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Abstract

A positive integer is said to be a Niven number if it is divisible by the sum of
its decimal digits. We investigate the occurrence of large and small gaps between
consecutive Niven numbers.

1 Introduction

A positive integer n is said to be a Niven number (or a Harshad number) if it is divisible
by the sum of its (decimal) digits. For instance, 153 is a Niven number since 9 divides 153,
while 154 is not. Niven numbers have been extensively studied; see for instance Cai [[],
Cooper and Kennedy [[], Grundman [[J] or Vardi [fj].

Let N(z) denote the number of Niven numbers < z. Recently, De Koninck and Doyon
proved [[J], using elementary methods, that given any ¢ > 0,

77 < N(z) < M.
log

Later, using complex variables as well as probabilistic number theory, De Koninck, Doyon
and Kétai [[] showed that

N(z) = (¢ +o(1)) (1)

logz’
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where c is given by

= M0e10 ~ 1.1939 (2)
0—27 og 10 ~ 1. .

In this paper, we investigate the occurrence of large gaps between consecutive Niven
numbers. Secondly, denoting by 7T'(x) the number of Niven numbers n < x such that n + 1
is also a Niven number, we prove that

xloglog x
(log )

We conclude by stating a conjecture.

2 Main results

Given a positive integer ¢, let n, be the smallest positive integer n such that the interval
[n,n 4+ ¢ — 1] does not contain any Niven numbers.

Theorem 1. If ¢ is sufficiently large, then

ne < (100(¢ +2))+2.

Theorem 2. As x — o0,
xloglogx

T(x) < (logz)? "

3 The search for large gaps between consecutive Niven
numbers

It follows from the fact that the set of Niven numbers is of zero density that there exist
arbitrarily long intervals free of Niven numbers.

Denote by n = n(k) the smallest Niven number such that n + & is also a Niven number
while each one of n +1,n+2,...,n+ k — 1 is not. The following table provides the value
of n(k) when k is a multiple of 10 up to 120.

n(k) EONE
10 | 90 70 | 968760
20 | 7560 80 | 7989168
30 | 28680 90 | 2879865
40 | 119772 100 | 87699842
50 | 154876 110 | 497975920
60 | 297864 120 | 179888904




We shall now show how one can construct arbitrary large intervals free of Niven numbers,
say intervals of length ¢, and thereby establish the proof of Theorem 1.
First, given a positive integer m, set

t=t(m) = Volgo(glifgn)J +1, (3)

where |y| stands for the largest integer < y, and let m be the smallest positive integer

satisfying
O9m — 9t —1

9 +2
Then consider integers n which can be written as the concatenation of the numbers 10™ — 1
and d, where d is a t digit number yet to be determined, that is the m + ¢ digit number

> /L. (4)

n=1(99---9d) = (10™ —1) - 10" + d. (5)

m

Then let b - 9m be the smallest multiple of 9m located in the interval

I=199---900---0, 99---9).

m t m—+t

Note that at least two such multiples of 9m belong to I since the length of I is 10, which
itself is larger than 18m because of ([f).
We now count the number of Niven numbers belonging to the interval

J:=1[b-9m,(b+1)-9Im[C I.

For any positive integer n of the form ([]), it is clear that n € I and thus that s(n) can take
at most 9t + 1 values ranging from 9m to 9m + 9¢. It follows that for any fixed value of s(n),
there is at most one multiple of s(n) in the interval J, and therefore that there exist at most
9t + 1 Niven numbers in J.

We have thus created an interval J of length 9m containing at most 9¢+ 1 Niven numbers,
and therefore, by a pigeon—lrg%le airgument, containing a subinterval free of Niven numbers

m — 9t —

9t + 2
our task of constructing arbitrarily large intervals free of Niven numbers.

For example, if we require gaps of width ¢ = 100, 200 and 300 respectively, free of Niven
numbers, here is a table showing the corresponding values of m and ¢, as well as the length
of the interval J which needs to be investigated to find the proper gap.

and of length at least , which is larger than ¢ by condition ([]), thus completing

‘ 14 ‘ m ‘t‘lengthof]‘
100 | 416 | 4 3744
200 | 1028 | 5 9252
300 | 1539 | 5 13851




The good news about this algorithm is that by scanning relatively small intervals (of length
O(llog?)), we are guaranteed arbitrary large gaps. The bad news is that gaps this large are
more likely to occur much sooner, as is shown, for instance, in the first table of this section
in the case £ = 100. Nevertheless, our algorithm provides a non trivial bound on ny, which
is precisely the object of Theorem 1 which now becomes easy to proves. Indeed, if ¢ is large
enough, we have in view of ([])

9m — 9t P
T ’
so that m

m < n <{l+2.

Therefore, using ([]) and (fJ), we have

ne < 10m+ = 10"t = 10(E+) 1 1ot o 10U (EEf+2) 10(e+3)(1°§<;1+02>+2)

elog(€+2)e+3 ) 102(@+3) _ (ﬂ + 2)£+3 i 102((4—3) — (100(€ + 2))€+3,

which proves Theorem 1.

4 Small gaps between consecutive Niven numbers

It follows from ([J) that the sum of the reciprocals of the Niven numbers diverges, and in
fact that

1
Z — = (c+o(1))loglog x,
n
n Niv:ngrz)umber

where ¢ is given by (f]).

We shall call twin Niven numbers those pairs (n,n + 1), such as (20,21) and (152,153),
both members of which are Niven numbers. We can show that the sum of the reciprocals of
twin Niven numbers converges. In fact, we can establish that if T" stands for the set of twin
Niven numbers (n,n + 1) and

T(x)=#{n<z:(nn+1)eT},

then oe]
xloglog
T(x) =0 128087
(=) O( (g z)? )

which is precisely the statement of Theorem 2 and which implies that

1
> ~ < oo (6)
(n,nfl)ET

Indeed, using Theorem 2, one can write that

1 1 1 log 1
D D DD ;:@*0(%)’

n<z n n>x
(n,n+1)eT (n,n+1)€T (n,n+1)e€T
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where

P O O 3.07
Co = — - — —_ e _— _ —_— _— R R J— — e 2 3.
2 2 3 9 20 80 110 111 132 152 200 209 224 399 '

which in particular implies ([]).

Before we prove Theorem 2, note that it is easy to show that 7" is an infinite set. This
can be established by observing that 2 divides 2-10* and 3 divides 2-10* +1 for each positive
integer k.

On the other hand, using a computer, one can obtain the following table:

x T(x) z | T(z) x | T(z)

10 9 10* | 145 107 | 44742
100 | 11 10° | 904 108 | 332037
1000 | 32 10° | 6191 10° | 2551917

We now move to prove ([J).
Let (n,n+ 1) € T and assume that n is a K-digit number, with K > 2. Write n as

n=a-108"2 £ . 10% + 10% — 1, (7)

where a is a K — B — R digit number and b is a B digit number not ending with a 9. Here
B and R are non negative integers; later, we shall set B as a function of K. Now, observe
that s(n) = s(a) + s(b) + 9R and that s(n + 1) = s(a) + s(b) + 1. Since (n,n+1) € T, we
have

s(m)|a-10%F 15108+ 10" —1 and  s(n+ 1)|a- 10778 + 5. 10" + 107

We therefore have

b-10f = —a - 1078 — 108 +1  (mod s(n)),
b-10% = —a - 1078 — 107 (mod s(n + 1)).

Since s(n) and s(n + 1) are relatively prime, we can use the Chinese Remainder Theorem
to state that there exists one (and only one) non negative integer m < s(n)s(n + 1), where
m = m(a, R, B, s(n),s(n+ 1)), such that

b-10% =m (mod s(n)s(n +1)). (8)

Observing that (n, 10%) = 1 and s(n)|n, we have that (s(n), 10%) = 1. Hence it follows from
s(n)s(n+1)

(H) that there exists one (and only one) non negative integer m’ < (5(n + 1), 105)’ where
s(n :
m’ =m/(a, R, B,s(n),s(n + 1)), satisfying the congruence
s(n)s(n+1)
b=m' d . 9
m (mo (s(n+ 1),1OR)> )



Assume for now that the integers K, R, a, B and s(b) are all fixed. Since s(n) =
s(a) + s(b) + 9R and s(n + 1) = s(a) + s(b) + 1, the number of b’s satisfying ([]) is less than

108 (s(n+ 1), 10%) +1
) :

s(n)s(n+1)

Now, as the value of s(b) varies from 0 to 9B — 1, the number I' = I'( K, R, a, B) of suitable
b’s ( that is, those satisfying ([]), for K, R, a and B fixed, satisfies

108(s(b) + s(a) + 1,10%)
rs 2, ( (5(a) + 9R)(s(a) + 1) 1) |

0<s(b)<9B—1
We then have, letting k = s(b),

108 - d
r=> 2 <<s<a>+9R><s<a>+1> “)‘

d|1OR 0<k<9B-1
(k+s(a)+1,10R)=d

It follows that

P S (7 ) (o +£>&ia> )

d|10R
(R+1)-9B-107 5 107 - 107
(s(a) +9R)(s(a) + 1)  2(s(a) +9R)(s(a) + 1)

+ (9B +1)(R+1)%

Set B := |log K|. If R > 2log K, the number of n’s satisfying ([]) is O(10% /K?). Therefore
we may also assume that R < 2log K. If s(a) < K/2, one can show that the number of n’s

satisfying ([]) is O(10%7) for some positive n < 1. Hence we can make the assumption that
s(a) > K/2. We then get that, if B > 1,

_ 5-10°((R+1)*-9B +2-10%)

I < e .

From these observations, it follows that

105 5108
T(10%) < ) ((R+1)?-9B+2-10%)

10B+B K2
R<2log K
10% (R+1)
R<2log K
10% log K
< =5

log =

Thus, given an arbitrary large x, if we choose K =
log 10

J , Theorem 2 follows immediately.



5 Final remarks

Most likely, one can remove the loglogx on the right hand side of ([]), but we could not
prove this.

On the other hand, it has been shown by Grundman [[J] that, given an integer ¢, 2 < ¢ <
20, one could find an infinite number of Niven numbers n such that n+1,n+2,... ., n4+¢—1
are also Niven numbers (and that there does not exist 21 consecutive numbers which are all
Niven numbers). For each integer ¢ € [2,20], if we denote by Ty(x) the number of Niven
numbers n < x such that n+1,n+2,...,n+ ¢ — 1 are also Niven numbers, we conjecture
that

Tg(;ﬁ) < 7 -
log" x
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