ming the contributions of each locus from Eq. (11):

=Y S () (& )] 1)

b#b* b £b* j=1

Similar to the SNP-BLUP and genomic BLUP models,
we assume that the contribution of the (co)variance of
LBP effects is the same for each locus for each breed and
we denote this by oy 4. That is, for all loci j and f/,

Copy = E{(e}’ - ef’ ) (ejb - e}’ )] = E[(e}? — 6}3 ) (e}f - eﬁ )]

(14)

Var k”’”’

Therefore, we can write Eq. (13) as

Var ks'”" Z Z Z; Z U@(bh/

bAb* b #£b*

(15)

Similarly, the covariance of LBP effects between indi-
viduals i and ¢ from summing over loci based on Egs.
(12) and (14) is:

COV(kisum, kls/um / G@(bb’

DI

b#b* b £b*

(16)

Combining Egs. (15) and (16), and extending to multiple
individuals, we write the total (co)variance of LBP effects as

Var (3, kb) = Dbt 2o b Q" oy b1y, where
wT

. Zb7
bb' __
Q - m

(17)

is a partial relationship matrix for LBP effects within breed
when b = b’ and a matrix describing relationships of LBP
effects between breeds b and b’ when b # b'. Furthermore,

m * / *
Ok(bb'y = MOYppy = Zj:l E[(e]b — ejb ) (e;7 — e;’ )}
(18)
is the variance of LBP effects for breed » when b = b’ and
the covariance between LBP effects for breeds b and b’
whenb £ b'.
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When b =10/, both the partial relationship matrix
(Q%?) and the variance component (0k(bb)) have a quad-
ratic form and are therefore a valid relationship matrix
and variance component, respectively. Defined in this
way, the diagonal elements of Q%” depend on deviations
from the global breed proportion of individuals from
their assignment to breed b of individual SNPs. The oft-
diagonal element between two individuals measures the
degree to which these individuals share local deviations
from the global breed proportions for breed b. For b # b/,
the th/ok(bh/) and Qb/b Ok(bb') terms contain covariances
between the LBP effects for breeds b and &' for all pairs
of individuals (where the diagonal elements are covari-
ances between breeds within individuals). Note that
Q" = QY*", while Ok(bb') = Ok(b'by

Using the variance structure described above, we write
the total additive genetic effect in Eq. (3) based on n;, — 1
modified LBP effects:

=X (s e) e T ”

b#b*

~

where vector k? contains the modified LBP effects of
breed b, and we assume that:

k! QMoya
~N| O, :
Enb—l

11
Q"™ ok(1,my—1)
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’
where k&, for b and b’ in (1,..., n, — 1), are vectors with
artificial variables, i.e. variables that are not meaningful
in themselves but included only to make the expression

as a  Kronecker product possible,  matrix
Ok(11) Ok(1,mp—1)
Y = : is positive definite,
Ok(Lmp=1) """ Ok(np—1m,—1)

and ® is Kronecker product. Based on this formulation,
the variance components for LBP effects can be esti-
mated using standard software.

Similar to usual genomic BLUP, an equivalent SNP-
BLUP model can be formed from the model in Eq. (19):

g=> (Mhoch + Sbfb) + Yz,
b b#b*

b contains marker effects in breed b and

where vector o
vector 67 contains the modified effects of LBP from breed

b for each marker. It is assumed that o«® ~ N (0, Iciboj(b))
(c? is the scaling factor used in building G?) and
0 Iop(11) 10610, 1)
~ N 0’ . .

g1 Iooan,—1) -+ 106(1,—1,1m,—1)

(20)

1ny—1 -1
Q" okmy—1) - QT T Ok —1,m,—1)

In Eq. (20), the combined (co)variance structure for the
LBP effects has a quadratic form and is therefore a valid (co)
variance structure. Furthermore, the combined relationship
Qll an—l,l
matrix for LBP effects, Q = : ) :
Ql}:lb—l R an—'l,}’lb—l

also has a quadratic form, similar to a genomic relationship
matrix [1]. However, the variance and covariance compo-
nents cannot be factored directly out of the combined LBP
(co)variance matrices. The variance structure in Eq. (20) can
alternatively be expressed as:

k!

~np—1,1
K’

Var =X®Q,

T 1,n,—1
k"

iz}’lh—l

Pedigree-based local breed proportion (co)variance

Here, we present how the (co)variance structure for LBP
effects with one breed as a reference breed can be con-
structed using pedigree information. First, consider the
contribution to the variance of the LBP effect from the
paternal allele at a single locus. The expectation that the
paternal allele at locus j is from breed b equals the sire’s

breed proportion, i.e. E (rf}) = fsf’ Therefore, the expec-

i

) J => e}’ fsf’ For the variance
related to the LBP effect of the paternal allele, rj rfj’ =0

for all b # b/, because the paternal allele at locus j origi-
nates only from one of the breeds. Furthermore,

by2 _ b b
(VSJ,:) —rsjl: for all b, because iy

i

tation of x*%" is E(KS”’”>

is either O or 1. Therefore,

2
E{Var(@”’")} = besf,’ef’z - (thsi’e;’) . By setting

i

one breed as the reference breed, b*, and with algebra as
detailed in Appendix 4, we have nj, — 1 LBP terms for
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expected variance of the LBP effect of the allele (for

b="),
2)(¢-4)" @

E[Var(x )} Zfsz(

b£b*

Furthermore, based on algebra described in Appen-

dix 4, the covariance between the LBP effects for breeds
band b is:

Blon(gaf)| =X 3 [ (& ) (- )]

b#b* b'#{bb*}
(23)
Similarly, for the maternal allele,
E [Var (d)] S =i =) g

b#b*

and
- T [ (- (-]

[Cov(
bAb* b #{bb*)
(25)

For the expectation of the variance of LBP effects
related to both alleles, we need the covariance between
the maternal and paternal LBP effects for locus ; in
individual i. The probability that the paternal allele
of individual i comes from the paternal grandsire (or

granddam) is %, and thus,
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SMWI' (26)

i

1 1
sum \ _ _ [ sum sum\ _ —
E(”;: )—z(”as ) = 3k

Similarly, E(KS’”") = 2(/(;’”" —I-K;]Mm = 1/(2,””’ There-
d

fore, the expectatlon of the covariance between the LBP
effects of the maternal and paternal alleles is:

E [Cov (K:ji”m, KZ%”") }

sum

ZCov ( sum’ Ksum)

i (27)

where Cov (i 5””’) is the covariance between LBP

effects at locus j of the two parents of i.

The expectation of the covariance of the LBP effects
of the maternal and paternal alleles is thus 1/4 of the
covariance between LBP effects of the parents, which is
a known result for pedigree and BS relationships [6].

Now, we consider the LBP covariance between indi-
viduals i and i’. First, we look at the covariance of pater-
nal allele of individual i at locus j with K”‘m Using the

same argument as for Eq. (26), we have

{Cov (K:J’”" Kfj””)] = 1Cov( K5, Kls/]’”") Similar to
Eq. (11), we can  write  Cov (K;’”" /cls,l"”’
= D bt Dby b Zng’,// (ejb - ejb*) (ejb/ e}b*), ie.

COV( Fsum sum) Zb#h* Zb’;&b* COV(
b b

E{Cov (Ki"”’ Sumﬂ Zb;ﬁb* Zb';eb* 5 {Cov (K K )} and,

E |:COV (K;’;m, S,Ifm>:| Zb#b* Zb/;ﬁb*

[Cov( K s i /1)} Therefore,

@l ) Therefore,

similarly,

[Cov( s”m, KS,,”’”)] [Cov (K;”m, /cs,j””)} +E [Cov (K;’Zm, /cs,;””)}
= Z Z = [Cov(x K,,) + Cov(/csl,/clf,)}

b£b* b £b*

23 (¢

j=1

E[Var(ke)] = Y ([ (1=£2) +2 (1 -1

b#b*

S | )Y (&

b#b* b #{b,b*} j=1

Summing over all loci and the paternal and mater-
nal alleles in Eqgs. (22) to (25) and Eq. (27) gives the
expected variance of LBP effects for individual i:

1
€; —e]b) +§Cov<k£,kgi>

* * 1 / 1 /
b b b b b b b
— € ) (ej —€ ) + ZCOV(ksi’kdi) + ECov(kSi ’kdi)

(28)
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and the expected covariance between individuals

becomes:
E [Cov (ks'”" k”’m)}

Zh;&b* Zh oy [Cov(k””” ks"m) + Cov (k”‘”’ k””")}
(29)
Combining Eqgs. (28) and (29), and extending to mul-
tiple individuals, we write the (co)variance of LBP
Var (3, k0) =30, >y £b* ?/f)(’k(bb’)r
where A(k is a pedigree-based partial LBP relationship
matrix when b = ' and a matrix that describes the rela-
tionship between the LBP effects of breeds b and &'
when b # b'. Lo et al. [4] showed that pedigree relation-
ship matrices that include BS can be constructed using
the usual recursive rules, which, in turn, Garcia-Cortés
and Toro [6] used to construct partial BS relationship
matrices. Similarly, the partial LBP relationship matri-
ces Af’,f) are constructed as:

effects as

(k)u =£ ( fsh) +ff (1 _ff) + %A?/f)s,d’ (30)

and

<A(k)s s A(k)dz )

Matrices that describe the relationship of LBP effects
between breeds, Af,f)/, when b # b’ are constructed as:

A(k)zz =

/ 1 /
—fEY —fh + 5A?kb>s,d: (31)

(k)Ll -

and

/ 1 /
bb bb
A = 5 <A(k)s,z A(k)d;)

Note that A(k) is a symmetric matrix and A( k) A(bkl)’

Based on these derivations, we propose a pedigree-
based model that partitions the breeding value as an
alternative to the model of Garcia-Cortes and Toro [6],
in which we consider pedigree LBP relationship matrices,

(k)' for n, — 1 breeds and their covariances instead of
BS effects for each pair of breeds. The K’ terms in Eq. (19)

can be estimated from pedigree by assuming:
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Table 1 Pedigree and breed proportions for Example |

Animal Sire Dam Breed proportions
A B C
1 1 0 0
2 1 0 0
3 1 0 0
4 0 1 0
5 0 0 1
6 4 1 05 0.5 0
7 5 6 0.25 0.25 05
8 2 7 0.625 0.125 0.25
9 3 7 0.625 0.125 0.25

Similar to the genomic LBP (co)variance structure, the
combined pedigree LBP (co)variance matrix cannot be
directly expressed as a Kronecker product of the rela-
tionship matrix and the (co)variance component matrix.
However, an alternative model can be formed by includ-
ing artificial effects, as described for the genomic model
in Eq. (21).

Garcia-Cortes and Toro [6] showed that a generalized
inverse of the partial BS relationship matrices can be con-
structed based on a slight modification of the Quaas [17]
procedure for constructing the inverse of the numerator
relationship matrix. A generalized inverse of A(b/f) can be

found in a similar manner. However, for models with

more than two breeds, the inverse of the matrix

l,}’lb—l
® A

. : is needed, which has a
Lnp—1 np—1,mp—1

Agy o A

more complicated structure.

Converting (co)variances
The estimated LBP variance components may depend
on the choice of the reference breed, b* and are not eas-
ily interpreted. However, with the derivations presented
here, we can convert the estimated LBP (co)variances to
represent the better-known concept of BS variance, as
will be described in the following.

As detailed in Appendix 5, with some algebra on the
expression for BS variance in Eq. (10) and for the LBP

-~ 11 Lnp—1 2
k! A(k)"k(n) o AY % wm—1)
N ~ N 0, . .
E”b 1 Al Mp= 1 2 . AT 1Lnp— 1 o2

*  %kQmp-1) *)

k(l’lb 1 Mp— 1)
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(co)variance in Eq. (18), the BS variance between breeds b
and %' is calculated from the LBP (co)variance as:

1 1
2
Tubp) = 50kbb) T SOkWY)  Ok(bb) (32)
and for the BS variance between the reference breed for
LBP, b*, and breed b as:

2 I/ p\2 1
Twibbr) = 5 Z (Gj i ) = 5 Ok(bb)-
j=1

It follows that estimates of LBP variances can be obtained
from estimated BS variances as oy pp) = 20142,(17 by Further-

more, the covariance between LBP effects for breeds b and

b’ can be calculated from BS variances as (derivation in
Appendix 5) 0 1) = 03y 4y + Oty vy ~ Oy

In the case of two breeds, b and &/, we only have
a single BS term and a single LBP term. Further-

/ /
more, beak(bb) = Wb’b Ulzlzz(b,b’)’ be = 2Wb’b, and
1 _2
Okbb) = 3%w(b,b'y

Examplel

For a demonstration of the partial BS relationship and
similarity matrices and the partial LBP relationship
matrices, Table 1 presents the matrices for a small cross-
bred pedigree for three breeds, A, B, and C, with nine
individuals. We constructed the pedigree-based BS rela-
tionship matrices for these individuals using Eq. (6). We
also obtained genotypes and assigned BOA for three
crossbred dairy cows, which had crossbred dams and the
same pedigree structure as individuals 7 to 9 in Table 1.
The genotypes are a part of the dataset used by Eiriksson
et al. [18], where further details can be found. Based on
these data, we constructed the T? matrices, which were
then used to construct the genomic BS similarity matri-
ces using Eq. (9). We calculated the values of a genomic
partial LBP relationship matrices for the same cows for
breeds A and B and the genomic matrix describing the
relationship of LBP effects between breeds A and B using
Eq. (17). Furthermore, for individuals 7 to 9 in Table 1, we
constructed the pedigree-based partial LBP relationship
matrices for breeds A and B (setting breed C as the refer-
ence breed) using Eq. (30) and the matrix of relationships
between LBP effects of breeds A and B using Eq. (31).

Example I

To demonstrate and test a model with the genomic par-
tial LBP relationship matrices, we simulated genotypes
and phenotypes for crossbreds of three breeds using
the QMSim software [19] (see Additional file 1 for the
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QMSim instruction code). We simulated a genome con-
sisting of 10 chromosomes of 50 cM. Initially, each chro-
mosome had 1000 evenly spaced biallelic markers and
50 randomly placed biallelic QTL. The QTL effects were
randomly drawn from a gamma distribution with shape
parameter 0.5. The simulated trait had a heritability of
0.3. Throughout the simulation, each female had five oft-
spring with an equal probability of being male or female.

The 1000 historical generations consisted of 2000 ani-
mals each. From the last historical generation, three
populations, A, B and C, were formed by randomly
selecting 20 males and 20 females as founders of each
population. Each population was then randomly mated
for 40 discrete generations with replacements selected
at random from the offspring of the previous genera-
tion. In the first 10 generations, the number of females
in each population increased linearly to 60, but popula-
tion size was kept stable thereafter. A single generation of
F1 crossbred animals was formed by mating 20 randomly
selected males from generation 39 of population A to 60
randomly selected females from generation 39 of popu-
lation B. Subsequently, another crossbred population, D,
was formed by mating 20 randomly selected males from
generation 40 of population C to 100 randomly selected
females from the F1 crossbred population. Population D
mated randomly for three generations, resulting in 1500
animals with one or both parents being crossbred.

We used the marker genotypes of generations 38 to 40
of populations A, B and C, and all three generations of
population D to test our model. For these genotypes,
7375 SNPs had a minor allele frequency higher than 0.05
and were retained for further analysis. In the output of
QMSim, the phase of the genotypes is available in the
output. However, for the crossbred individuals, the popu-
lation of origin of the alleles is not in the output. There-
fore, we assigned the marker alleles in the D population
to BOA using the AllOr method [10] and using the
phased genotypes from generations 38 to 40 of the pure-
bred populations as reference haplotypes for AllOr. Fur-
thermore, we set the window size for the BOA
assignment to 50 SNPs with an overlap of 45 SNPs. Based
on the assigned BOA and the genotypes of population D,
we formed the within-breed genomic relationship matri-
ces based on Eq. (5), with allele frequencies p? calculated
from generations 38 to 40 for populations b = A, B, C,
and standardizing factor ¢, = Z]W;1 2p;’(1 —p]l?). We set
population C as reference breed. Thus, only LBP effects
for breeds A and B were included in the model. The LBP

relationship matrix was constructed as
72A11z47"7
Q4B = s [ZB } x +, where Z4 and Z® contain the

BOA information and were calculated as described for Z?
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Table 2 Pedigree-based breed-segregation relationship  Table 3 Genomic breed-segregation similarity matrices for

matrices for Example 1 Example 1

Breeds Animal 7 8 9 Breeds Animal 7 8 9

A-B 7 0.5 0.25 0.25 A-B 7 048 0.25 0.18
8 0.25 0.125 0.125 8 0.25 0.12 0.09
9 0.25 0.125 0.125 9 0.18 0.09 0.07

A-C 7 0 0 0 A-C 7 0.00 0.03 —-0.02
8 0 0.25 0 8 0.03 0.25 0.06
9 0 0 0.25 9 —-0.02 0.06 0.19

B-C 7 0 0 0 B-C 7 0.00 —-0.03 0.02
8 0 0.25 0 8 —-0.03 0.25 —0.06
9 0 0 0.25 9 0.02 —0.06 0.28

The coefficients from pedigree-based partial breed-segregation relationship
matrices for animals with a crossbred parent in the pedigree in Table 1

in Eq. (7), and m is the number of SNPs in the analysis
(7375).

For the variance component estimation, we considered
the following model:

y=F8 +ay +ag+ac + Xuk? + Xpk? + e,

where vector y contains the phenotypes of 1500 individu-
als from population D, matrix F contains the proportion
of alleles assigned to each breed, vector § contains the
effects of breed proportions, vectors a4, ag, and ac con-
tain the partial genetic effects for breeds A, B, and C,
_ LA
respectively, vector k& = [El; ,A} contains the modified
*

LBP effects of breed A (EA) and artificial effects Ef’A, and
matrix X4 = [I 0} connects the phenotypes to the first

1.A,B

1500 elements of k4. Similarly, k3 = {kz

B } contains the

modified LBP effects of breed B (EB) and artificial effects
(k2-B), and Xp = [0 I ] We assumed the variance struc-

ture to be a; ~ N(O, oz(b)Gb) for populations b = A, B,

% Ok(AA) Ok
d C || ~N(©,| <A “kdb) 48), and
an {kB ] ( { Ok(AB) Ok,(BB) ®QT), an

*

e ~ N(0,02I), where 62 is the residual variance.

We estimated the variance components using the aver-
age information REML (AI-REML) algorithm imple-
mented in the DMU package [20]. We calculated the
inverses of the relationship matrices G4, GB, GC and QAB
using Julia [21] (see Additional file 2). We added a small
value, 0.0001, to the diagonal of the relationship matrices to
avoid singularity.

For comparison with the estimated values, we calculated
the true variance components based on the simulated QTL

The coefficients from genomic breed segregation similarity matrices for animals
with a crossbred parent in the pedigree in Table 1

Table 4 Pedigree-based local breed proportion relationship
matrices for Example 1

Breed Animal 7 8 9

A 7 0.25 0.125 0.125
8 0.125 0.1875 0.0625
9 0.125 0.0625 0.1875

B 7 0.25 0.125 0.125
8 0.125 0.1875 0.0625
9 0.125 0.0625 0.1875

A-B 7 —-025 —-0.125 —-0.125
8 —0.125 —0.0625 —0.0625
9 —-0.125 —0.0625 —0.0625

The coefficients from the pedigree-based partial local breed proportion
relationship matrices for breeds A and B and the elements from the pedigree-
based matrix describing the relationship of local breed proportion effects
between breeds A and B. Values are shown for animals with a crossbred parent
in the pedigree in Table 1. Breed C is the reference breed

Table 5 Genomic local breed proportion matrices for Example 1

Breed Animal 7 8 9

A 7 0.24 0.14 0.08
8 0.14 0.19 0.08
9 0.08 0.08 0.13

B 7 0.24 0.11 0.10
8 011 0.19 0.02
9 0.10 0.02 017

A-B 7 —-0.24 -0.14 —0.08
8 —-0.11 —0.06 —0.04
9 -0.10 —0.06 -0.03

The coefficients from the genomic local breed proportion partial relationship
matrices for breeds A and B and the elements from the genomic matrix
describing the relationship of local breed proportion effects between breeds A
and B. Values are shown for animals with a crossbred parent in the pedigree in
Table 1. Breed C is the reference breed
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effects and allele frequencies. The within-population additive
genetic variance for each population b was calculated as

%Z(b)tme =2 ZjPQTL,bj(l = PQrLb)(Bj1 — Bj2)% where
the summation is over all segregating QTL, PQTLb; is the fre-

quency of allele 1 for QTL j in population b, calculated from
generations 38 to 40, and B;,1 (82) is the simulated effect of

allele 1 (2) for QTL j. The true LBP variances were calculated

2 b C /4 C —
as Oy, = Zj(ej — € )(ej — € ) for b=A,B and
YV =AB and € =porphji+ (1 —PQTL,b,) Bja for
b=A,B,C.

Results

Examplel

The pedigree-based partial BS relationship matrices for
individuals 7, 8, and 9, which are those with non-zero ele-
ments in at least one BS matrix, are in Table 2. For individual
7, which is the offspring of a F1 crossbred dam of breeds A
and B, and a purebred sire of breed C, BS is only expected
between breeds A and B and therefore all elements related
to this individual in the pedigree-based partial relationship
matrices for BS between A and C, and B and C, are 0. The
genomic BS similarity matrices are in Table 3. The values in
the genomic BS similarity matrices deviate from those in the
pedigree-based matrices but show the same pattern. For seg-
regation between breeds A and C and between breeds B and
C, the diagonal element for individual 7 is 0, while the off-
diagonal elements that connect individual 7 to individuals 8
and 9 are non-zero. These matrices are, therefore, not valid
relationship matrices.

Table 4 presents the pedigree-based partial LBP relation-
ship matrices for breeds A and B for individuals 7, 8, and 9,
as well as the matrix describing the relationship between the
LBP effects of breeds A and B. In this example, the matrices
for breeds A and B are identical. All elements of the between-
breed partial LBP relationship matrix (A-B) are negative. The
genomic partial LBP relationship matrices are in Table 5.
Similar to the comparison between the genomic and pedi-
gree BS matrices, the elements of the genomic LBP partial
relationship matrices deviate from those in the pedigree

Page 11 0f 18

matrices but show the same pattern. The genomic matrix
with relationships of LBP effects between breeds is non-sym-
metric, in contrast to its pedigree-based counterpart.

Example

The AI-REML algorithm converged in 10 rounds of itera-
tions. The true and estimated variance components from
Example II are presented in Table 6. The within-breed addi-
tive genetic variances were slightly smaller than the simu-
lated values for the last historical generation. This reduction
in genetic variance is expected because of the small popula-
tion sizes for the 40 generations that separated the popula-
tions, resulting in considerable genetic drift. This genetic
drift, however, resulted in substantial segregation between
the populations, as reflected in the true LBP variance of up to
0.10 (Population B; Table 6). The true BS variances were 0.04,
0.03, and 0.05 for O’V%( ABy o]f,( a,cy and O'V%(B,C), respectively.
The estimated LBP variances were on the same level as their
true values, while the estimated population-specific additive
genetic variances were slightly smaller than their true values.

Discussion
In this paper, we present the theoretical background for
including LBP effects in genetic and genomic evaluation
models for crossbred populations with varying breed com-
positions based on pedigree information or BOA of SNP
genotypes. We also show that LBP and BS account for the
same extra additive genetic variance in later generations of
crossbreeding compared to the first generation. Further-
more, we provide a method for constructing the genomic BS
similarity matrices based on the estimated BOA of genotypes
for a general crossbreeding population. However, we found
that the genomic BS similarity matrices are not necessarily
positive semidefinite and present an alternative method that
consists of setting one breed as reference breed and fitting
LBP effects of all other breeds, while accounting for the cor-
relation between the LBP effects of different breeds. This
model was applied to a simulated dataset.

The results from Example I illustrate the properties of
the relationship matrices for a small toy example. Interest-
ingly, the genomic BS similarity matrix between breeds A

Table 6 Estimated and true variance components for the simulated data from Example Il

2

o2 ale) o2¢ Ok(AA) Ok(8B) Ok(AB) 0!
True 0.26 0.27 0.23 0.07 0.10 0.04 0.70
Estimated 0.23+0.09 0.21+0.08 0.19+0.05 006+0.04 0.11+0.06 001+0.04 0.75+0.03

Breed specific additive genetic variance for breed A (rr}(A)), B (”3(3))1 and C (03(0), and local breed proportion variance for breed A (o a4)) and B (o (gg)), local breed

proportion covariance between breed A and B (oy4s)), and residual variance (rrez), with standard errors of the estimates
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and B (Table 3) was not positive semi-definite, underlining
the limitations of modelling BS using BOA information.
The results from Example II demonstrate the ability of the
genomic LBP model to capture the effects of segregation
between breeds in crossbred populations. The simulated
scenario was intentionally designed to obtain large LBP
variances, with multiple generations since the separation
of the breeds, a small size of the purebred populations, and
relatively few (500) QTL affecting the trait, and this was
evident from the results. Furthermore, the crossbreeding
structure with both parents of all individuals in genera-
tions 2 and 3 of population D being crossbred, facilitated
estimation of LBP effects. In addition, the half-sib and
full-sib progeny from crossbred parents are expected to
increase the LBP relationships between individuals. Still,
the fast convergence of the AI-REML algorithm and vari-
ance estimates that were close to their true variances, for
a data set with phenotypes of only 1500 individuals, sup-
ports that the model will be able to disentangle the contri-
bution of breed-specific and LBP effects to the phenotypes
of crossbreds in real data sets also.

The models proposed in this paper are relevant for
genetic and genomic prediction based on data from more
than one generation of crossbreeding, for which the breed-
ing values of crossbreds are partitioned into breed-specific
terms [6]. Previous studies [11-13] have presented BOA
models with BS terms for specific cases only [11, 12]. The
BS terms presented in the supplementary material of Aase
et al. [13] are equivalent to our genomic BOA model with
BS, and thus, suffer from the same problem of matrices
that may be not positive semi-definite. The way we pro-
pose to account for segregation between breeds, i.e. with
LBP effects, can be applied to any number of breeds or
breed composition and is, therefore, more general than the
methods presented by Christensen et al. [11] and Rio et al.
[12].

Compared to the pedigree-based model of Garcia-
Cortés and Toro [6], for the models with LBP effects, a
complication for estimation of variance components is
that the LBP (co)variance structure cannot be directly
expressed as a Kronecker product. Therefore, the model
must be extended with artificial effects (Eq. 21) for vari-
ance component estimation. In Example II, we success-
fully estimated the variance components using AI-REML
implemented in a commonly used mixed model software
for genetic evaluation, using such an extension. There-
fore, the need to extend the models with artificial effects
appears to be only a minor complication. When the vari-
ance components are assumed to be known and only the
effects need to be predicted, the extension can be avoided
by multiplying the parts of Qb relating to each breed, or
to each pair of breeds, with the appropriate (co)variance
estimates, as shown in Eq. (20).
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In a terminal crossbreeding system, the crossbred ani-
mals are not potential breeding stock and estimates of

the k? or w??' terms will therefore not be a part of the
predicted breeding values required for selection, but they
are used only to reduce the residual error when includ-
ing records on crossbreds to improve the prediction for
purebred selection candidates. Thus, ignoring BS or LBP,
as was done in the literature [8, 16, 22, 23], is unlikely to
have a considerable impact on selection among purebred
selection candidates, even if there was significant BS.
When there is selection among crossbred animals, which
can occur in, e.g. rotational crossbreeding systems, the
BS terms are part of the breeding values of the crossbred
individuals. In this case, models with or without a BS term
could lead to different selection decisions. However, mod-
els for genomic evaluation in a rotational crossbreeding
system of three breeds have excluded BS and LBP effects
in previous studies on simulated data [12, 13]. The same is
true for studies with BOA models applied to real data for
admixed populations [24] or populations with crossbreed-
ing involving varying breed combinations [18]. For such
scenarios, the LBP model presented here could improve
predictions of breeding values if there was significant BS,
which would need investigation. Although the focus of
this paper is on segregation between breeds in a livestock
context, the developed models may also be applicable to
model segregation between genetic groups in plant breed-
ing [12].

For the pedigree-based model, we have not found a
simple algorithm for the construction of the generalized
inverses of the partial LBP relationship matrices when
covariances between LBP effects for different breeds are
included. Therefore, inclusion of BS effects, as in Garcia-
Cortés and Toro [6], is more attractive for pedigree-based
models than for the pedigree-based LBP model. However,
for single-step genomic models [2, 3], phenotypes for both
genotyped and non-genotyped individuals are included.
For such models, compatible pedigree and genomic rela-
tionship matrices are important [25]. Christensen et al.
[11] presented a model for three-way terminal crossbreed-
ing with a combined genomic and pedigree-based partial
BS relationship matrix. However, for more complex cross-
breeding scenarios, the genomic BS similarity matrix may
not be positive semi-definite. Therefore, single-step mod-
els for complex crossbreeding should include LBP effects
rather than BS and, thus, pedigree-based LBP matrices
are needed. Values for the pedigree and genomic partial
LBP relationship matrices presented here have the same
expectation if pedigree information is complete, i.e. when
the pedigree of all crossbred individuals can be traced back
to purebred ancestors and BOA assignment is complete,
i.e. all alleles are assigned breed origin. Compatibility of
the partial LBP matrices is demonstrated in the results of
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Example I, Tables 4 and 5. The genomic and pedigree par-
tial LBP relationship matrices can therefore be combined
in a similar manner as in Christensen et al. [11], but single-
step models with LBP effects need further investigation.

For a simulated data set in a two-breed rotational
crossbreeding system, Poulsen et al. [26] tested differ-
ent relationship matrices and found that partitioning
the breeding value as Garcifa-Cortés and Toro [6] per-
formed similar to the metafounder approach [27] and
outperformed other options. Both these approaches
include BS. No genotypes of crossbreds were included
in the study by Poulsen et al. [26]. Further comparison
of models for rotational crossbreeding could include
genotyped crossbreds and account for BS or LBP
effects using the methods presented in this paper.

For practical genetic and genomic evaluation, the rele-
vance of LBP or BS terms depends on the magnitude of the
LBP or BS variance in the population analysed. Such esti-
mates are rare in the literature. Eiriksson et al. [14] found
small but statistically significant LBP variance for milk pro-
duction traits in crossbred dairy cows. Munilla Leguizamén
and Cantet [28] did not find significant BS variance for wean-
ing weight in AngusxHereford crossbred beef cattle. How-
ever, Birchmeier et al. [29] found significant BS variance for
birth weight in crossbred beef cattle. Here, we have shown
that LBP effects can be modelled based on assigned BOA
in genomic models for data with complicated crossbreed-
ing structures. Although BOA assignment is generally not
complete and contains errors [10, 18, 30], BOA information
should provide a more precise estimate of LBP or BS rela-
tionships than pedigree-based models. Therefore, the mod-
els developed here should facilitate more accurate estimation

b b'>b b'>b
/
—ZZ—Z ( —26beb+e )
b b'>b

Page 130f 18

Conclusions

Models for the genetic evaluation using crossbred data
that partition the genetic value into breed-specific terms
should, in theory, account for the effects of LBP or BS.
The (co)variance structure for BS effects in genomic BOA
models for crossbred data involving more than two breeds
are not guaranteed to lead to relationship matrices that are
positive semi-definite. The LBP (co)variance structure can
be constructed from the pedigree or BOA information by
including LBP effects for each breed except for a reference
breed, given that the covariance between LBP effects of
each pair of breeds is included in the model.

Appendices

Appendix 1

Here, we derive the formulas for breed-segregation (BS)
variance and covariance for a single locus in Egs. (7) and
(8), respectively. The contribution of locus j to the BS
variance of individual i, a crossbred of n, breeds, is

Var (Z b e}’éé’- ) [ (Z b€ ) } Furthermore,

(Zelbzs> Zeb b2+zzzbbbb’
b

b b'>b
Using

Zb Z" = we get
(Z ) =2 b2 btb € Z +Zb2b, bZe e z

Rearrangmg, gives:

Z 2¢e beb/zbzh)

b'>b

SN g (e - }’/).

b b>b

of BS or LBP variances than the previous pedigree-based
models and open the possibility of accounting for BS or LBP
in genomic predictions for crossbred populations with BOA
models, regardless of the crossbreeding structure.

Based on the results presented here, combined with previ-
ous work on the inclusion of BS effects in genetic models, we
recommend that for pedigree-based models, BS terms are
included following Garcia-Cortés and Toro [6]. For genomic
BOA models applied to data that include segregation for two
breeds only, either LBP or BS effects can be included. How-
ever, for genomic BOA models applied to data that includes
segregation for more than one pair of breeds, LBP terms
should be used, as presented here, rather than BS terms.

Therefore, Var(zbe}’if}’-) Db bb z z; E|:(E —€ )}

The contribution of locus j to the BS covariance

between animals i is:
b--b b.-h
Cov(Zb €252 € Zi’/) = [( )( z”)} .
Furthermore, (Zbe )(Zb € l) > eb b b
b

+2 Zb’>b + p Zb’>b
b b b bb

2
Substituting e/ Z;jz,; with Zb, 4b—€ 252, and

rearranging,
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+ Z Z efe,b/éffj%g/

b b b b#b b b>b b b>b
_ _ b2op.t) . b2ehely b bbb b bbb
=D\ Do GE Y~ a2
b b'>b b'>b b'>b b'>b
Furthermore,

L.y
> —525‘25

b b>b

> (-

b b>b

e ) (e
b b

b2 b b
(ej —261~ €

/ 1
b b
- Zﬂ Zl'/) E <E/ -

b/2 lb/b h2 by b/2
+¢€ ) +ZZ_§Z,7‘Zi’<Ej —2¢€ +¢
b b>b

b b b\ 1
j T %% ) 3

bub b“b ..b..
Therefore, Cov (Zb €75,5 ¢ zi,,> =30y <7zﬂ.zl_, 5

b b
E {(ej —€

the main text.

2
) }, which gives the expression in Eq. (8) in

Appendix 2
In Appendix 2, we investigate the modelling of three
independent LBP effects in relation to the presented the-
ory of BS. We assume that the marker loci are the QTL
for simplicity, the origin of the alleles is known, and 6}’ are
random unknown variables with mean zero.

We name the three breeds as A, B and C. The genomic LBP
variance for three breeds related to locus j for animal i is:

Var (Kj”m> =F [(6;“2‘; + elBiﬂB + chéﬂcf
Furthermore,

(cf5 +eP28 1 6F5) " = o5 4 P28 4 o557
Factebeish L aceCas pacteCanse, (33)
First, we show that when z4 + 2z + z€ =0,
2 2 2
22428 = 207 — A7 — 2B (34)
The  proof is as  follows. Note  that
A=-28-2¢ and ZB=-2z4-2C. This leads
to 27428 = 24 (2 — 2C) 4+ 2B (2B — 2©).
Rearranging gives
2 2 2 2 2
27428 = —z47 — 2B — 20 (24 4 2B) =27 — A7 B

which completes the proof.
Substituting 22428 with 2C% — A% — zB% and similarly
with the other pairs of breeds in Eq. (33) gives:

A BB CuC\~ _ _A%.A? B?.-B? Cc?..c? A_B::C?
(e/ z§+el-zﬂ +ej zﬂ) =€ z‘; +Ej z; +ej z; +€/’ €'z;
A _CuB? B_CyA? A _B::A? A _CuA?
+ejejzﬂ» +ejejz‘.;~l ejejz‘; eie]z‘.;
B_A::B? B_C:B? C_AsC? C_B::C?
GGE GG GG TG9% ¢
Some rearranging gives:
2 2
As B::B CsC\™ _ A B A__C
(GJ’Z?"H/ZV T ¢ Zu’) —Zf}q (6/ 61’)(61 € )
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Therefore,
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-] ells -

ssum
V

three independent LBP terms and could be extended to a
relationship matrix across multiple individuals. However,

the E[(E]A - E/B) (6;4 — e].C)} term is not guaranteed to

be positive. Therefore, the variance for the whole genome,
ZjE {(6}{4 — 6}5) (6;4 — ejc)} is not necessarily non-nega-
tive, and therefore not a valid variance term, and the
same holds for other combinations of breeds.

This decomposition of Var( ) gives a sum over

Appendix 3
Here, we present the derivation of Eq. (11). The variance
for LBP over all breeds b for locus j is:

2
Var( S””’ =FE (Zzﬁef)
b

We set one breed as reference breed, b* Next,
for breeds b #b* and b #b* we substitute
b_ b, b _ _b* bo_ b b b )
€ =€ —1—6]- €’ and € =€ —|—ej € , respec

tively, and thus get:

2
(S4e) -y s e
b
=> > iy (6;7* +e - G'b*> (6}’* +e - eb*>

U ] ]
btb* b £b*
e 2
+2 Z z’l/’zﬁ e}be}b +z§ e}’ .
b#b*

Since:

b* b b* b* / b* b*z
(e/ +6/ € )(ej +ej € )— €

b _b* b _b* b b* b b*
+e]e] +e e +(€i e] )(e/ —ej ), (35)

Then:

o)

PO

bAb* b A£b*

s (b b
ACEESICE

o h*

Using that 3 ;- z’l/’ = —23* and >y 23/ =—Z; on

the second term, we see that the second and the fifth

terms cancel out, and using that 3 ;. zﬁ = —Zz'g* on the

third term, we see that the third and the fourth terms
2

.p b _ b

cancel out. Therefore,(§ bz,e,) =5 btb* > by #b* 2525

(e}’ — ejb*) (e}’/ — e] , and finally, Var( S'””) = Zb#b*
)} which is Eq. (11).

S 2070 EK e,b )(e}’/ — e}

Equation (12) about the covariance between the LBP
effects of individuals i and i’ over all breeds b for locus j is
derived similarly to the above derivation of Eq. (11), and we
obtain:

Cov( EoHm, S’”") Z Z zbzbEK e}-b*> (ejb/ - e}’*)]

b#b* b/ £b*

Appendix 4

Here, we derive Egs. (22) and (23), with the expectation of
pedigree-based LBP variance and covariance for single loci,
respectively. In a pedigree-based LBP model, we have the
expectation of LBP variance as:

elvar(ig)] = S (zﬂfef)z
_th b2 szs?sl/ b b/‘

We set one breed as reference breed, b*. Then for
breeds b # b* and b’ # b*, we do the substitutions

* * / * /
b=l 1 b — P ande? =€ —i—e}”

_ b .
; ; 7 — € ¥ ; €/, and we get:

]

§) -2 > aEd”

bb* b £b*

bbb _b* sbeb* b _b* b*Zb*
+2Z szzue] € +2Zzl/zﬂ €€ —|—Z € .

b#b* b £b* b#b*
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E[Var<,(8um)} S (/b +E},_6}7) g b2

b£b*

_ beb [ _b* b _b*\ ([ b v bt
oD S (61' te —¢ )(Ei teg —¢ )
bb* b £b*

b b* b b* b*2 _p2

_ZZ-}; Si Gj :

b£b*

Using Eq. (35), then:

. )
E[Var(;cs’”")} =2 Z fle b b Zfsf_’e}’

‘ b#b* b£b*
b b * b*Z b b b*z
LY (e -d) | e e Y s
botb* botb* b £b*
b_b* beb (b b* b b*
EDIDW TSI S A CETSICETS]
b£b* b £b* bAb* b £b*
b* b b* b*2 b*Z
-2 Zf:ﬁ Si Si Ej :
bob*
Using that } ), .« fsf’ =1- fsf’* on the fifth, sixth and last
terms, we have:
«2
E[Var<Ksum)} -2 Z b b b Zf?, b
botb* botb*
% 2 *2
P S - ) e e S
botb* botb*
s %2 s
=D LG 2 Y R 2 Y e
b£b* bob* b£b*
/ * b b*
I HACETSICErS]
b£b* b £b*
b rb* h b* * h*z b rb* b*Z
—2 Zf;z Si f; J + Z.}; sio )
bob* b£b*

Removing the terms that cancel out,

ez - 3 )] - X X (e - ) (- )

! b#b* b#£b* b £b*

Therefore, we have 17, — 1 LBP variance terms (for b = b),

-] R -y g let-ne-4)]

b#b* b#b*
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and (1, — 1)2 covariances between breeds b and ¥/,

> [ o))

b#b* b £{b,b*)

Appendix 5

Here, we show the relationship between BS variances and
LBP variances in Eq. (32) for the variance of BS between
breeds b and &’ when neither of the breeds is the reference

2
breed, b*. The BS variance is ai(b’b,) = % Z}";l (6}’ — eb/) .

]
- b b b_ b _ b _ b
Substituting € — € with (ej € ) (ej € ) and
rearranging gives:
R IS R C Y
Tubb) = 52(% - ) +§Z(El 9 )
j=1 j=1
m
Ny 1 1
— Z (e}’ — e}’ )(e}’ — e}’ ) = 2 k(bb) T+ Eo'k(b’b’) — Ok(bb')
j=1

Furthermore, here we derive how the covariance
between LBP effects of breeds b and »’ can be calculated
from BS variance components. We have the covariance

between LBP effects across breeds:
b b* 4 b* .
Okb) = Z}nil (Gj ¢ )(6,- —€ ) Rearranging
gives:
“ 2
Okbb') = Z <61b€1b - Elb'f/lJ - Ezb 6}7 + 6}’
j=1
1 b2 1 b/2 1 b2 1 b/Z
+§€] + EEI — 56/ — 561
1N 5\, Iy p\2
252(61 - ) +§Z(6/‘ - )
j=1 j=1
Lm(p  y\?
9 > (Ei 6 )
j=1
Therefore,

_ 2 2 2
Tkt = Owib k) T Own ) ~ To(bb'):
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